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Notation

In this thesis, general vectors are assumed to be decomposed in the target frame. For

other decompositions, the notation k
i rjj is used, where i denotes the frame with respect

to which the motion is measured, j the target frame and k the frame of decomposition.

Furthermore, i
Rj denotes the rotation matrix transforming coordinates with respect to

frame Kj into coordinates with respect to frame Ki.
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Abstract

The knowledge about skeletal kinematics is essential in many biomechanical and med-

ical applications. However, an accurate, non-invasive and radiation-free method for

bone motion tracking is still an open issue. This thesis addresses the development of

a novel method for bone pose estimation that is both, non-invasive and accurate. The

main principal is to palpate three prominent bone protuberances using pressure sensor

planes attached to the skin. Bone protuberances are approximated by three ellipsoids

that are rigidly attached together.

At first, the geometrical problem of the planar case is analyzed, where ellipsoids be-

come ellipses and sensor planes become lines. After deriving the constraint equations

describing the mathematical model of the system, Gröbner bases are used to find the

number of possible solutions for two different numerically defined configurations of the

lines and the ellipses. As a result, a maximum number of 32 different real solutions

for the symmetrical and a maximum number of 64 different complex and real solutions

for the general case are obtained. However, using the example of the symmetric case,

it can be shown that the solution variety can be significantly reduced. From the 32

real solutions only three solutions are physically plausible, taking into account that

pressure points are generated by an ellipse arc facing the lines.

This work also presents the general formulation of the constraint equations for the three

dimensional case. As a solution approach, an optimization cost function is proposed

including the squared minimal distances between sensors and ellipsoids allowing bone

pose tracking that is insensitive toward input errors. Furthermore, a dual fluoroscopy

validation of the method for three basic movements of the shank: flexion/extension,

abduction/adduction and internal rotation is presented. It is shown that by pressure

sensor palpation, bone tracking precisions of 0.5 mm to 1.0 mm and 0.3◦ to 0.6◦ can be

attained with respect to dual fluoroscopy manual registration, thus, reaching the same

order of magnitude as state of the art model based tracking techniques.

Finally, this thesis regards the limiting case where ellipsoids become points allowing the

introduction of an automatable procedure approximating the rigid body bone geometry

based on data from a previously performed bone pose measurement. Thereby, it is

possible to fully circumvent radiation exposure that might be necessary to extract

ellipsoid parameters from e. g. a computed tomography scan. Results indicate that

deviations to the ellipsoid-approximated bone model are in the submillimeter range

and may thus be negligible for many applications.
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1

1 Introduction

1.1 Motivation

Accurate bone motion tracking from external measurements is an important issue in

the field of biomechanics, as it is indispensable for patient-specific objective diagnoses.

This is why extensive research has been conducted in this field over the past years

in order to develop procedures that are primarily accurate but also patient-friendly.

Non-invasive procedures for in-vivo studies on bone pose tracking are preferable over

intrusive methods to bring the risks of the subject concerned to an absolute minimum.

Currently, marker-based motion capture systems are mostly used in clinical practice

to determine the kinematics of the skeletal motion of a human body. The concept of

those is to estimate bone motion by tracking retro-reflective markers placed on the

skin while assuming that they are rigidly attached to the underlying bone. However,

the skin moves with respect to the underlying bones during motion, causing an error

known as soft tissue artifact that can be up to several centimeters (see Fig. 1.1). In

many applications, high accuracy is required to make valid statements about bone

kinematics. However, an accurate non-invasive and radiation-free method for bone

motion tracking is still an open issue. This thesis presents a novel approach for non-

invasive bone motion estimation that was first published 2010 in a patent application by

Δe

thigh

marker

shank

Figure 1.1: Schematic representation of the relative displacement Δe between skin

mounted marker and underlying bone during knee flexion from an initial position (dark

contours) to an end position (light contours).
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2 1 Introduction

Kecskeméthy [37]. In the present work, the right human shank serves as a biological

model to describe, establish and validate the mathematical model of this approach.

The basic concept is shown in Fig. 1.2. It consists of palpating three prominent bone

protuberances with three planar pressure sensor foils, in this case at the following bone

landmarks: tuberosity as well as the lateral and medial malleoli. On each sensor,

a relative pressure point can be identified representing the closest point to the bone

surface under the skin. The contact relevant regions of the palpated bone landmarks

can be locally approximated by ellipsoids which are rigidly attached to a body-fixed

frame Kb. Moreover, sensor poses are tracked by using a marker-based motion capture

system allowing to determine the absolute coordinates of each pressure point. However,

while the pressure point coordinates are known, the actual minimal distances between

the pressure points and the bone landmarks (representing soft tissue) are unknown.

Finally, the geometric problem is to find the possible bone poses Kb fulfilling these

conditions.

minimal distance (unknown)

tibia

fibula

Kb

pressure sensor

marker

infrared camera

rigid body

ellipsoid

pressure point

tuberosity

medial

malleoluslateral

malleolus

Figure 1.2: Pose detection of the right shank using three pressure points on tracked

pressure sensor planes.
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1.1 Motivation 3

Note that in this thesis, ellipsoids were chosen to approximate bone surfaces as they

allow different curvatures in two directions. But it will be seen that they can easily be

replaced by other conceivable convex surface representations.

The approach takes advantage of the fact that a rigid bone can be sensed under the

skin by slightly pressing a pressure sensor on it due to the elasticity of the soft tissue.

It is assumed that the palpated pressure distribution primarily originates from the

bone structure. This means that the approach is not affected by skin movements

and, consequently, is skin artifact-free. Fig. 1.3 shows a distal femur palpated by a

sensor foil resulting in a pressure distribution with the highest pressure value located

at the point that is closest to the underlying bone. It can be seen that a relative

displacement Δe of the sensor foil with respect to the underlying bone results in the

same relative displacement Δe of the pressure distribution on the sensor foil. Therefore

the absolute position of the pressure distribution remains unchanged and, consequently,

is not affected by skin movement.

Initial position of the shank End position of the shank

� �−ΔeΔe

thigh

shank

sensor foil

pressure distribution

bone point closest to the sensor

peak (closest point to the bone)

Figure 1.3: Schematic representation of a pressure sensor relatively moved with respect

to the underlying bone while the absolute position of the pressure distribution remains

unchanged.
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4 1 Introduction

1.2 State of the art

To the authors’ knowledge, the concept of using pressure sensors to track three dimen-

sional rigid body motion has never been investigated by other working groups yet. For

this reason, the following literature research focuses on general procedures for dynamic

bone motion tracking.

In the literature, a distinction is made between invasive and non-invasive procedures for

bone motion tracking, where non-invasive means that no damage is done to tissue e. g. a

cut into the skin. In general, authors agree with the classification of existing procedures

with the exception of those based on ionized radiation such as X-rays (authors stating

that X-rays are invasive [55, 68] or non-invasive [31, 43]). Note that in this thesis,

procedures using X-rays and in particular fluoroscopy will be treated as invasive.

1.2.1 Invasive Procedures

Mainly, two different invasive procedures for dynamic bone motion tracking were inves-

tigated in the literature: (1) intra-cortical bone pins and (2) radiation based techniques.

The first one mostly published between 1998 to 2004 uses intra-cortical bone pins con-

sisting of metal pins that are inserted into the bone through the soft tissue (see Peters

et al. [54]). Multiple retro-reflecting markers are rigidly attached to each metal pin

whose spatial position are tracked by infrared cameras. It was shown by Ramsey and

Wretenberg that joint motions can accurately be reproduced using bone pins [56]. The

accuracy of this procedure mainly depends on the accuracy of the chosen camera sys-

tem used as well as on parameters such as the number of cameras, the measurement

condition (static vs. dynamic), etc. [22, 39, 74]. Older studies reported accuracies

in the centimeter range [22, 60] while recent studies using modernized systems were

typically in the lower millimeter range or even below 1 mm and 1◦ [23, 39, 74].

A variant of intra-cortical bone pins are external fixation devices used in surgeries to

support broken bones where multiple bone pins are rigidly connected with metal parts

[3, 13, 15, 45]. However, Holden et al. and Alexander et al. reported a significant

influence of the patients gait due to the presence of external fixation devices (1), as

they have the potential to collide with other body segments [34] and (2) because of

their additional weight [3, 36].

The use of both, intra-cortical bone pins and external fixation devices, is controversially

discussed in the literature. While Ramsey et al. reported that all test persons could
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move their leg freely and that no pain was experienced [56], other authors emphasize the

risk of avoidable infections, additional pain causing discomfort as well as pin loosening

during dynamic measurements making it inappropriate for everyday clinical tests on

humans being awake [3, 27, 29, 59, 64]. On the other hand, the use of intra-cortical

bone pins is a common practice during surgeries when patients are under anesthesia

and thus free of pain [18, 73].

Radiation-based techniques such as fluoroscopy were primarily published since 2005

and are currently considered as gold standard techniques for bone pose tracking [14,

54, 61, 64]. A fluoroscope allows high-frequency image capturing using X-rays to obtain

2D images of inner bone structures. Mainly, two different approaches are used in order

to reconstruct bone poses from the fluoroscopic images: (1) Three noncollinear radio-

opaque markers are invasively implanted into each bone, whose exact positions with

respect to the bone can be derived from e. g. a 3D computed tomography (CT) scan,

enabling 6-degrees of freedom motion tracking (marker-based technique). (2) A 3D

CT bone model of each bone is either manually or automatically registered to the

fluoroscopic images to obtain the associated translations and rotations (markerless

or model based registration technique). Older studies using only one fluoroscope (also

referred to as single-plane fluoroscopy) reported in-plane accuracies in the submillimeter

range in translation but out-of-plane errors of at least one order of magnitude higher [6,

26, 30]. The simultaneous use of two differently positioned fluoroscopes is called biplane

fluoroscopy or dual fluoroscopy, creating a stereoscopic view of the bones allowing 3D

skeletal kinematics analysis [49, 64]. Anderst et al. and Tashman et al. have shown

that dual fluoroscopic implanted marker tracking for dynamic bone motions is very

precise with 70-120 μm [5, 67]. This is why it is also used as gold standard method to

validate model based techniques achieving deviations below 1 mm and 1◦ [5].

However, Masum et al. note that marker-based fluoroscopy can only be applied in post-

operative studies owing to the need of invasive marker implantation [47]. Furthermore,

it was criticized by Karlsson and Tranberg that human exposure to ionizing radiation

should be avoided as much as possible as it may increase the risk of cancer, thus limit-

ing measurements to a minimal number of exposures per second, or even making them

completely unacceptable for ethics committees [36]. The same authors also mention

the small field of view of fluoroscopic systems restricting experiments to local areas

and specific movement patterns.
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1.2.2 Non-invasive Procedures

Marker-based motion capture systems for e. g. patient-specific objective diagnoses are

the most popular non-invasive approach for medical applications and are considered to

be the gold standard for non-invasive bone motion tracking [16]. The main principle of

this procedure is to determine the trajectory of retro-reflecting markers attached to the

skin using infrared cameras, assuming that they represent the motion of the underlying

bone segments. However, during dynamic measurements, it is known that markers

suffer from soft tissue artifacts (STA), that is relative displacements between skin

marker and bone. It is described in the literature that STAs can become considerably

large being a matter of several centimeters. It depends on the marker location as well

as the body segments motion pattern [2, 64] which is why STAs are considered to be

the most critical source of error in movement analysis [15].

In order to compensate STAs, different approaches have been investigated, which were

mostly compared to intra-cortical bone pins or fluoroscopy (see Section 1.2.1). Instead

of using single markers, the use of marker sets or marker clusters could reduce errors due

to skin movement by several millimeters [3, 13, 45]. Alexander et al. showed that skin

deformations during dynamic motion can be classified into a systematic error depending

on the movement pattern performed and a statistical error that can be compensated

by applying Gaussian noise filter techniques [3]. This reduced STA errors by one third.

According to Fuller et al. [27] it is very complex to determine the definition of corrective

transformations between marker and bone to eliminate systematic errors due to the

task dependent behavior. Therefore, he concludes that this approach is very time-

consuming for cyclic and not appropriate for general movement patterns. Holden et al.

observed differences in skin displacement patterns that are even both, task and subject

dependent [34]. This may be the reason why Peters et al. state that despite the fact

that ”these more recent techniques have led to advances in STA research, they haveTT

not always been accompanied by changes in clinical practice” [54].

Lu and O’Connor firstly introduced global optimization techniques, describing the hu-

man body as a multi-link musculoskeletal model where individual links are connected

by joint constraints [44]. The 3D pose of the model can be determined by minimiz-

ing the distances between measured and model based marker positions reducing STA

errors by up to 60% [58]. However, the reliability of global optimization techniques is

controversially discussed, because according to Andersen et al. the error introduced by

the joint constraints have the same order of magnitude than errors due to STA [4]. A

study by Stagni et al. reported deviations of 10◦ and 10-15 mm for joint rotations and
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translations between multiple repetitions of the same movement pattern, questioning

its effectiveness over marker cluster techniques where deviations of 1-2◦ and 1-3 mm

were obtained [63].

Recent studies proposed the use of ultrasound transducers at different anatomical loca-

tions in order to obtain either coordinates of discrete points or curves of the underlying

bone surface [35, 47]. Absolute coordinates of the points were identified by combining

the ultrasound with a marker-based motion capture system. Subsequently, a 3D model

of the bone surface from a CT/MRI (magnetic resonance imaging) scan was used which

was fitted into the point cloud by optimization. Niu et al. showed that a maximum

measured root mean square error of 3.44◦ and 4.88 mm could be achieved compared to

intra-cortical bone pins for dynamic in-vivo tibiofemoral measurements, or even better

in a cadaveric study [51, 52].

In addition to the non-invasive procedures specified above, other measurement tech-

niques were used in order to track bone motions such as MRI [54], inertial measurement

units (IMUs) [25, 46, 53, 69, 66], or other optical markerless motion capture systems

e. g. Microsoft Kinect [10, 20, 24, 28]. However, they will not be taken into further

consideration here because either they allow only static measurements (MRI), or they

are equally affected by STA but with a lower overall accuracy as marker-based motion

capture systems (IMU, Kinect, etc.).

1.3 Objective and overview

The objective of this thesis is to develop a novel bone pose estimation method that is

both non-invasive and accurate. This includes a complete description of the mathemat-

ical model and its solution variety of the planar case in order to clarify the solvability

of the system and its sensitivity. The extension of the mathematical formulas to 3D

should provide the possibility to measure bone poses in a real application. In this

context, an automatable procedure is proposed allowing approximation of the bone

geometry without knowledge of its real dimensions e. g. by means of a computed to-

mography scan in order to fully circumvent radiation exposure. As a major part, the

present work aims to test the hypothesis that bone poses can be determined with high

accuracy.

The work is organized as follows: Chapter 2 analyzes the planar case of the bone

pose reconstruction procedure presented in this thesis. The composition of the 2D
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model is described in detail as well as the derivation of the mathematical model. The

solution variety of the established constraint equations is further investigated using

Gröbner bases. The chapter closes with a suggestion of how the insight of the resulting

solutions can be used in order to significantly reduce the solution variety.

Chapter 3 extends the mathematical model of Chapter 2 to the general three dimen-

sional case. An optimization cost function is proposed that allows a numerically robust

solution finding of the constraint equations as shown in a subsequent sensitivity anal-

ysis.

Then, Chapter 4 deals with the limiting case where all contact relevant bone regions

are approximated by points instead of ellipsoids. This is followed by the introduction

of an automatable procedure that approximates the rigid body geometry based on data

from a previously performed bone pose measurement.

Chapter 5 addresses the validation of the previously introduced method for bone

pose determination. It includes the validation of the pressure point identification

from a given pressure distribution. Furthermore, the ellipsoid- as well as the point-

approximated bone model introduced in the preceding chapters are validated using a

dual fluoroscopy system.

Chapter 6 summarizes the major findings of this thesis and provides an outlook for

future work.
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2 Geometrical problem analysis for the planar case

In this chapter, the position analysis of a rigid body comprising three ellipses for which

the pressure points are tracked along straight lines is discussed. This corresponds to

the planar case of the bone pose reconstruction procedure presented in this thesis.

First, the 2D model is described in detail. After deriving the constraint equations

describing the mathematical model of the system, Gröbner bases are used to find the

number of possible solutions for two different numerically defined configurations of the

lines and the ellipses. Finally, it is shown how the insight of the resulting solutions

can be used in order to significantly reduce the solution variety. Those results are

crucial for subsequent bone motion reconstruction in 3D ensuring a numerically robust

computation of the bone pose.

2.1 2D model description

In the planar case, the ellipsoids become ellipses and the pressure sensor foils become

lines (Fig. 2.1). Assuming that the pressure points of three bone landmarks are tracked,

and that three lines as well as distances si along those lines of the pressure points are

given, the question is which poses of the rigid body pose Kb may be recovered from the

given measurements. Note that, as the compression of the soft tissue between pressure

foils and bone landmarks is unknown, the minimal distance di along the common

normal of pressure line and bone landmark profile is a dependent, unknown variable.

K0
Kb

rpi

si

x

y

di

=̂ given

=̂ sought

=̂ dependent

Figure 2.1: 2D pose detection of a rigid body using pressure point tracking along given

lines.
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10 2 Geometrical problem analysis for the planar case

The problem is similar to the 3PPR planar parallel manipulator analyzed by Choi [19]

(Fig. 2.2): If one substitutes the ellipses by circles, then the pressure point becomes

the input motion î along the side tracks, and the tangent is taken with respect to the

proximal and distal points on the circumference of the revolute joints of the platform.

While it was shown by Choi that the 3PPR manipulator always has two solutions, it

will be seen that the pose detection of a rigid body for which three pressure points of

ellipses are prescribed, as shown in Fig. 2.1, leads to a larger set of solutions.

In this thesis, a setup of a symmetric system shown in Fig. 2.1 is analyzed first, where

both the three lines and the three centers of the ellipses form equilateral triangles.

Additionally, all three ellipses are oriented such that the extensions of their minor

axes intersect at the geometric center of the triangle formed by the centers of the

ellipses. However, the constraint equations derived in Section 2.2 will describe a general

configuration of the system.

As is the case for the 3PPR planar manipulator, the analyzed system provides three-

degree-of-freedom motions, i. e. two translations and one rotation in the plane, where

the distances si along the lines define the input variables.

K0

ŝi

1st solution

2nd solution

x

y

3 active P

3 links for motion

3 passive P

moving plate

3 passive R

P: prismatic joint

R: revolute joint

Figure 2.2: Sample configuration of a 3PPR parallel manipulator with its two possible

solutions (see [19]).
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2.2 Formulation of the constraint equations

In this section, the constraint equations of the general system shown in Fig. 2.3 are

derived. For simplicity, all three lines and ellipses are summarized in one equation

set using the index i = 1, . . . , 3, as the general structure of the equations relating the

pressure point to the corresponding tangent point on the ellipse are the same for all

three ellipses.

Let rci be the center of the ellipse E i and Ai be the 2× 2 diagonal matrix so that

Ai =

⎡

⎢

⎡⎡

⎢

⎢⎢

⎢

⎢⎢

⎣

⎢⎢

1

a2i
0

0
1

b2i

⎤

⎥

⎤⎤

⎥

⎥⎥

⎥

⎥⎥

⎦

⎥⎥ , (2.1)

with its semi-major axis ai and the semi-minor axis bi. Then, the matrix representation

of the equation of an ellipse whose major and minor axes coincide with the Cartesian

axes is

(rti − rci)
T
Ai (rti − rci)− 1 = 0 , (2.2)

where rti denotes an arbitrary point on the surface of the ellipse E i. As can be seen

in Fig. 2.3, each ellipse is rotated with respect to the inertial system by a sequence of

two rotations: (1) a rotation R of the rigid body frame Kb with respect to the inertial

frame K0, followed by (2) a rotation Ri of ellipse E i with respect to the rigid body

frame, where

R =

[

cosϕb − sinϕb

sinϕb cosϕb

]

, Ri =

[

cosαi − sinαi

sinαi cosαi

]

. (2.3)

This leads to the first constraint equation describing a general rotated ellipse E i

(rti − rci)
T
RRiAi (RRi)

T (rti − rci)− 1 = 0 . (2.4)

The ellipse centers can be described as

rci = rb + RΔr̄i , (2.5)

where rb = [xb, yb]
T are the coordinates of the rigid body center and Δ ī is the vector

from the rigid body center to the ellipse center in body-fixed coordinates.

Furthermore, the gradient of the ellipse E i at point rti is

grad E i = RRiAi (RRi)
T (rti − rci) (2.6)
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12 2 Geometrical problem analysis for the planar case

and should be parallel to the normal vector nT i
of line T iTT in order to ensure that the

tangent at point rti is parallel to the line T iTT . This leads to the second constraint

RRiAi (RRi)
T (rti − rci)− λi nT i

= 0 , (2.7)

where λi is an arbitrary scalar.

Finally, let rpip be the radius vector to the given pressure point on the line T iTT . The

difference vector of the two points rpip and rti has to be normal to the line T iTT . The

corresponding constraint equation can thus be stated as

(rti − rpip )
T uT i

= 0 , (2.8)

whereas uT i
denotes the direction vector of the line T iTT .

Kb

rti

rci

T i

E i

Ri

R

nT iuT i

K0

rpi

ϕb

rb

Δr̄i

x

y

=̂ given

=̂ sought

=̂ dependent

Figure 2.3: Description of the mathematical model for a general configuration of the

rigid body.
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2.3 Characteristics of a symmetric configuration

It can be concluded ad hoc that solutions of a symmetric configuration must always

occur in pairs. A pair consists of two solutions with the same position (xb, yb) but

different orientations ϕb of the rigid body frame Kb (Fig. 2.4).

Given a pressure point rpip on the line T iTT with its normal vector nT i
, we suppose that Kb

is a possible solution for the pose of the rigid body center for a symmetric configuration

with its position rb = [xb, yb]
T and orientation R = Rot [ z, ϕb ]. In addition, the

dependent variable rti defines the specific point on the surface of the ellipse which is

tangential to the line T iTT , which can be expressed as

rti = rci + cirti (2.9)

rti = rci + RRi Rβi

[

�i

0

]

, (2.10)

whereas Rβi
= Rot [ z, βi ] defines the rotation of the vector cirti from the ellipse center

rci to the point rti with respect to KEi
, and �i shall be the length of cirti.

For any symmetric configuration, there must be a second solution K′
b for the pose of

the rigid body frame, with the same position rb but mirrored about the line S i which

is parallel to the line T iTT such that

ϕ′
b = −(ϕb + 2αi) and β′

i = −βi . (2.11)

Thus, the rotation matrices of the second solution can be described by

R
′ = Rot [ z, ϕ′

b ] and R
′
βi
= Rot [ z, β′

i ] , (2.12)

while R′
i = Ri remains unchanged. By solving the constraint Eqs. (2.4), (2.7) and (2.8)

symbolically with MAPLE, it follows that

E i(rti)− E ′
i(r

′
ti) = 0 (2.13)

grad E i(rti)− grad E ′
i(r

′
ti)− λi nT i

= 0 (2.14)

(rti − r′ti)
T uT i

= 0 (2.15)

with the scalar

λi = �i sin(ϕb + αi + βi)

(

1

a2i
+

1

b2i

)

+ �i sin(ϕb + αi − βi)

(

1

a2i
− 1

b2i

)

. (2.16)

It can therefore be stated that a second solution with the same position rb exists that

is fulfilling the constraint equations.
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K0

KEi

KE ′

i

Kb

K′
b

x

y

E i

E ′
i

T i

rpi

nT i

i

rti

r′ti

rci

r′cir
′
ci

������iiiiiiiiiiiiiiiiiiiii

�i

αi

αi

ϕb

ϕ′
b

βi

−βi

Figure 2.4: A sample solution pair of a symmetric case demonstrated by means of one

ellipse.

2.4 Determination of the solution variety using Gröbner bases

2.4.1 Gröbner bases

Gröbner bases are very wide-ranging in scope. This section will focus on using the

method of computing a suitable Gröbner basis to face the problem of computationally

solving multivariate polynomial equations.

A polynomial is a finite sum of monomials comprising variables with nonnegative inte-

ger exponents and a coefficient. In general, determining the algebraic variety of a set

of polynomials is not trivial. However, this task can sometimes be achieved by com-

https://doi.org/10.51202/9783186296177 - Generiert durch IP 216.73.216.36, am 21.01.2026, 03:29:21. © Urheberrechtlich geschützter Inhalt. Ohne gesonderte
Erlaubnis ist jede urheberrechtliche Nutzung untersagt, insbesondere die Nutzung des Inhalts im Zusammenhang mit, für oder in KI-Systemen, KI-Modellen oder Generativen Sprachmodellen.

https://doi.org/10.51202/9783186296177


2.4 Determination of the solution variety using Gröbner bases 15

puting a Gröbner basis, an equivalent set of polynomials having the same algebraicaa

variety but composed of other polynomials with certain properties that allow simple

algorithmic solutions. In order to systematically compute a Gröbner basis from a set

of polynomials, division algorithms such as the Buchberger’s Algorithm are used (see

e. g. the book by Cox et al. [21] for more information about division algorithms).

The operations of a division algorithm and thus the resulting Gröbner basis depend on

the choice of how the polynomial terms are initially ordered, called monomial order.

Different monomial orderings exist, each leading to different Gröbner bases. A common

ordering is called lexicographic ordering (other designations are lex or PLEX for ”pure

lexicographic order”), where variables are ordered alphabetically, thus, analogously to

the ordering of words in dictionaries. For example, on C[x, y] lexicographic ordering

means

1 ≺ y ≺ y2 ≺ · · · ≺ x ≺ xy ≺ xy2 ≺ · · · x2 ≺ x2y ≺ x2y2 ≺ · · · .

Here, lexicographic ordering is of interest as it allows the basic strategy of elimination

theory (see [21]). Thereby, the derived constraint Eqs. (2.4), (2.7) and (2.8) are trans-

formed into a new set of equations with the same algebraic variety but in triangular

form (i. e. the first equation is only dependent on the first variable, the second equa-

tion is only dependent on the first and the second variable, etc.). Once this goal is

achieved, univariate root-finding algorithms can be applied to the first equation. Back-

substituting the solutions into the second equation leads to an equation which is again

only dependent on one variable. Provided that the Gröbner basis with lexicographic

ordering can be computed, the solution variety can thus be found.

2.4.2 Application examples

In order to find all possible solutions of the constraint Eqs. (2.4), (2.7) and (2.8),

Gröbner bases with respect to lexicographic monomial ordering were used to eliminate

all intermediate variables, such as λi. A reduced system of polynomial equations is

generated in terms of the three unknown pose variables (xb, yb, ϕb) of the rigid body

frameKb. At first, to compute Gröbner bases, it is necessary to transform the constraint

equations into a system of polynomial equations. This was achieved after introducing

the auxiliary variables

s = sinϕb , c = cosϕb (2.17)
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16 2 Geometrical problem analysis for the planar case

Table 2.1: Parameters of the symmetric configuration analyzed in this thesis (lengths

are given in unit length).

Index Rigid body parameters Line parameters

i ai bi αi Δr̄i nT i
rpip

1 4 1 π
3

[

−3
√√
3
2

3
2

] [ √√
3
2

−1
2

] [

5− 5
√√
3
2

15
2

]

2 4 1 0

[

0

−3

] [

0

1

] [

11
2

0

]

3 4 1 −π
3

[

3
√√
3
2

3
2

] [√√
3
2

1
2

] [

5 + 5
√√
3
2

15
2

]

for the trigonometric functions. The additional constraint

s2 + c2 − 1 = 0 (2.18)

was added to the system of equation to ensure that the variables s and c are on the

unit circle.

The resulting general system of polynomial equations fkff with k = 1, . . . , 13 can be

summarized as follows

f1-3: (rti − rci)
T
RRiAi (RRi)

T (rti − rci)− 1 = 0

f4-9ff : RRi Ai (RRi)
T (rti − rci)− λi nT i

= 0

f10-12: (rti − rpip )
T uT i

= 0

f13: s2 + c2 − 1 = 0 ,

with index i = 1, . . . , 3. Using the Groebner library of MAPLE [50], Gröbner bases of

the system

F = (f1, . . . , f13) (2.19)

could be computed for numerical values of the polynomial coefficients. Thus, in the

present context, the numeric values displayed in Table 2.1 were used to present in more

detail a sample configuration of a symmetric case. Hereby, the point rpip was also used

as support vector for the line T iTT .

In particular, for the computation of the Gröbner basis of the system F , the Groebner

library and the PolynomialIdeals library ofMAPLE [50] were used. MAPLE requires

the term order as well as a list of variables to determine how the variables are ordered.
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2.4 Determination of the solution variety using Gröbner bases 17

Table 2.2: Parameters of the general configuration analyzed in this thesis (lengths are

given in unit length).

Index Rigid body parameters Line parameters

i ai bi αi Δr̄i nT i
rpip

1 2 1 7π
20

[

−3
√√
3
2

3
2

] [√√
2
2√√
2
2

] [

−3

2

]

2 8 1 π
36

[

0

−3

] [

0

1

] [

5

0

]

3 81
10

1 −11π
60

[

3
√√
3
2

3
2

] [

−
√√
3
2

1
2

] [

14

5

]

In the case of lexicographic order PLEX with variables yb ≺ xb ≺ c ≺ s, MAPLE

found the following Gröbner basis:

g1 = 74649600s8 − 10108800s7 − 51682320s6 + 3819960s5 + 4411521s4

+ 298512s3 − 7026s2 − 72s+ 1 (2.20)

g2 = c2 + s2 − 1 (2.21)

g3 = 17280s4xb − 92160s4 − 1620s3xb + 8640s3 − 1683s2xb + 8976s2

− 108sxb + 576s+ 3xb − 16 (2.22)

g4 = −4976640s6 + 673920s5 + 3777264s4 − 299592s3 − 490623s2

+ 13824sxb + 2304x2b − 75960s− 25344xb + 69695 (2.23)

g5 = 5760s4yb − 28800s4 − 540s3yb + 2700s3 − 561s2yb + 2805s2

− 36syb + 180s+ yb − 5 (2.24)

g6 = −6syb + xbyb + 30s− 5xb − 5yb + 25 (2.25)

g7 = −4976640s6 + 673920s5 + 3777264s4 − 299592s3 − 490623s2

− 13824sxb + 2304y2b + 71496s+ 768xb − 23040yb + 53567 . (2.26)

In order to find the corresponding solutions of the system G = (g1, . . . , g7), the explicit

solver of MAPLE was used.

General cases have also been regarded to analyze the differences to the symmetric

architecture. A sample set of parameters for the general configuration analyzed here

is summarized in Table 2.2.

For the symmetric architecture, a maximum number of 32 different real solutions in 16
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18 2 Geometrical problem analysis for the planar case

Table 2.3: Numerical solutions for each pair of the symmetric case shown in Fig. 2.5

and Fig. 2.6.

Pair xb yb ϕb,dark ϕb,light Pair xb yb ϕb,dark ϕb,light

[deg] [deg] [deg] [deg]

(a) 1.37 5.00 22.67 157.33 (i) 5.13 4.64 178.80 1.20

(b) 3.74 2.24 -12.11 -167.89 (j) 5.33 5.00 179.47 0.53

(c) 4.38 3.35 -174.10 -5.90 (k) 4.38 6.65 -5.90 -174.10

(d) 5.33 5.00 52.86 127.14 (l) 3.74 7.76 -12.11 -167.89

(e) 5.33 5.00 -48.66 -131.34 (m) 5.75 5.00 178.80 1.20

(f) 5.13 5.36 178.80 1.20 (n) 8.52 5.00 -167.89 -12.11

(g) 5.33 5.00 -0.80 -179.20 (o) 7.31 8.43 157.33 22.67

(h) 7.23 5.00 -174.10 -5.90 (p) 7.31 1.57 157.33 22.67

pairs were found. Fig. 2.5 and Fig. 2.6 show all 16 pairs for the example configuration

stated in Table 2.1. For each solution, the contact point on the line and its corre-

sponding point on the ellipse are marked with a different marker for each line. The

corresponding numerical solutions are given in Table 2.3. Note that the solutions are

genuinely different, i. e. they do not result from each other by cyclic transformations,

as the pressure point of each line is only associated to one unique ellipse.

For a general configuration, a maximum number of 64 solutions were found, whereas the

maximum number of real solutions found so far was 48. The general set of parameters

(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 2.5: The first 8 pairs for the symmetric case of a total of 16 pairs of real solutions

(dark color and light color, respectively) with equal center points.
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(i) (j) (k) (l)

(m) (n) (o) (p)

Figure 2.6: The last 8 pairs for the symmetric case of a total of 16 pairs of real solutions

(dark color and light color, respectively) with equal center points.

given in Table 2.2 represents one example where 48 different poses for the rigid body

frame Kb exist (Fig. A.1.1 and Fig. A.1.2, Appendix). The corresponding numerical

solutions are given in Table A.1.1 in the Appendix. Note that no pairs exist for the

general configuration.

2.4.3 Sensitivity analysis

The effect of a small variation of the input variables on the output can be verified by

variating the coordinates of the pressure point rpp2 by a small amount, e. g. Δe = 0.001.

One obtains for example

rpp2 =

[

11
2
+Δe

0

]

=

[

11
2
+ 1

1000

0

]

. (2.27)

Table 2.4 summarizes the deviations between the new solutions compared to the original

data of Table 2.1. It can be seen that small deviations on the input variables also

produce small deviations on the output in the same range.

2.4.4 Reduction of the solution variety

The results show that a maximum number of 32 solutions for the symmetric and a

maximum number of 64 solutions for the general case exist. As already indicated,
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20 2 Geometrical problem analysis for the planar case

Table 2.4: Deviation of the rigid body pose for small variations of the input variables.

Pair Δxb Δyb Δϕb,dark = Δϕb,light Pair Δxb Δyb Δϕb,dark = Δϕb,light

10−3 10−3 10−4[rad] 10−3 10−3 10−4[rad]

(a) 0.49 0.00 1.36 (i) 0.25 0.72 0.42

(b) 2.26 2.76 3.85 (j) 0.67 0.00 0.19

(c) 2.14 4.86 3.58 (k) 2.14 4.86 3.58

(d) 0.67 0.00 0.73 (l) 2.26 2.76 3.85

(e) 0.67 0.00 0.74 (m) 1.50 0.00 0.42

(f) 0.25 0.72 0.42 (n) 2.52 0.00 3.85

(g) 0.67 0.00 0.28 (o) 0.75 0.15 1.36

(h) 0.63 0.00 3.58 (p) 0.75 0.15 1.36

Gröbner bases for this system could only be computed when the polynomial coeffi-

cients are given in the form of numerical values. Consequently, the results cannot be

generalized with certainty, as only a finite set of parameters have yet been checked. Of

course, special geometries can lead to smaller numbers of solutions. For example, in

the case of a general system for which all three ellipses are transformed into circles, so

that ai = bi, exactly two different poses of the rigid body are found. This is consistent

with the analytical results of Choi [19]. As an exception, it can be easily seen that an

infinite number of solutions exist if all the three lines are parallel to each other.

Furthermore, by comparing the pose of a set of solutions, it can be seen that solu-

tions can be very close to each other, which can lead to poorly conditioned numerical

behavior. Table 2.5 shows several comparisons between two different solutions of the

symmetric configuration of Table 2.1. The distance Δr between two different solutions,

as well as the deviation Δϕ of the rotation angles are illustrated. In order to be able

to compare the total deviation between two solutions, the variable Δs is introduced

such that

Δs = ‖Δr‖+ κ · ‖Δϕ‖ , (2.28)

whereas κ is a characteristic length [57], specifying here the maximum length between

two ellipse centers, i. e. for the symmetric case κ = 3
√√
3. As 32 solutions exist overall,

(

32

2

)

= 496 different comparisons can be made, which are sorted by ascending numbers

of Δs in Table 2.5.
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2.4 Determination of the solution variety using Gröbner bases 21

Table 2.5: Several comparisons between different solutions of the symmetric case shown

in Fig. 2.5 and Fig. 2.6.

Case Solutions Deviations

i j k Δsi ‖Δri‖ ‖Δϕ
i
‖ [deg]

1 23 26 0.1205 0.0000 1.3282

2 7 10 0.1205 0.0000 1.3282

3 23 27 0.4765 0.4161 0.6655
...

...
...

...
...

...

496 2 32 24.7504 7.1423 169.4343

Considering the present application, i. e. the reconstruction of the bone motion with

pressure sensors, only three different solutions are physically meaningful (Fig. 2.7), as

the ellipse contact point must face the corresponding line. In addition to that, it can

be seen that the total deviations Δsi of all three solutions are considerably large (Ta-

ble 2.6). This property can be used to avoid rigid body pose “jumps” between different

solutions in numerical computations. The results are of interest for the problem of

determining the 3D pose of a bone from measurements of bone landmarks by pressure

sensors, which is to be tackled in the next chapter.

(i) (ii) (iii)

Figure 2.7: The only three solutions of the symmetric configuration where each ellipse

tangent point is facing the straight line.

https://doi.org/10.51202/9783186296177 - Generiert durch IP 216.73.216.36, am 21.01.2026, 03:29:21. © Urheberrechtlich geschützter Inhalt. Ohne gesonderte
Erlaubnis ist jede urheberrechtliche Nutzung untersagt, insbesondere die Nutzung des Inhalts im Zusammenhang mit, für oder in KI-Systemen, KI-Modellen oder Generativen Sprachmodellen.

https://doi.org/10.51202/9783186296177


22 2 Geometrical problem analysis for the planar case

Table 2.6: Comparison between the three solutions of Fig. 2.7.

Case (Fig. 2.7) Solutions Deviations

i j k Δsi ‖Δri‖ ‖Δϕ
i
‖ [deg]

(i) (i) (ii) 4.96 0.00 47.86

(ii) (i) (iii) 10.55 0.00 101.52

(iii) (ii) (iii) 5.58 0.00 53.65

https://doi.org/10.51202/9783186296177 - Generiert durch IP 216.73.216.36, am 21.01.2026, 03:29:21. © Urheberrechtlich geschützter Inhalt. Ohne gesonderte
Erlaubnis ist jede urheberrechtliche Nutzung untersagt, insbesondere die Nutzung des Inhalts im Zusammenhang mit, für oder in KI-Systemen, KI-Modellen oder Generativen Sprachmodellen.

https://doi.org/10.51202/9783186296177


23

3 3D pose estimation based on the

ellipsoid-approximated bone model

This chapter presents the three dimensional bone pose reconstruction procedure based

on three rigidly attached ellipsoids. First, the constraint equations of the planar system

described in the previous chapter are extended to 3D, which can be numerically solved

by a subsequently introduced optimization cost function. The chapter finishes with

a sensitivity analysis of the cost function, examining the influence of perturbed input

variables on the resulting bone pose.

3.1 Formulation of the constraint equations

The 3D rigid body bone model consists of three ellipsoids that are each palpated by

a planar pressure sensor. In the following, due to their similarities, the constraint

equations will be derived for a general pair i = 1, . . . , 3 of ellipsoid and pressure sensor

plane, as shown in Fig. 3.1.

KPi

K0

Kb

KEi

Ri
Δr̄i

rpi

nEi

di

rti

ui

vi

R

rb

uxi

uyi

=̂ given=̂ sought =̂ dependent

Figure 3.1: Description of the ellipsoid-approximated bone model for the example of

one pair of ellipsoid and pressure sensor plane at the medial malleolus.
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24 3 3D pose estimation based on the ellipsoid-approximated bone model

Assume that the rigid body is palpable as an array of three rigid ellipsoids E i, i =

1, . . . , 3, which are rigidly attached to a body-fixed frame Kb. The rigid body pose is

described by the rotation matrix R transforming body-fixed coordinates to coordinates

in the inertial frame K0, and the position rb = [xb, yb, zb]
T from the origin of K0 to the

origin of Kb in coordinates of K0. Each ellipsoid has a local coordinate frame KEi
rigidly

attached to it, whose position relative to the body-fixed frame Kb is given akin to the

previous description by the vector Δ ī and the rotation matrix Ri. The surface of each

ellipsoid E i with semi principal axes {ai , bi , ci} can be parametrized with respect to

its local frame KEi
as

E i(ui, vi) =

⎡

⎢

⎡⎡

⎣

⎢⎢

ai cos(ui) cos(vi)

bi cos(ui) sin(vi)

ci sin(ui)

⎤

⎥

⎤⎤

⎦

⎥⎥

, (3.1)

where ui and vi are the spherical coordinates of the ellipsoid with −π/2 ≤ ui ≤ π/2

and −π ≤ vi ≤ π .

Likewise, let the pose of each pressure sensor plane PiPP be defined by a plane-fixed frame

KPi
with in-plane orthonormal vectors uxi and uyi. For an arbitrary point rti on the

surface of E i it holds

rti = rb + RΔr̄i + RRi E i(ui, vi) . (3.2)

Let rti be the extremal ellipsoid point, i. e. with minimal or maximal distance to the

pressure sensor plane. Then this point must fulfill two sets of constraints:

1) [Gradient orthogonality] For the gradient of E i at point rti,

nEi
= RRi

(

∂E i(ui, vi)

∂ui
× ∂E i(ui, vi)

∂vi

)

(3.3)

it must hold

Gi,x : nT
Ei
uxi = 0 (3.4)

Gi,y : nT
Ei
uyi = 0 . (3.5)

2) [Distance orthogonality] Also, the distance vector from the measured pressure

point rpip on plane PiPP to point rti must be normal to the plane PiPP :

Di,x : (rti − rpip )
T uxi = 0 (3.6)

Di,y : (rti − rpip )
T uyi = 0 . (3.7)
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Collecting all equations for the three ellipsoids gives a system of 12 scalar constraint

equations for the 12 unknowns

q = [ rb Φb u1 v1 u2 v2 u3 v3 ]
T , (3.8)

where Φb ∈ R
3 are the rotational degrees of freedom defining the orientation of the

rigid body frame Kb, taken as roll-pitch-yaw angles (for rotation sequence x-y-z) in the

present case.

3.2 Optimization problem

As mentioned in Chapter 2, the general system of Eqs. (3.4) to (3.7) will yield a

plurality of solutions, so that a direct numerical root-solving of these equations would

not be feasible due to the poor conditioning and the closeness of solutions with respect

to each other. Thus, instead, the problem is solved as an unconstrained optimization

problem with a cost function composed of the weighted sum of the squared constraint

values and the squared distances d2i = ‖ rti − rpip ‖2

F (q) =
1

2

(

ψ1

3
∑

i=1

{

G2
i,x +G2

i,y

}

+ ψ2

3
∑

i=1

{

D2
i,x +D2

i,y

}

+ ψ3

3
∑

i=1

di
2

)

, (3.9)

where the weights ψi are defined such as to balance between preciseness (first two

terms) and feasibility (di), and also to homogenize units among terms.

3.3 Sensitivity analysis

For sensitivity analysis, a simulation of bone pose estimation using the optimization

cost function from Eq. (3.9) was carried out with a noisy input signal. It covers

small variations of all input variables comprising position and orientation (for rota-

tion sequence x-y-z) of the sensor frames KPi
, relative pressure point coordinates rpip ,

ellipsoid centers Δ ī and ellipsoid semi principal axes {ai , bi , ci} (see Fig. 3.2). The

noise-free input variables originate from the flexion/extension measurement presented

in Chapter 5 and are summarized in Table B.1.1 to Table B.1.2 in the Appendix.

Starting from a given reference pose (see Table B.1.3 in the Appendix), input variables

were overlaid with Gaussian white noise with a mean value μ = 0.0 and a standard

deviation σ = 0.15, producing an error Δe of approximately 1 mm in position and

1◦ in orientation. For each of these variations, the new pose was computed by re-

applying the optimization run with: (1) weights ψ1 = ψ2 = ψ3 = 1.0 and (2) weights
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26 3 3D pose estimation based on the ellipsoid-approximated bone model

ψ1 = ψ2 = 1.0 , ψ3 = 0.0 i. e. by switching on and off the feasibility term di re-

spectively. Optimization was performed using the routine e04unc of the Numerical

Algorithms Group C library [71] where all options (i. e. tolerances, step limits, etc.)

were left in its default settings.

The deviations of the solutions were regarded as first-order variations Δre for trans-

lation and ΔΦe for rotations. Both were then coupled using the concept of the char-

acteristic length κ [57] (firstly introduced in Section 2.4.4), yielding the equivalent

translational change

Δs = ‖Δre‖+ κ · ‖ΔΦe‖ with κ =
√√

2�2max(1− cos(π/180)) , (3.10)

where �max = 186.78 mm is the distance between the rigid body center Kb to the

furthest ellipsoid center, giving in the present case κ = 3.26 mm. The resulting errors

for 105 data points are shown in Fig. 3.3. It can be seen that for all cases the order of

the output error remains in the same order of magnitude as the input noise. Without

feasibility term, input errors are amplified by a factor of 1.25 for sensor poses (note

that sensor poses comprise both, position and orientation errors at the same time),

2.5 for relative pressure point coordinates, 2 for ellipsoid centers and 1.5 for the semi

axes. In contrast, using the optimization cost function including the feasibility term di,

amplification factors are significantly reduced to 1.0 for sensor poses, 0.6 for relative

pressure point coordinates, 0.8 for ellipsoid centers and 0.6 for the semi axes.

Noise Δe

Noise Δe

Noise Δe

Noise ΔeSensor poses

KPi,ref

Rel. pressure points

Pi
rpi,p ref

Ellipsoid parameters

r̄i,ref

Ellipsoid parameters

{ai , bi , ci}ref
Optimization

Optimization

Optimization

Optimization

Rigid body pose

rb,ref +Δre

Φb,ref +ΔΦe

Rigid body pose

rb,ref +Δre

Φb,ref +ΔΦe

Rigid body pose

rb,ref +Δre

Φb,ref +ΔΦe

Rigid body pose

rb,ref +Δre

Φb,ref +ΔΦe

Figure 3.2: Sensitivity analysis of the optimization process, i = 1, . . . , 3.
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Figure 3.3: Sensitivity analysis of the optimization cost function without (left) andff

with (right) feasibility term di varying (from top to bottom): sensor poses, rel. pressure

point coordinates, ellipsoid centers and semi principal axes.
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4 Self-adjusting point for bone pose estimation

In this chapter, a special case of the 3D bone pose estimation procedure presented in

Chapter 3 is analyzed, namely the limiting case where all ellipsoid semi principal axes

tend to zero such that ellipsoids become points. First, the 3D model will be described,

followed by the introduction of an automatable procedure which allows the approxi-

mation of the rigid body geometry based on data from a previously performed bone

pose measurement. At the end of this chapter, the approximation-error expectation of

this case will be discussed.

4.1 Three-point model description

The three-point-approximated bone model as a simplified version of Fig. 3.1 (see Sec-

tion 3.1) by transforming all ellipsoids into points is shown in Fig. 4.1. This problem

is similar to the 6 degrees of freedom parallel manipulator whose direct and inverse

kinematics analysis was determined by Chen et al. [17], the latter yielding 8 different

real solutions in general.

KPi

K0

Kb

Δr̄i rpi

di

R

rti

rb

uxi

uyi

uzi

=̂ given=̂ sought =̂ dependent

Figure 4.1: Description of the three-point-approximated bone model for the example

of one pair of point and pressure sensor plane at the medial malleolus.
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Ellipsoid approximation Point approximation

3D CT/MRI

bone model

Measurement

data

Ellipsoid-fitting to

segmented bone

Self-adjusting

parameter

approximation

Rigid body bone geometryRigid body bone geometry

Figure 4.2: Comparison of the rigid body bone geometry determination between

ellipsoid- and point-approximated bone model.

4.2 Self-adjusting parameter approximation

In a real application, the ellipsoid-approximated bone geometry can be determined

e. g. from a 3D CT/MRI scan. This section presents an alternative method that

allows to approximate the rigid body geometry of a point-approximated bone model

by means of a previously performed bone pose measurement (see Fig. 4.2). In this way,

additional radiation exposure to the subject concerned can be avoided and, moreover,

the parameter assessment of the rigid body is fully automated.

Let n = 1, . . . , N be a given set of pressure sensor plane configurations comprising

sensor poses Kn
Pi

and relative pressure point coordinates rnpip , with i = 1, . . . , 3. Then,

as shown in Fig. 4.3 and Fig. 4.4, by assuming that the distance dni is known, forward

kinematics can be used in order to compute the rigid body point coordinate rnti from

rnti = rnpip + unzi · dni . (4.1)

Let Kn
b be the frame attached to the rigid body, its position rnb and orientation R

n can

be defined as follows:

(i) The origin rnb is defined as the centroid of the three point coordinates rnt1, r
n
t2 and

rnt3.
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xnb
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P1

K0

rnb

R
n
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b

rnp1

dn1

rnt1

unx1

uny1

unz1

=̂ given=̂ sought =̂ dependent

Δrn3

Δrn2
Δrn1

Figure 4.3: Construction of Kn
b using forward kinematics.

(ii) The y-axis points toward point rnt1.

(iii) The x-axis lies inside the plane defined by the three point coordinates rnt1, r
n
t2 and

rnt3 and points toward rnt2.

(iii) The z-axis is defined according to the right-hand rule.

From that, the relative position Δrni of each point with respect to the body-fixed frame

Kn
b can be computed from

Δrni = (Rn)T(rnti − rnb ) . (4.2)

Finally, the global rigid body parameter Δ ī can be approximated by averaging the

relative position vector Δrni over all measured data points n = 1, . . . , N

Δr̄i =
1

N

N
∑

n=1

Δrni . (4.3)

4.3 Approximation-error expectation

The self-adjusting point method assumes that the protuberance point effecting the

pressure point is more or less always the same. This is the case if the transverse

relative rotations of the pressure plane about its in-plane orthonormal vectors ux and

uy with respect to the bone are zero or very small. If this is not the case, a relative

rolling of the pressure plane occurs with respect to the contact face of the protuberance,

which leads to a variation of the contact point with respect to the bone (see Fig. 4.5).
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Figure 4.4: Rigid body parameter approximation based on N measured pressure sensor

plane configurations, i = 1, . . . , 3.

θ
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rotated sensor pose

initial sensor pose
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Figure 4.5: Point-approximated bone model error for relative rotations of the sensors

about its in-plane orthonormal vectors.

In the following, when using the point-approximated bone model, it is assumed that

transverse rotations of the pressure planes with respect to the bone are very small and

thus the constant pressure point assumption is true. The validation of this assumption

is discussed in Section 5.4.
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5 Validations

This chapter describes the validation of the previously introduced method for bone

pose determination by palpating three prominent bone protuberances through tracked

pressure sensors. The first section presents the validation of the pressure mapping

system used to determine the pressure point from a given pressure distribution. Then,

the ellipsoid-approximated bone model is validated using dual fluoroscopy. This sec-

tion specifies in detail the methodology used to manually register fluoroscopy images

along with the results of three basic movements of the shank: flexion/extension, abduc-

tion/adduction and internal rotation. Finally, the differences in bone poses between

point- and ellipsoid-approximated bone model are further investigated in the last sec-

tion.

5.1 Pressure mapping

The identification of the pressure point consists of three basic blocks (Fig. 5.1). First,

the pressure sensor pose is determined using a marker tracking system, so that each

sensel on the sensor can be converted into absolute coordinates and the normal vector

to the sensor plane is known. Then, by pressing the sensor on the bone protuberance,

the relative position of the pressure point on the sensor is determined from the given

pressure distribution. This procedure was validated experimentally with a Kuka KR6/2

robot.

Block 1

Marker tracking

Block 2

Sensor foil

Block 3

Pressure point

Figure 5.1: Basic blocks for pressure point identification.

5.1.1 Materials and Methods

For marker tracking (block 1), three cameras of the A.R.T. camera system (ART-

TRACK1 ) were used [1].

For the pressure foil (block 2), a 27.9 mm× 27.9 mm Tekscan pressure mapping sensor
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5027 with 44 × 44 = 1936 sensels was used. The sensels are arranged in a 44 × 44

equally spaced grid with a sensel spacing of ±0.6 mm [70]. Each sensel reports a

binary pressure value pB from 0 to 255 which is linearly scaled to a physical pressure

range, in our case 0–34.5 N/cm2. The pressure values are stored in a 44 × 44 matrix,

where each element represents a sensel of the grid.

The relative pressure point (block 3) is computed at each time step by five basic

operations done using computer vision software OpenCV, [11]). This is exemplarilyVV

shown in Fig. 5.2 for a typical pressure distribution of a pressure foil attached to the

lateral malleolus of a test person:

(O1) Smoothing the data using the bilateral filter cv::bilateralFilter with a filter

size of d = 9 pixels and sigma values both set to σcolor = σspace = 111.

(O2) Determining the maximum binary pressure value pBmax over all sensels (function

cv::minMaxLoc).

(O3) Zeroing all sensels with pressure below (pBmax − ΔpB), ΔpB adjusting the edge

thickness of the highest pressure plateau, in the present case chosen as 80.

(O4) Determining the largest contour of all remaining areas (using cv::findContours).

(O5) Computing the center of pressure of the largest contour inner area.

The purpose of the operations (O1) to (O4) is to exclude pressure values from the

pressure distribution caused by skin contact in the neighborhood of the bone protu-

berance. Once excluded, the center of pressure of the remaining pressure distribution

is assumed to be the closest point on the sensor foil to the bone surface under the skin,

which is determined in operation (O5).

The resolution error of block 3 can only be determined together with block 2. To this

end, a pressure sensor foil was placed on a flat surface whose sensor grid frame KG was

tracked by the A.R.T. camera system with respect to the inertial frame K0 (Fig. 5.3).

A thin foam layer was placed on top of the pressure foil in order to obtain a larger

contact area, emulating skin-on-bone effects. For a given pressure distribution, the

relative pressure point Grpp can be computed by the previously described 5 operations.

Thus, the pressure point can be calculated as

rpp = rG + Grpp . (5.1)
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largest contour

pressure point

Input data Filtered data (O1)

Pressure plateaus (O2 & O3) Largest contour (O4 & O5)

Figure 5.2: Example of a pressure point computation from a given pressure distribution.

Furthermore, a metal sphere was dragged along the foam using a Kuka KR6/2 robot, in

such a way that the orientation of the sphere fixed frame KS remained constant during

measurement within the robot accuracy tolerances (Fig. 5.3, (Front view)). The pose

KS of the sphere was tracked with the A.R.T. camera system. The constant position

vector Src from KS to the closest point c on the sphere with respect to the sensor foil

was determined by an initial calibration. Therefore, the sphere was positioned directly

on the pressure sensor (with foam removed) such that both points c and the lower left

sensel at the origin of frame KG of the pressure sensor coincide (see Fig. 5.4). In this

case, only the lower left sensel is measuring pressure, so that Grpp = 0. Finally, the

vector rc was calculated serving as a reference, where

rc = rS + Src . (5.2)
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Top view (pressure sensor)

KG
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x

y

0

255

rG

Grpp

sensel spacing 0.6 mm Color scale

pressure point
rpp

Front view

K0

K0

KS

c

rc sphere

sensor foilfoam

Src

rS

moving direction ux

Figure 5.3: Schematic representation of the experimental setup of the pressure sensor

(left) and the reference sphere dragged by the Kuka robot (right).

Setup Calibration

foam

sensor grid

Figure 5.4: Picture of the experimental setup (left) and the calibration process (right).
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5.1.2 Results

The upper plots of Fig. 5.5 show the resulting x- and y-positions of the Kuka ref-

erence (red line) and the calculated pressure point (blue line). It can be seen that

the pressure point curve is much spikier compared to the reference, with maximum

amplitudes of approximately 0.3 mm. For both directions the total deviation stays

below 0.3 mm during the whole measurement (lower plots of Fig. 5.5) with a root

mean square error of 0.10 mm in x- and 0.09 mm in y-direction. For the identifica-
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Figure 5.5: Comparison between target and computed pressure point position (top)

and quantification of their translational deviations (bottom) in x-direction (left) and

y-direction (right).

tion of the pressure point, multiple filters have been validated in the bachelor thesis of

Yang [72], namely cv::AdaptiveThreshold, cv::bilateralFilter, cv::boxFilter,

cv::dilate, cv::erode, cv::GaussianBlur, cv::medianBlur and cv::morphologyEx.

By comparing root mean square deviations, it could be shown that the bilateral filter

was the most accurate filter among all others.

5.1.3 Discussion

The results suggest that pressure points can be identified with a precision of approx-

imately 0.3 mm, which is half of the sensel spacing of 0.6 mm of the Tekscan sensor.

https://doi.org/10.51202/9783186296177 - Generiert durch IP 216.73.216.36, am 21.01.2026, 03:29:21. © Urheberrechtlich geschützter Inhalt. Ohne gesonderte
Erlaubnis ist jede urheberrechtliche Nutzung untersagt, insbesondere die Nutzung des Inhalts im Zusammenhang mit, für oder in KI-Systemen, KI-Modellen oder Generativen Sprachmodellen.

https://doi.org/10.51202/9783186296177


5.2 Ellipsoid-approximated bone model validation 37

It can be assumed that the sensel spacing has the biggest impact on the resulting pre-

cision, however - to the authors knowledge - currently no pressure sensor foil with a

smaller sensel spacing exists. The discontinuous sensels also result in spiky pressure

point positions, which can be smoothed in later applications in order to pass smoother

input data on to the optimizer.

The bilateral filter whose characteristic is to preserve edges during the filtering process

turned out to be the most accurate one to determine the pressure point from a given

pressure distribution. The preservation of edges is particularly important for pressure

distributions affected by noisy data in the neighborhood of the pressure point caused

by skin contact, as is the case here.

This validation uses a motion capture system in order to compute the reference position

of the pressure point. The accuracy of marker tracking systems depends on many

parameters such as camera setup, camera resolution, movement condition (static and

dynamic), room temperature, etc. However, it was experienced that instrumental errors

cannot generally be quantified based on the knowledge of those system parameters, as

it is also dependent on the specific task that is captured (see Section 1.2). Thus, it is

not possible to state the exact accuracy of the marker system during this experiment.

Here, it was assumed that the marker tracking error is negligible with respect to the

pressure point computation error.

5.2 Ellipsoid-approximated bone model validation

This section presents the validation of the bone pose estimation algorithm based on

the ellipsoid-approximated bone model using dual fluoroscopy. The concept of this

validation is, first, to determine simultaneously the bone fixed coordinate frames Kb,PS

and Kb,DF of a real shank motion using the pressure sensor system (PS) and the dual

fluoroscopy system (DF) respectively. And second, to determine the translational Δrb

and rotational deviations ΔΦb between both frames (see Fig. 5.6).

5.2.1 Materials and Methods

One participant (sex: male, age: 34, height: 173 cm, weight: 82 kg, no injuries)

volunteered to perform three different movement patterns of the right shank: (1) flex-

ion/extension, (2) abduction/adduction and (3) internal rotation of the knee, each of
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Kb,PS Kb,DF

Real shank motion

Pressure sensor system (PS) Dual fluoroscopy system (DF)

Determine

deviation

Δrb ,ΔΦb

Figure 5.6: Concept of the ellipsoid-approximated bone model validation using dual

fluoroscopy.

Flexion/Extension Abduction/Adduction Internal rotation

Figure 5.7: Idealized shank movement patterns performed during data acquisition.

which was repeated approximately three times back and forth (limited by the allowed

radiation duration). Fig. 5.7 schematically shows the idealized movement patterns.

The Conjoint Health Research Ethics Board approved this study, and written informed

consent was obtained from the participant before the experiment.
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Pressure Sensor System

The general setup of the pressure sensor system is schematically shown in Fig. 5.8.

Three Tekscan 5027 pressure sensor foils [70] were used for palpating bone protuber-

ances. Each sensor was attached to a support plate made of hard plastic which was

placed on the right shank of the participant using adhesive tape. The predefined lo-

cations were (1) the tibial tuberosity, (2) the lateral malleolus and (3) the medial

malleolus (see Fig. 5.9). Elastic straps were tied around each support plate in order to

produce pressure distributions that could be quantified. Pressure data was captured

at approximately 20 Hz. The identification of the pressure point from a given pressure

distribution was carried out as described in Section 5.1.

support plate

sensor foil

marker

sensor handlePC

infrared camera

Figure 5.8: Schematic representation of the experimental setup of the pressure sensor

system.

Rigid body bone model

A 3D bone model was generated from a computed tomography scan of the examined

bone using the software Amira [65]. Ellipsoids were visually fitted to the bone protu-

berances of the 3D bone model with the Mobile-C++ library [38], as shown exemplarily

in Fig. 5.10 for the tibial tuberosity. The rigid body parameters obtained are summa-

rized in the Appendix in Table C.4.1 for flexion/extension and abduction/adduction,

and in Table C.4.2 for internal rotation with respect to the bone fixed coordinate frame

Kb. The frame Kb is hereby defined such that the origin lies approximately in the center

of all three ellipsoid centers, the local y-axis points along the tibial shaft in the prox-
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pressure sensor 2

pressure sensor 3

elastic straps

Figure 5.9: Picture of the sensor placement on the right shank.

Figure 5.10: Screenshot of an ellipsoid fitting at the tibial tuberosity with Mobile-C++

[38].

imal, the x-axis in the lateral, and the z-axis in the posterior direction, respectively.

The parameters for internal rotation differ from the other movement patterns, as the

pressure sensors had to be slightly shifted for this case to avoid artifacts caused byaa

tendons between sensor and bone.
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Δr̄1
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AT

line of pressure

points (parallel

to AT)

Figure 5.11: Typical filtered pressure distribution at the tibial tuberosity (left) and

description of the longitudinal axis of tuberosity (right).

The participant’s bone protuberance at the tibial tuberosity had a narrow but longi-

tudinal shape resulting in pressure distributions as depicted for a typical example in

Fig. 5.11. As a consequence, the contact relevant region of the bone surface was rep-

resented by a line instead of a point. For this reason, an additional degree of freedom

λ was introduced allowing the ellipsoid center Δ 1̄ (located at the tibial tuberosity) to

move freely along the longitudinal axis of tuberosity AT as shown in Fig. 5.11. For all

three motions, the axis AT was defined such that (1) it intersects with the ellipsoid

center Δ 1̄, (2) it lies in the yz-plane of the bone fixed frame Kb and (3) is rotated

positively around the x-axis by the angle θ = 5.4◦. The vector q of Eq. (3.8) was thus

extended to

q = [ rb Φb u1 v1 u2 v2 u3 v3 λ ]T . (5.3)

Optimization was performed using the routine e04unc of the Numerical Algorithms

Group C library [71] where all options (i. e. tolerances, step limits, etc.) were left in

its default settings. Weighting factors of the cost function Eq. (3.9) where chosen as

ψ1 = ψ2 = ψ3 = 1.0.

Dual fluoroscopy imaging system

The dual fluoroscopy system described by Lichti et al. and Sharma et al. [43, 62] was

used to collect proximal tibia and fibula motion in Normal Mode at 30 Hz (see Fig. 5.12

for a picture of the laboratory). To reduce radiation exposure, the recording period was

3 seconds, during which the participant made approximately two to three repetitions of

each movement pattern. In advance, the maximal dose rate of one data collection was
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estimated with a dose meter to 0.02 mSv. Fig. 5.13 schematically shows the setup of

the dual fluoroscopy system: both image intensifiers were placed parallel to the ground

with an interbeam angle of 60◦ and a distance of approximately 56 cm and 61 cm away

from the shank at the point of intersection of both beams. Bone poses identified with

the dual fluoroscopy system are described in coordinates of frameff KDF, whose x-axis

points from X-ray sources to high speed cameras, z-axis is oriented vertically pointing

upward and y-axis is defined according to the right-hand rule (see Fig. 5.13).

The calibration process of the dual fluoroscopy system as well as the postprocessing

steps necessary to obtain bone poses from measurement data are described in detail

by Sharma et al. [43] and will only be summarized briefly here. Calibration of the dual

infrared cameras

image intensifier

high speed cameras

X-ray source

Figure 5.12: Picture of the dual fluoroscopy laboratory setup.

C: high speed camera

I: image intensifier

S: X-ray source

T: treadmill

P: participant

C

C

I

I

P

S

S

T

178 cm

178 cm

56 cm

61 cm6 c

60◦
x

y

z KDF

Figure 5.13: Schematic representation of the dual fluoroscopy experimental setup.
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fluoroscopy system was done with bead picking root mean square error of 0.008 mm±
0.002 mm using a custom acrylic cube with bead locations. Distortion correction for

all images was completed using the program Undistortion (Brown University, Rhode

Island, USA) [12]. For dual fluoroscopy image contrast and bone edge enhancement

the adaptive histogram equalization algorithm adapthisteq from MATLAB was used

[48].

Bone poses were determined with model based manual 2D-3D registration technique

using the 3D CT bone model [7, 8, 9, 32, 40, 41, 75]. For all movement patterns,

2D-3D registration was performed on a LG24EA53 24 inch full HD display on highest

brightness and contrast settings using the software JointTrack Biplane (University

of Florida, Gainesville, Florida, USA). The first image of each motion sequence was

registered from its original position, i. e. at the origin of the laboratory coordinate

frame KDF. Then, subsequent images were registered by using the pose of the previous

image as a first initial guess.

Marker-based motion capture system

The motion capture system Motion Analysis was used to collect marker positions

allowing to determine the absolute position and orientation of each pressure sensor

foil. Eight cameras (4x Kestrel, high resolution: 2048x1088, 4x Osprey cameras, mid

resolution: 640x480) were placed around the participant (see Fig. 5.14).

To calibrate the relative position of a sensor grid with respect to the Motion Analysis

reference frame, a calibration pencil equipped with markers was used whose dimensions

were known with a manufacturing tolerance of 50 μm (see Fig. C.1.1 in the Appendix).

Calibration was done by sliding the tip of the pencil over a fixed sensor plane while

simultaneously tracking both marker sets: the first attached to the pencil and the

second attached to the pressure sensor.

To calibrate the relative transformation DF
TMA between dual fluoroscopy and Motion

Analysis system, a calibration frame box equipped with 12 markers was used (see

Fig. 5.15). The calibration was performed by taking a dual fluoroscopy image of the

frame box while simultaneously measuring the position of all 12 markers with the

camera system. After 2D-3D registration of the frame box, the transformation matrix

between both systems was determined.
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Osprey cameras

treadmill

Kestrel cameras

Figure 5.14: Schematic representation of the Motion Analysis camera setup.

KBox,MA KBox,DF

Calibration frame box (12 markers)

Motion Analysis system Dual fluoroscopy system

Determine

transformation

DF
TMA

Figure 5.15: Calibration of the dual fluoroscopy (DF) system with respect to theMotion

Analysis (MA) system.
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Data synchronization

Data coming from the dual fluoroscopy system and the Motion Analysis system were

synchronized with an analog signal triggered manually during data acquisition (see

Fig. 5.16). Furthermore, the analog signal as well as the pressure sensor system were

synchronized to the PC clock. Data points from all systems were synchronized by

linear interpolation.

Analog

signal
PC clock

tDF

tMA tPS

tsync

Figure 5.16: Data synchronization between dual fluoroscopy (DF), Motion Analysis

(MA) and pressure sensor system (PS).

5.2.2 Results without initial guess

The comparison between both systems was evaluated as relative pose deviation from

pressure sensor to dual fluoroscopy system in mm for translations and degree for

rotations. Rotational deviations were assumed as very small and thus as vectors

ΔΦb = [ΔΦb,x,ΔΦb,y,ΔΦb,z]
T according to Euler’s Theorem for small rotations. The

results shown in Fig. 5.17 are described in coordinates of the dual fluoroscopy coor-

dinate frame KDF. During the experiments, some time intervals did not yield correct

values due to disappearance of medial ankle pressure sensor marker positions from the

camera’s field of view. Also, during internal rotation, the tibial tuberosity lost contact

with the pressure sensing area for a small period of time. These periods are highlighted

with gray bars respectively and were excluded from the evaluation.

Maximal deviations between the manually registered dual fluoroscopy and pressure

sensor poses were identified at approximately 5 mm and 2◦ for flexion/extension, 3 mm

and 1.4◦ for abduction/adduction, 6 mm and 3.5◦ for internal rotation motion. Ta-

ble 5.1 summarizes the root mean square deviations (RMSD) of all values shown in

Fig. 5.17 to compare with other publication presented in Section 1.2. It can be seen

that RMSDs vary from 0.13 mm to 1.63 mm in translation and 0.78◦ to 2.66◦ in rotation,

the largest deviations occurring during internal rotation. Furthermore, Fig. 5.18 shows

the resulting optimal solution of the optimization cost function for all three motions.

All residuals are separately illustrated in the Appendix in Fig. C.2.1 to Fig. C.2.3.
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Figure 5.17: Translational (left) and rotational deviations (right) between pressure

sensor (PS) and dual fluoroscopy system (DF).
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Table 5.1: Root mean square deviations (RMSD) between pressure sensor and dual

fluoroscopy system.

Movement pattern RMSD [mm] RMSD [deg]

Δrb,x Δrb,y Δrb,z ΔΦb,x ΔΦb,y ΔΦb,z

Flexion/extension 0.25 0.74 0.69 1.26 1.70 1.23

Abduction/adduction 0.38 0.58 0.13 0.78 1.54 1.02

Internal rotation 0.33 0.67 1.63 2.66 2.48 1.44

One can see that optimal solutions are in the range of 1.5 mm2 to 3.5 mm2 for flex-

ion/extension, 4.5 mm2 to 7 mm2 for abduction/adduction and 0 mm2 to 1 mm2 for

internal rotation.

5.2.3 Results with initial guess

As shown in the example of Fig. 5.19-(1) (registered image of one camera at t = 3270 ms

during internal rotation), visual analysis of the manual registered images showed still

large discrepancies between the projected 3D CT bone model (solid blue lines) and the

tibia and fibula bone contours (dotted yellow and dash-dotted brown lines respectively)

that could not further be improved manually. This was due to the fact that manual

registration requires rotations of the CT volume in 3D using Euler angles to match

the dual fluoroscopy projections, which is unintuitive to accomplish. For this reason, in

the following, the pressure sensor results were used to find better initial guess poses for

manual registration (Fig. 5.19-(2a)), so that remaining rotations were very small and

thus nearly commutative. In this way, an ensuing manual 2D-3D registration could be

performed resulting in visually near-to-perfect fitting contours between projected 3D

CT bone model and the underlying fluoroscopy image (see Fig. 5.19-(2b)).

The results for manual 2D-3D registration with initial guess are displayed in Fig. 5.20.

One can see that the pressure sensor poses differs from the dual fluoroscopy poses,

apart from outliers, in the order of magnitude of 0.6 mm and 0.2◦ for flexion/extension,

0.5 mm and 0.3◦ for abduction/adduction, and 1.0 mm and 0.6◦ for internal rotation.

Table 5.2 summarizes the root mean square deviations (RMSD) of all values shown in

Fig. 5.20. It can be seen that RMSDs stay below 0.38 mm in translation and 0.65◦ in

rotation for all movement patterns.
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Figure 5.18: Optimal solutions found by the NAG optimizer for the ellipsoid-

approximated bone model.

5.2.4 Discussion

The validation confirms that shank motion can be quantified by palpating three bone

protuberances using pressure sensors with deviations below 1 mm in translation and
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Figure 5.19: Example 2D-3D registration comparison. Solid blue lines: Projected 3D

CT bone model. Dotted and dash-dotted yellow/brown lines: Highlighted tibia and

fibula bone contours of the underlying 2D fluoroscopy image.
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Figure 5.20: Translational (left) and rotational deviations (right) between pressure

sensor (PS) and dual fluoroscopy system (DF) after manual fine tuning.
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Table 5.2: Root mean square deviations (RMSD) between pressure sensor and dual

fluoroscopy system after manual fine tuning.

Movement pattern RMSD [mm] RMSD [deg]

Δrb,x Δrb,y Δrb,z ΔΦb,x ΔΦb,y ΔΦb,z

Flexion/extension 0.05 0.01 0.04 0.28 0.32 0.18

Abduction/adduction 0.05 0.10 0.06 0.19 0.21 0.23

Internal rotation 0.38 0.22 0.36 0.65 0.36 0.45

1◦ in rotation, which is less than any typically used non-invasive and radiation free

method presented yet. In comparison, Anderst et al. [5] showed that the accuracy of

dynamic model based dual fluoroscopy tracking with respect to bone-inserted tantalum

beads was 0.3 mm to 0.7 mm in translation and 0.3◦ to 0.9◦ in rotation. This seems

to indicate that the presented pressure foil tracking method is of comparable precision

to current dual fluoroscopy bone tracking. Some outliers were verified indicating noise

effects which could be filtered by future postprocessing.

Furthermore, manual 2D-3D registration turned out to be difficult and time consum-

ing with currently available tools such as e. g. JointTrack Biplane, where rotations

can only be executed using Euler angles. The problem of rotational nonlinearity in

manual registration is well-known. The only way to circumvent this is to find a proper

initial guess such that remaining rotational corrections are very small, and therefore

nearly commutative. The pressure sensor system can be seen as a workable method for

automatically finding suitable start poses for dual fluoroscopy manual 2D-3D registra-

tion, in particular in applications where translations parallel to the X-ray directions

and rotations about longitudinal bone axes prevail, which are less visible on the 2D

fluoroscopy images.

The optimal solutions of the optimization as well as the resulting residuals show that

in real applications residuals of zero are not achievable. The sensitivity analysis of

Section 3.3 shows the impact of input errors such as measurement errors on the result-

ing bone pose. Moreover, the optimization cost function includes the minimal squared

distances di representing the skin thickness between pressure sensor and bone, which

generally are a few millimeters thick.
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5.3 Influence factors of manual 2D-3D registration

The influence factors of the model based 2D-3D registration were investigated further

in the bachelor thesis of Liang [42]. Dual fluoroscopy images from flexion/extension

motion were repetitively registered 7 times by the same rater. Poses of the bone fixed

frame KDF generated with JoinTrack Biplane were then compared, the origin of KDF

lying close to the centroid of the 3D CT bone surface area. In the first experiment, the

image sequence was registered three times on a full HD 14 inch display. It was pointed

out that the registration time decreases significantly (from 5 days for the first trial to

2 days for the third trial) for experienced raters. This is due to the fact that there was

a learning curve in understanding the effect of executed Euler angle increments in

JointTrack Biplane on the projected 3D CT bone model. Furthermore, the maximum

differences across all trials were 3.83 mm to 7.11 mm in translation and 1.61◦ to 4.13◦

in rotation.

In a second experiment, again, the same image sequence was registered three times on

a full HD 32 inch TV, yielding maximum discrepancies in the same range: 4.01 mm to

8.00 mm in translation and 1.99◦ to 3.15◦ in rotation. Thus, it was hypothesized that

the nonlinearity of Euler angles has a bigger impact on the quality of a registered

image than pixel size.

Finally, in a third experiment, registration was performed once using the pressure sensor

results as starting pose. Again, registration time could be decreased considerably from

approximately 2 days to less than a day by means of the initial guess. Moreover, the

dimensionless squared jerk measure published by Hogen and Sternad [33] was computed

for all resulting poses in the bachelor thesis, showing that a suitable and smooth initial

guess results in smoother registered bone pose curves.

5.4 Point-approximated bone model validation

5.4.1 Materials and Methods

The point-approximated bone model introduced in Chapter 4 was used to determine

bone poses based on the same measurement data of Section 5.2. The purpose is to

validate this model by identifying bone pose deviations between point- and ellipsoid-

approximated bone model. Moreover, the rotations about the sensors’ in-plane or-

thonormal vectors uxi and uyi were computed with respect to the bone fixed frame Kb
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for all three movement patterns, and the corresponding changes of the pressure point

due to relative rolling of pressure plane with respect to the contact face were computed.

Rigid body parameters were computed according to Section 4.2 assuming a constant

minimal distance di = 1.0 mm and semi principal axes ai = bi = ci = 1.0 μm, where

i = 1, . . . , 3. Optimization was performed using the routine e04unc of the Numerical

Algorithms Group C library [71] where all options (i. e. tolerances, step limits, etc.)

were left in its default settings. Weighting factors of the cost function Eq. (3.9) where

chosen as ψ1 = ψ2 = ψ3 = 1.0. Time intervals with erroneous marker and pressure

sensor data during flexion/extension and internal rotation were again excluded from

evaluation, in particular for the rigid body parameter approximation.

5.4.2 Results

Fig. 5.21 shows the differences between pressure sensor system with point- versus

ellipsoid-approximated bone model. Maximum deviations between both approaches

are approximately 0.6 mm, 0.4 mm, 0.4 mm in translation and 0.05◦, 0.2◦, 0.1◦ in ro-

tation for flexion/extension, abduction/adduction and internal rotation, respectively.

Furthermore, Fig. 5.22 shows the resulting optimal solution of the optimization cost

function for all three motions. All residuals are separately illustrated in the Appendix

in Fig. C.3.1 to Fig. C.3.3. One can see that, apart from outliers, optimal solutions are

in the range of 0.0 mm2 to 0.2 mm2 for flexion/extension and abduction/adduction,

and 0.0 mm2 to 0.8 mm2 for internal rotation.

The results of relative transverse pressure plane rotation with respect to the bone are

displayed in Fig. 5.23. It can be seen that the transverse rotations remain at a very low

value of±1.5◦ for flexion/extension and abduction/adduction as well as±3◦ for internal

rotation. Multiplying these angles with the corresponding curvature radius of the con-

tact face gives variations of the contact point due to relative transverse rotation of the

contact plane in the range of ±0.3 mm for flexion/extension and abduction/adduction

as well as ±0.5 mm for internal rotation (see Fig. 5.24).

5.4.3 Discussion

The results point out that the approximation of contact relevant bone regions by means

of points instead of ellipsoids had only small effects on the resulting relative bone
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Figure 5.21: Translational (left) and rotational deviations (right) between pressure

sensor system using the point- and ellipsoid-approximated bone model.

https://doi.org/10.51202/9783186296177 - Generiert durch IP 216.73.216.36, am 21.01.2026, 03:29:21. © Urheberrechtlich geschützter Inhalt. Ohne gesonderte
Erlaubnis ist jede urheberrechtliche Nutzung untersagt, insbesondere die Nutzung des Inhalts im Zusammenhang mit, für oder in KI-Systemen, KI-Modellen oder Generativen Sprachmodellen.

https://doi.org/10.51202/9783186296177


5.4 Point-approximated bone model validation 55

0 500 1000 1500 2000 2500 3000 3500
time [ms]

0.2

0.4

0.6

0.8

op
tim

al
 s

ol
ut

io
n 

[m
m

2
]

Flexion/extension: Objective function F(q)

0 500 1000 1500 2000 2500 3000
time [ms]

0

0.1

0.2

0.3

0.4

0.5

0.6

op
tim

al
 s

ol
ut

io
n 

[m
m

2
]

Abduction/adduction: Objective function F(q)

0 500 1000 1500 2000 2500 3000 3500
time [ms]

0.5

1

1.5

2

op
tim

al
 s

ol
ut

io
n 

[m
m

2
]

Internal rotation: Objective function F(q)

Figure 5.22: Optimal solutions found by the NAG optimizer for the point-approximated

bone model.
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Figure 5.23: Estimated relative rotations about the sensors’ in-plane orthonormal vec-

tors uxi and uyi with respect to the bone fixed frame Kb. (Indexing: 1 =̂ tuberosity, 2̂

=̂ lateral malleolus and 3̂ = medial malleolus).̂
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Figure 5.24: Estimated variations of the contact point due to relative transverse rota-

tions of the pressure sensor planes. (Indexing: 1 =̂ tuberosity, 2̂ =̂ lateral malleoluŝ

and 3 = medial malleolus).̂
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motion, even for the case of internal rotation, where larger relative rotations between

pressure sensor and bone surface occurred. As expected, the largest relative rotations

of ±3◦ between sensors and bone were found during internal rotation motion being

approximately twice as high as for the other motion tasks. However, for the present

case, variations of the contact point stay below 0.5 mm for all movement patterns, which

is less than the pressure sensors’ grid resolution suggesting that in real applications,

model errors due to the point approximation can be neglected to first order.

In comparison to the ellipsoid-approximated bone model, optimal solutions by the

point-approximated model were improved by a factor of 10 for flexion/extension and

abduction/adduction, and remained unchanged for internal rotation motion.
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6 Conclusions and outlook

6.1 Conclusions

This thesis shows that non-invasive and, at the same time, accurate 3D bone pose

tracking is possible by external pressure sensor palpation. To this end, the problem

was first regarded in 2D, showing similarities to the 3PPR parallel manipulator, which

is known from the literature to have always two real solutions. However, in the case

of three ellipse contacts, a maximum number of 32 different real solutions could be

obtained for a given symmetric case. Additionally, it is shown that each pose of any

symmetric configuration must occur in pairs, both having the same position of the

rigid body center, but oriented differently. In generalization of this, 64 solutions for a

general case could be obtained, whereas the maximum number of real solutions found

so far was 48. It was found that different solutions might yield poses that are very

close to each other, leading to a poorly-conditioned numerical behavior for root finding.

Interestingly, by using tangent points as additional dependent variables and, moreover,

the additional condition that each tangent point must face the corresponding line, the

solution variety can be reduced significantly. At the same time, a good separation of

multiple solutions can be achieved.

Subsequently, the mathematical model could successfully be extended to 3D by the

derivation of 12 constraint equations. The bone pose determination by optimization

turned out to be feasible and rather insensitive toward small variations in its input

parameters. By including the squared minimal distances between pressure sensors and

ellipsoids in the optimization cost function, input errors were much less amplified, thus

yielding a better convergence of the optimizer.

The validation of the approach shows that, for in-vivo measurements of the shank, root

mean square errors below 0.05 mm and 0.32◦ for flexion/extension, 0.10 mm and 0.23◦

for abduction/adduction, and 0.38 mm and 0.65◦ for internal rotation can be achieved.

To the authors’ knowledge, this is less than any non-invasive and radiation-free method

presented yet.

Finally, the point-approximated bone model technique that was first introduced in this

thesis makes this approach universally applicable, as it is automatable and independent

of computed tomography scans. At the same time, it reduces the amount of data to be

surveyed for the bone tracking. The validation shows that deviations between point-

and ellipsoid-approximated bone model are rather small, namely 0.6 mm and 0.05◦

https://doi.org/10.51202/9783186296177 - Generiert durch IP 216.73.216.36, am 21.01.2026, 03:29:21. © Urheberrechtlich geschützter Inhalt. Ohne gesonderte
Erlaubnis ist jede urheberrechtliche Nutzung untersagt, insbesondere die Nutzung des Inhalts im Zusammenhang mit, für oder in KI-Systemen, KI-Modellen oder Generativen Sprachmodellen.

https://doi.org/10.51202/9783186296177


60 6 Conclusions and outlook

for flexion/extension, 0.4 mm and 0.2◦ for abduction/adduction, and 0.4 mm and 0.1◦

for internal rotation (for translation and rotation respectively). This shows that the

simple point-tracking can lead to as good tracking results as the more complex ellipsoid-

tracking method when relative rotations between pressure sensors and underlying bones

are small.

6.2 Outlook

From the results in this thesis, it is likely that a suitable initial pose has the most

significant influence on the accuracy of dual fluoroscopy manual 2D-3D registration.

For this reason, the external pressure sensor approach could be further developed as a

tool for determining these poses. Furthermore, the author suggests that presented pro-

cedures may partially be of interest for similar applications such as bone pose tracking

techniques using ultrasound transducers, e. g. in order to circumvent the necessity of

a bone model from a computed tomography scan.

While the method is very promising and validated, there are a number of issues to

be tackled in the future. The attachment of the pressure sensors on the skin can be

optimized such that retro-reflective markers always remain inside the cameras field of

view. Likewise, it should be guaranteed that the bone protuberance stays in contact

with the pressure sensor during the entire measurement. Moreover, further numerical

tests would be valuable to determine optimal weighting factors for the combination of

precision and feasibility of the optimization cost function. Finally, tests for application

to other bone segments would be of interest.
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A Geometrical problem analysis for the planar case

A.1 General solutions

Table A.1.1: Numerical solutions for all 48 real solutions shown in Fig. A.1.1 and

Fig. A.1.2.

Sol. no. Rigid body pose Sol. no. Rigid body pose

i xb yb ϕb [deg] i xb yb ϕb [deg]

1 7.282 7.673 -6.808 25 7.388 16.795 123.588

2 6.911 7.224 -3.383 26 10.781 17.507 -118.587

3 12.551 7.224 -54.171 27 11.400 16.798 -125.177

4 6.677 7.914 -6.247 28 1.700 4.258 -49.426

5 6.328 7.674 -3.971 29 2.905 7.957 91.590

6 11.362 15.196 -67.881 30 1.392 6.373 89.431

7 9.354 11.641 -85.010 31 3.221 10.826 93.873

8 9.842 14.476 -81.198 32 8.817 9.872 38.338

9 7.014 9.583 -87.825 33 5.447 5.799 -5.161

10 2.656 8.252 -130.989 34 5.482 5.825 -4.790

11 5.361 14.039 175.542 35 1.150 8.479 91.200

12 5.419 14.154 174.347 36 3.241 8.387 94.014

13 6.796 11.661 -86.251 37 4.842 6.118 -5.401

14 8.889 11.529 -88.512 38 4.877 6.189 -4.666

15 4.783 14.436 175.039 39 7.524 11.876 47.753

16 4.791 14.442 174.950 40 3.021 10.479 92.427

17 1.367 10.223 -140.270 41 0.004 5.434 100.038

18 6.724 9.080 -85.732 42 0.593 8.345 95.395

19 8.654 13.662 -90.238 43 1.068 4.913 109.313

20 7.043 11.977 -88.034 44 3.888 12.552 175.818

21 8.465 15.996 131.886 45 3.611 12.362 174.012

22 -1.248 3.398 56.532 46 2.422 6.998 124.062

23 -0.660 2.772 62.603 47 3.313 12.995 176.388

24 2.827 3.467 -58.008 48 2.994 12.610 173.452
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Figure A.1.1: Part1: 48 real solutions for the general set of parameters of Table 2.2.
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Figure A.1.2: Part2: 48 real solutions for the general set of parameters of Table 2.2.
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B 3D pose estimation based on the

ellipsoid-approximated bone model

B.1 Reference pose for sensitivity analysis

Table B.1.1: Sensor poses. (Indexing: 1 =̂ tuberosity, 2̂ =̂ lateral malleolus and 3̂ =̂

medial malleolus.)

Index Sensor poses

i rPi,ref
[mm] RPi,ref

1

⎡

⎢

⎡⎡

⎣

⎢⎢

1.03

173.30

11.54

⎤

⎥

⎤⎤

⎦

⎥⎥

⎡

⎢

⎡⎡

⎣

⎢⎢

0.606852 0.267269 0.748531

−0.002635 0.942439 −0.334369

−0.794810 0.200940 0.572625

⎤

⎥

⎤⎤

⎦

⎥⎥

2

⎡

⎢

⎡⎡

⎣

⎢⎢

37.40

−184.68

2.08

⎤

⎥

⎤⎤

⎦

⎥⎥

⎡

⎢

⎡⎡

⎣

⎢⎢

−0.040443 0.511988 0.858040

0.994995 −0.057895 0.081444

0.091375 0.857039 −0.507084

⎤

⎥

⎤⎤

⎦

⎥⎥

3

⎡

⎢

⎡⎡

⎣

⎢⎢

−31.39

−166.96

−4.14

⎤

⎥

⎤⎤

⎦

⎥⎥

⎡

⎢

⎡⎡

⎣

⎢⎢

0.113945 0.249617 −0.961617

0.745604 0.618193 0.248820

0.656575 −0.745338 −0.115675

⎤

⎥

⎤⎤

⎦

⎥⎥

Table B.1.2: Ellipsoid parameters. (Indexing: 1 =̂ tuberosity, 2̂ =̂ lateral malleoluŝ

and 3 = medial malleolus.)̂

Index Offsets Semi principal axes

i Δr̄i,ref [mm] {ai , bi , ci}ref [mm]

1 [ −8.74 , 177.12 , 11.34]T {6.06 , 9.52 , 12.01}
2 [ 35.02 ,−183.42 , 4.49]T {3.06 , 8.58 , 5.96}
3 [−27.32 ,−167.64 ,−3.89]T {4.13 , 3.66 , 5.58}

Table B.1.3: Initial rigid body pose and relative pressure point coordinates.

Rigid body pose Pressure point position

rb,ref [mm] Rb,ref P1
rpp1,ref [mm] P2

rpp2,ref [mm] P3
rpp3,ref [mm]

0 Identity matrix 0 0 0
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C Validation

C.1 Calibration Pencil
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Figure C.1.1: Technical drawing of the calibration pencil.
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C.2 Residuals - ellipsoid-approximated bone model
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Figure C.2.1: Residuals of the optimization cost function for flexion/extension motionff

(ellipsoid-approximated bone model). (Indexing: 1 =̂ tuberosity, 2̂ =̂ lateral malleoluŝ

and 3 = medial malleolus.)̂
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Figure C.2.2: Residuals of the optimization cost function for abduction/adductionff

motion (ellipsoid-approximated bone model). (Indexing: 1 =̂ tuberosity, 2̂ =̂ lateral̂

malleolus and 3 = medial malleolus.)̂
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Figure C.2.3: Residuals of the optimization cost function for internal rotation motionff

(ellipsoid-approximated bone model). (Indexing: 1 =̂ tuberosity, 2̂ =̂ lateral malleoluŝ

and 3 = medial malleolus.)̂
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C.3 Residuals - point-approximated bone model
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Figure C.3.1: Residuals of the optimization cost function for flexion/extension motionff

(point-approximated bone model). (Indexing: 1 =̂ tuberosity, 2̂ =̂ lateral malleoluŝ

and 3 = medial malleolus.)̂
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Figure C.3.2: Residuals of the optimization cost function for abduction/adductionff

motion (point-approximated bone model). (Indexing: 1 =̂ tuberosity, 2̂ =̂ lateral̂

malleolus and 3 = medial malleolus.)̂
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Figure C.3.3: Residuals of the optimization cost function for internal rotation motionff

(point-approximated bone model). (Indexing: 1 =̂ tuberosity, 2̂ =̂ lateral malleoluŝ

and 3 = medial malleolus.)̂
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C.4 Parameters - ellipsoid-approximated bone model

Table C.4.1: Rigid body parameters with respect to the bone fixed frame Kb for flex-

ion/extension and abduction/adduction motion.

Semi-axes [mm] Cardan xyz [deg] Offsets [mm]

Ellipsoid a b c α β γ Δr̄x Δr̄y Δr̄z

Tuberosity 6.1 9.5 12.0 -59.8 -56.7 68.6 -8.7 177.1 11.3

Lateral malleolus 3.1 8.6 6.0 4.6 25.4 6.8 35.0 -183.4 4.5

Medial malleolus 4.1 3.7 5.6 19.8 -17.3 5.6 -27.3 -167.6 -3.9

Table C.4.2: Rigid body parameters with respect to the bone fixed frame Kb for internal

rotation motion.

Semi-axes [mm] Cardan xyz [deg] Offsets [mm]

Ellipsoid a b c α β γ Δr̄x Δr̄y Δr̄z

Tuberosity 2.5 5.1 2.5 0.0 0.0 0.0 0.0 176.8 1.3

Lateral malleolus 1.8 2.9 2.9 0.0 18.5 0.0 31.2 -180.1 0.3

Medial malleolus 1.7 3.5 1.6 0.0 0.0 0.0 -30.7 -173.5 0.0

C.5 Parameters - point-approximated bone model

Table C.5.1: Averaged rigid body parameters from self-adjusting parameter approxi-

mation. (Indexing: 1 =̂ tuberosity, 2̂ =̂ lateral malleolus and 3̂ = medial malleolus.)̂

Movement pattern Averaged rigid body parameters

Δr̄1 [mm] Δ 2̄ [mm] Δ 3̄ [mm]

Flexion/extension

⎡

⎢

⎡⎡

⎣

⎢⎢

0.0

177.8

0.0

⎤

⎥

⎤⎤

⎦

⎥⎥

⎡

⎢

⎡⎡

⎣

⎢⎢

36.0

−184.0

0.0

⎤

⎥

⎤⎤

⎦

⎥⎥

⎡

⎢

⎡⎡

⎣

⎢⎢

−36.0

−171.6

0.0

⎤

⎥

⎤⎤

⎦

⎥⎥

Abduction/adduction

⎡

⎢

⎡⎡

⎣

⎢⎢

0.0
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0.0

⎤

⎥
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⎤

⎥

⎤⎤

⎦
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Internal rotation

⎡

⎢

⎡⎡

⎣
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0.0

176.7

0.0

⎤

⎥

⎤⎤

⎦

⎥⎥

⎡

⎢

⎡⎡

⎣

⎢⎢

32.3

−180.0

0.0

⎤

⎥

⎤⎤

⎦

⎥⎥

⎡

⎢

⎡⎡

⎣

⎢⎢

−32.3

−173.4

0.0

⎤

⎥

⎤⎤

⎦

⎥⎥

https://doi.org/10.51202/9783186296177 - Generiert durch IP 216.73.216.36, am 21.01.2026, 03:29:21. © Urheberrechtlich geschützter Inhalt. Ohne gesonderte
Erlaubnis ist jede urheberrechtliche Nutzung untersagt, insbesondere die Nutzung des Inhalts im Zusammenhang mit, für oder in KI-Systemen, KI-Modellen oder Generativen Sprachmodellen.

https://doi.org/10.51202/9783186296177


74 APPENDIX C. VALIDATION

Δr̄1

Δr̄2

Δr̄3

a

a

h

α

Figure C.5.1: Representation of the characteristic lengths and angle of a rigid body

point model for the description of Fig. C.5.2. (Indexing: 1 =̂ tuberosity, 2̂ =̂ lateral̂

malleolus and 3 = medial malleolus.)̂
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Figure C.5.2: Variations of the characteristic lengths and angle according to Fig. C.5.1

during self-adjusting parameter approximation. Large h-displacements result due to

the line-coordinate DOF λ, which is however eliminated in the bone-pose fitting.
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