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Bei diesem Beitrag handelt es sich um einen wissenschaftlich
begutachteten und freigegebenen Fachaufsatz (,,reviewed paper”).

Neural operators for solving multi-physics problems in tempered glass

Artificial intelligence for simulation
in glass manufacturing

T. Hussein, J. Schilp

ABSTRACT Predicting temperatures and residual stresses
is essential in the glass tempering process. Classical numerical
solvers are accurate but slow in large domains. This study
develops a variant of a Multi-Input Fourier Neural Operator
(MIFNO) as a fast surrogate, trained on FEM data. It predicts
temperatures and stresses from process parameters with
strong accuracy and generalization, achieving 7.7x speedup

on seen cases and 15x on unseen cases.
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1 Introduction and motivation

Computational efficiency is an important aspect in modelling
multi-physics problems, as it affects both numerical performance
and hardware utilization. However, numerical methods show
great robustness and accuracy in modelling complex time-depen-
dent problems, while real-time simulation and high dimensional
problems require massive computational times, which might
extend up to days [1]. Parallelization and optimized Galerkin
formulations improve performance but remain limited for high-
dimensional problems [2, 3].

Data-driven Al models have recently attracted major interest
from developers concerned with efficiency issues. For prediction
tasks, supervised models learn from labelled data, while unsuper-
vised methods extract patterns from unlabelled datasets [4, 5].
Physics-informed neural networks (PINNs) and their semi-
supervised learning enhance prediction accuracy by incorporating
PDE (Partial Differential Equations) residuals and boundary
losses directly into the training objective [6, 7]. Neural operators
are based on supervised learning methods, where the operation
detects patterns between the labelled data. These operators show
remarkable efficiency with a speedup between 25 and 1000 com-
pared to numerical solvers [8, 9]. There are several architectures
coming from these operators, such as PiNOs, FNOs, and DeepO-
Nets[lO, 11].

This work develops a variant of the Fourier Neural Operator
(FNO) tailored for multi-physics modelling in tempered glass.
The proposed Multi-Input Fourier Neural Operator (MIFNO)
maps process parameters directly to temperature and residual
stress fields, enabling rapid and parameterized simulations.
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Kinstliche Intelligenz fiir Simulationen
in der Glasherstellung

ZUSAMMENFASSUNG Die Vorhersage von Temperatur-
und Eigenspannungen ist entscheidend im Glas-Temperpro-
zess. Klassische numerische Loser bieten hohe Genauigkeit,
sind jedoch in groRen Doménen rechenintensiv. Diese Studie
entwickelt eine Variante des Multi-Input Fourier Neural Opera-
tor (MIFNO) als schnelles, auf FEM-Daten trainiertes Surrogat.
Das Modell berechnet Temperatur- und Spannungsfelder prazi-
se aus den Prozessparametern und erreicht eine Beschleuni-
gung von 7,7x bei trainierten und 15x bei untrainierten Fallen.

Section 2 reviews the state of the art in computational effi-
ciency and numerical modelling of tempered glass. Section 3
introduces the methodology, including data generation via Finite
Element Method (FEM), the architecture of the surrogate model,
and the training and evaluation workflow. Section 4 presents and
validates the results through quantitative and qualitative analyses.
Finally, Section5 concludes the study and outlines potential
extensions toward fully data-driven process twins in glass manu-
facturing.

2 State of the art

Tempered glass plates have been modelled over time using
different numerical methods, with varying dimensions and envi-
ronmental conditions, based on viscoelasticity and Narayanaswa-
my models. 3D implementations with FEM, such as those in Aba-
qus and structural relaxation models provide accurate physical
insight of tempered glass plates [12, 13]. The latter models are
used in our work for generating the training data.

Recent studies apply Al models to accelerate such simulation
runs, using data-driven and physics-informed paradigms. Since
tempered glass simulation is governed by heat diffusion and line-
ar elasticity equations as example of time-dependent partial diffe-
rential equations, this research aims to find out an efficient solu-
tion based on these equations. PINNs have shown high accuracy
for thermal and mechanical problems under different boundary
conditions [14-18]. Neural operators further improve scalability
by learning data-to-solution mappings for PDEs without explicit
physical constraints [19-21].

Unlike neural networks, these operators require parameteriza-
tion to achieve flexible and independent models without the need
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to re-import input parameters and boundary conditions during
operation. Several efforts have been made to parameterize neural
operators, such as [22, 23]. Other examples include Multi-Input
FNOs [24] and Multi-Input Operator Networks [25]. These
models enable efficient, reusable solvers for various process
conditions, forming the conceptual foundation of the MIFNO
approach proposed in this work.

3 Methodology and Al architecture

The workflow follows a structured simulation-to-model pipe-
line for Al-based modelling of the glass cooling process, as shown
in figure 1.

The governing partial differential equations for heat transfer
and stress evolution are first defined and then solved using FEM
simulations under varying material and process parameters. The
resulting high-fidelity datasets are used to train surrogate models
that learn mappings between process inputs and corresponding
temperature and stress fields. The trained models are then valida-
ted against FEM reference data and then visualized through pro-
cess-control tools for integration into digital factory environ-
ments.

3.1 Problem definition

The calculation of temperature profiles and residual stresses in
tempered glass is based on four models, which are essential to
represent its
process: thermal, structural relaxation, mechanical and thermo-
rheological models. The calculation scheme of residual stresses is
governed by partial differential equations, while other sub-models
are expressed by analytical equations [12, 26].

During cooling in the tempering process, heat transfer conditi-
ons are time-dependent and represent conduction, convection
and radiation from air jets into glass ribbon. The Fourier heat
flow equation is incorporated into the energy balance to obtain

thermo-rheological behaviour during cooling

the heat diffusion equation [27, 28]. The mechanical behaviour
follows linear elasticity, and structural relaxation and thermo-
rheological effects are implemented according to [12, 13].

3.2 FEM implementation and data generation

A one-dimensional (1D) mesh is constructed on Gmsh soft-
ware with 49 elements (50 nodes), where the boundary conditi-
ons are represented by points on the left and right of the 1D
domain. The approximation solutions are solved using FEniCSx
software in variational formulation (weak form) of the heat
diffusion equation considering convective and radiative heat
transfer coefficients as boundary terms [29, 30], as written in
equation 1.

0 0

(6T)_ o+ & I
f 5 Vax fﬂ W Vax =
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0 0
¥ 4
J. -htc (T(x,t)-Tambim) vds - f eo (T(x,1) L )vds (1),
do da

where Vx ¢ Q, v € V and V is the finite element function space.
“” is dot product of two vectors, T is the temperature distributi-
on as a function of position and time, ¢ is time, x is the spatial
coordinate, a is the thermal diffusivity, Atc is the convective heat
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Figure 1 Workflow of the Al-based surrogate modelling framework for
tempered glass cooling. Source: Universitit Augsburg

transfer coefficient, T,
air, € is the emissivity of the surface, o is the Stefan-Boltzmann
constant, Q is the spatial domain and 012 is the spatial domain on
the boundary.

The mechanical model is formulated using the weak form of
linear elasticity, neglecting traction forces and imposing Dirichlet

boundary conditions on displacement, as illustrated in equation 2.
0 0 0

is the temperature of the surrounding

fa,-Vvdx+ff-vdx: J-Tfom-vds (2),
o o p2)
where “:” represents the double dot product (or double contracti-

on) of two tensors, o represents the stress tensor, f'is body force
per unit volume, and 7, ,
neglected. The other remaining structural relaxation and thermo-
rheological models are integrated as post-processing calculations
and customized as mentioned in the works [12, 26—29].

Simulations are executed on “Apple M1 Pro system” (1 active

are traction forces, these forces are

core on CPU, 16 GB RAM), requiring 0.69's to compute tempe-
rature and stress fields over 50s of simulated cooling. Sixteen
parameterized process cases are generated from the governing
equations to form the training dataset for the surrogate model, as
shows figure 2. An extended study with 81 cases is also perfor-
med.

3.3 Model architecture and training

The architecture of the proposed Al-based surrogate model is
inspired from Fourier Neural Operators (FNO), DeepONet, and
Multi-Input Fourier Neural Operators (MIFNO) [22-25]. It
combines the spectral efficiency of FNOs with the multi-parame-
ter flexibility of MIFNOs to map process parameters directly to
full spatial-temporal field predictions. N represents the number of
use cases/samples, N, represents the number of spatial discretiza-
tion points along the glass domain (e.g., mesh nodes or finite ele-
ments) and N, is number of temporal discretization steps in the
simulation time. Figure 3 illustrates the model architecture,
which includes four main stages:
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Figure 2 Overview of 16 parameterized simulation dataset used for training the surrogate model, showing process input parameters and their correspon-
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Figure 3 A variant from Multi-Input Fourier Neural Operator (MIFNO) architecture for predicting temperature and stress fields from process parameters in

tempered glass cooling [24]. Source: Universitdt Augsburg

1. Input Encoding and Latent Field Mapping — Process parame-
ters (e.g., htc, ¢, 0, o) are mapped through two fully connected
layers to form a latent representation of the domain.

2. Local Convolutional Mixing — Two 2D convolution layers
(kernel size 3x3) with GELU activation locally refine
spatial-temporal dependencies in the latent field.

3. Fourier Operator Layers — Multiple spectral convolution
blocks perform global transformations in Fourier space to
efficiently capture long-range dependencies.

4. Projection Head and outputs — A 1x1 convolution reduces the
feature dimension to two output channels, representing tempe-
rature (T) and residual stress (o) distributions.

Training is performed on Apple M1 Pro system (8 active cores

on CPU, 16 GB RAM). Each forward pass completes 0.09s per

sample on trained parameters and 0.046 s on unseen cases, gene-
rating temperature and stress profiles for 50s of simulated coo-

ling. The model is optimized using the Adam optimizer with a

learning rate of 0.001, trained over 1000 and 2000 epochs, ensu-

ring convergence across both small (16 cases) and extended

(81 cases) datasets.

3.4 Model evaluation and validation
The surrogate model is quantitatively evaluated using the rela-

tive L2 error metric and validated against the reference FEM
solutions for both temperature and residual stress fields. A dual-
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output loss function is defined as a weighted combination of the
mean-squared errors (MSE) of temperature and stress predicti-
ons, as shown in equation 3.

Ly = 01 L0+ wg L <3>

The loss functions of each prediction are described in equation 4.

N N
1 2 1 2
LT=]—VZI|W-T,»T*W|| ,Ls:ﬁzl||o¢'“-afme|| (4)
i= i=

Here, 7’4 and o;"*¢ denote the model predicted temperature and
stress fields, 7;™¢ and ;"™ the corresponding FEM reference
fields. The weighting coefficients wr = 0.7 and wg= 0.3 are empi-
rically chosen to balance thermal and mechanical accuracy.

To measure the prediction accuracy, the relative L2 error is
computed for each field and follows equation 5.

727 - 777 llo2 - ote]|”

5
T o ®)

Lower L? errors indicate better agreement with the numerical
reference and higher generalization of the surrogate model.

The validation is performed by comparing the model predicti-
ons with FEM reference solutions to verify accuracy and physical
consistency across all parameter cases. This ensures that the trai-
ned model reliably reproduces the thermal and mechanical fields
for the given process parameters.

2
|

e1(T)= and &,,(0)=
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Figure 4 Visualization of temperature distributions predicted on seen dataset by the MIFNO model (left) and Finite Element Method (FEM) simulation
(right) over 50 spatial nodes and 500-time steps during the cooling process of tempered glass, training performed over 2000 epochs. Source: Universitét
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Figure 5 Visualization of residual stresses distributions predicted on seen dataset by the MIFNO model (left) and FEM simulation (right) over 50 spatial no-
des and 500-time steps during the cooling process of tempered glass, training performed over 2000 epochs. Source: Universitit Augsburg

3.5 Deployment and integration

The trained MIFNO model is deployed within an interactive
visualization framework combining “FastAPI” and “Streamlit”.
FastAPI functions as a lightweight backend interference engine,
loading pre-trained model weights and providing prediction end-
points for process parameters such as convective and radiative
heat transfer coefficients [31]. It enables real-time interference of
temperature and residual stress fields, updating predictions
instantly as parameters change.

The Streamlit interface serves as the frontend layer, offering
an intuitive control panel for parameter input, prediction visuali-
zation, and comparison with reference FEM data [32]. Results
are displayed as dynamic spatial-temporal contour maps of tem-
perature and stress, allowing users to explore the thermal-mecha-
nical response interactively. This modular deployment architectu-
re supports seamless integration within digital factory environ-
ments, enabling both independent simulations and web-based
process monitoring and control applications.

4 Results

This section presents the validation of predicted temperature
and residual stress fields obtained from the proposed Multi-Input
Fourier Neural Operator (MIFNO) model against Finite Element

WT WERKSTATTSTECHNIK BD. 116 (2026) NR. 3

Method (FEM) reference solutions. Comparisons are conducted
along the 1D glass model consisting of 50 nodes and over 500 si-
mulation time steps. The evaluation focuses on two main aspects
of computational efficiency: generalization accuracy and compu-
tational time.

4.1 Generalization accuracy
4.1.1 Test on seen/trained dataset

The following figures compare the predicted temperature
fields and residual stress distributions of the MIFNO model with
the corresponding FEM reference results, respectively. A strong
agreement is observed between both models, where MIFNO suc-
cessfully reproduces the characteristic cooling pattern and para-
bolic stress distribution across the glass width.

For temperature prediction, as shown in figure 4, the model
demonstrates excellent agreement with the initial temperature
distribution, the boundary conditions, and the gradual cooling
trend toward the central region. The following process parame-
ters are used, as convective heat transfer is 100 Wm™2 K'!, emissi-
vity is 0.85, Stefan Boltzmann constant is 5.67e-8 Wm2K* and
thermal diffusivity is 15.

Similarly, for residual stresses, the predicted compressive and
tensile regions correspond closely to the FEM solution, as presen-
ted in figure 5. During the initial cooling stage (up to approxi-
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Table 1 Generalization performance of MIFNO with different dataset sizes over 1000 epochs.
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Figure 6 Visualization of temperature distributions predicted on unseen dataset by the MIFNO model (left) and FEM simulation (right) over 50 spatial nodes
and 500-time steps during the cooling process of tempered glass, training performed over 2000 epochs. Source: Universitéit Augsburg
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Figure 7 Visualization of residual stresses distributions predicted on unseen dataset by the MIFNO model (left) and FEM simulation (right) over 50 spatial
nodes and 500-time steps during the cooling process of tempered glass, training performed over 2000 epochs. Source: Universitat Augsburg

mately 100seconds), tensile stresses dominate across the glass
width. With further cooling, the compressive stresses begin to de-
velop at the boundaries, while tensile stresses remain concentra-
ted in the central region, leading to an overall stress equilibrium
characteristic of the tempered glass state.

Quantitatively, MIFNO achieved a mean relative L2 error of
0.029% for temperature fields and 0.078 % for residual stresses,
highlighting its strong generalization ability across all parameteri-
zed cases without overfitting to specific boundary or process con-
ditions.

4.1.2 Influence of dataset size
When the dataset was expanded from 16 to 81 use cases, the

model’s generalization improved further, even with a reduced
training duration of 1000 epochs, as summarised in table 1.
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4.1.3 Test on unseen dataset

The following figures illustrate the temperature and stress
distributions predicted for an unseen set of process parameters
not included in the training dataset. The following variables were
applied and compared with corresponding FEM simulations: con-
vective heat transfer is 135W.m2 K!, emissivity is 0.69, Stefan
Boltzmann constant is 3.30e-8 W.m2K* and thermal diffusivity is
11.

For the following temperature predictions in figure 6, the
MIFNO model captures the overall cooling trend but shows slight
deviations in the central region, where predicted temperatures
remain around 700K even after 400s, unlike the temperature
values from FEM predictions.

As demonstrated in figure 7, the following stress distribution
indicates that the onset of compressive stresses is delayed in the
MIFNO predictions compared to the FEM results. In the MIFNO
case, compressive stresses emerge at approximately 150s, where-
as in the FEM reference they appear earlier, around 100s.

WTWERKSTATTSTECHNIK BD. 116 (2026) NR. 3
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Figure 8 Interference time comparison between MIFNO and FEM for the
seen dataset over 2000 epochs. Source: Universitdt Augsburg

Figure 9 Interference time comparison between MIFNO and FEM for the
unseen dataset over 2000 epochs. Source: Universitit Augsburg

Table 2 Training and interference times of MIFNO for different sizes over 1000 epochs.

Interference time 0.096954s

Quantitatively, MIFNO achieved a mean relative L2 error of
3.496 % for temperature fields and 6.234 % for residual stresses,
highlighting its fair generalization ability across all parameterized
cases without overfitting to specific boundary or process conditi-
ons.

4.2 Computational time
4.2.1 Test on seen/trained dataset

Computational efficiency is evaluated based on training, inter-
ference, and reference simulation times. While the FEM simulati-
on requires 0.69s per case to compute both thermal and mecha-
nical fields, MIFNO performs the same prediction in only 0.09s,
as shown on the following figure 8. On the other side, the trai-
ning of the model requires 9464 s to perform over 2000 epochs
on all 16 use cases.

4.2.2 Influence of dataset size

When the dataset size was increased to 81 cases, the total trai-
ning time rose substantially due to the larger parameter space,
but the interference time per sample decreased significantly, as
summarized in table 2. Training of models is performed in that
comparison over only 1000 epochs.

4.2.3 Test on unseen/untrained dataset

For unseen parameter combinations, the MIFNO model conti-
nues to show outstanding computational efficiency. While the
FEM simulation requires 0.69s per case, MIFNO predicts the
same thermal and mechanical fields in only 0.046s, as observed
on figure 9. The total training time for this model configuration
is approximately 6334.88 s over 2000 epochs on all 16 use cases.

WT WERKSTATTSTECHNIK BD. 116 (2026) NR. 3

61429.24 s

0.067483s

5 Conclusion and outlook

The results demonstrate a significant increase in computatio-
nal efficiency of the developed MIFNO model compared to the
numerical FEM simulation, while maintaining strong accuracy
and flexibility across different process parameters, especially on
seen parameters. This flexibility allows the model to act as a fully
independent, parameterized surrogate solver, capable of produ-
cing efficient and consistent solutions under varying boundary
and material conditions.

Expanding the training dataset from 16 to 81 use cases would
further enhance the model’s smoothness and robustness, although
training time of the model is sharply increased. Moreover, such
enrichment of the dataset with additional operational variables is
expected to reduce interference time per case and broaden the
model’s generalization capability.

A remarkable 7.7x speed-up (-87% runtime) and 15x speed-
up (-93% runtime) were achieved in interference time on seen
and unseen process parameters, respectively, confirming the
model’s suitability for real-time process simulations, even for
high-dimensional or fine-mesh problems. Although the total trai-
ning time is relatively high due to iterative optimization over
2000 epochs, this computational cost is incurred only once
during model preparation. Once trained, the MIFNO model can
generalize to unseen process parameters without any need for
additional meshing or iterative solving.

Beyond efficiency improvements, the MIFNO framework
offers continuous field predictions that are independent of the
spatial or temporal discretization used in FEM. This property en-
ables adaptive evaluation under arbitrary process settings, such as
varying convective or radiative heat transfer coefficients and dif-
ferent initial temperatures.

Due to its fast-response capability and parameterized nature,
the MIFNO model represents a promising foundation for digital
twin integration, online process monitoring, and optimization
applications in glass manufacturing and other industrial processes
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