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ψ 1, 2, 3, . . . Assembly Steps
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XII Zusammenfassung

Zusammenfassung

In Zeiten scharfen internationalen We@bewerbs steigt der Druck auf Unternehmen qualitativ

hochwertige Produkte mit moderaten Fertigungskosten anzubieten. Obgleich moderne Fer-

tigungsverfahren stetig steigende Fertigungsgenauigkeiten erreichen, sind dennoch die Pro-

duktqualität und die Montierbarkeit als wesentlicher Treiber für die Fertigungskosten durch

geometrische Bauteilabweichungen beeinflusst, die zwangsläufig an jedem gefertigten Bauteil

zu beobachten sind. Daher existiert eine dringende Notwendigkeit für Unternehmen, diese Ab-

weichungen und deren Auswirkungen entlang des Produktlebenszyklus zu steuern. Um dies

innerhalb der Zeit- und Kostenbudgets umzusetzen, werden Produkt- und Prozessentwickler

durch Toleranzsimulationsprogramme unterstützt, die die frühzeitige Vorhersage der Auswir-

kungen von geometrischen Bauteilabweichungen auf Produkteigenschaqen ohne zeit- und

kostenintensive physikalische Prototypen erlauben. Allerdings bringen bekannte Methoden

undWerkzeuge zur Toleranzanalyse und deren zugrundeliegende mathematische Ansätze zur

Abbildung geometrischer Abweichungen, Spezifikationen undAnforderungen schwerwiegen-

de Nachteile in Hinblick auf die Berücksichtigung von Formabweichungen mit sich und sind

nicht vollständig konform zu internationalen Tolerierungsnormen.

Als Antwort auf diese Nachteile wurde das Konzept der Skin Model Shapes als neues Para-

digma für die Modellierung von Produktgeometrie unter Berücksichtigung geometrischer Ab-

weichungen entwickelt. Es nutzt punktbasierte Modelle zur Abbildung der Produktgeometrie

in Anbetracht aller Arten geometrischer Abweichungen. Die vorliegende Arbeit untersucht

die Grundlagen des Konzepts der Skin Model Shapes, demonstriert seine Potentiale für die Ab-

bildung von abweichungsbehaqeter Produktgeometrie entlang des Produktlebenszyklus und

zeigt wesentliche Anwendungsfelder dieses Konzepts im Kontext des Toleranzmanagements

auf. Zudem wird ein Toleranzanalyseansatz auf Basis von Skin Model Shapes vorgestellt, der

verschiedene Algorithmen für die Erzeugung und Verarbeitung von Bauteilrepräsentanten in

diskreter Geometrie nutzt und die realistische Vorhersage der Auswirkungen von geometri-

schen Bauteilabweichungen auf funktions- und qualitätskritische Schließmaße erlaubt. Die

vorgestellten Ergebnisse dieses Ansatzes zur Toleranzanalyse für verschiedene Problemfälle

belegen, dass Formabweichungen deutlichen Einfluss auf verschiedene Produkteigenschaqen

haben und dass das Konzept der Skin Model Shapes sowie der vorgestellte Toleranzanalyse-

ansatz ein theoretisch fundiertes Rahmenwerk bilden, das die Nachteile bekannter Toleranz-

analyseverfahren überwindet.
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Abstract XIII

Abstract

In times of fierce international competition, the need for companies increases to deliver high-

quality products manufactured at moderate costs. However, even though modern manufac-

turing processes offer steadily increasing accuracy, the product quality as well as the product

assemblability as a main driver for the manufacturing costs are influenced by geometrical part

deviations, which are inevitably observed on every manufactured workpiece. 7us, there ex-

ists a strong need for companies to manage these deviations and their effects throughout the

whole product life-cycle. In order to perform this within time and cost constraints, computer-

aided tolerancing tools support product and process development teams by enabling the early

prediction of the effects of geometrical part deviations on product characteristics without the

need for cost and time expensive physical mock-ups. However, established tools for the tol-

erance analysis and their underlying mathematical approaches for the representation of geo-

metrical deviations, geometrical specifications, and geometrical requirements imply severe

shortcomings regarding the consideration of form deviations and lack of a full conformance

to international tolerancing standards.

As a response to these shortcomings, the concept of Skin Model Shapes has been developed

as a new paradigm for the modelling of product geometry considering shape variability. It

employs point-based models for the representation of part geometry considering all different

kinds of geometrical deviations. 7e present work explores the fundamentals of the concept

of Skin Model Shapes, demonstrates its potentials for the representation of product geometry

considering geometrical variations along the product life-cycle, and illustrates main applica-

tions of this concept in the context of geometrical variations management. Moreover, a toler-

ance analysis approach utilising the concept of SkinModel Shapes is proposed, which employs

various algorithms for the generation and processing of discrete geometry Skin Model Shapes

and which allows the realistic prediction of the effects of geometrical variations and tolerance

specifications on product key characteristics. 7e results obtained by this novel tolerance ana-

lysis approach for various study cases highlight, that form deviations have distinct effects on

geometrical product characteristics and that the concept of Skin Model Shapes and the toler-

ance analysis based thereon offer a sound theoretical framework and theory, which overcomes

severe shortcomings of established tolerance analysis approaches.
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1 Introduction 1

1 Introduction

7e form and shape of physical artefacts pervade all aspects of our daily life as our visual

and tactile senses permanently perceive the shape and geometry of objects, that surround

us. Based on these perceptions, we classify and arrange the objects, we implicitly try to de-

rive their affordances, and we decide if the objects satisfy our subjective feeling of pleasure.

Moreover, these perceptions oqen unconsciously guide us when assessing the quality of phys-

ical products, when forming our opinions about brands and companies, and when making

purchasing decisions.

1.1 2e Context: Geometrical Variations Management

Consequently, due to its omnipresence in the physical world, “geometry plays a crucial role in

nearly all design and production activities in the discrete goods industries” [VR77] and com-

panies are required to control geometrical part variations, which are inevitably observed on

every manufactured artefact, and their effects on the product quality throughout the whole

product life-cycle in order to live up to the ever tightening product requirements1 [MB07]. In

modern value added chains, which are increasingly based on specialisation and external pro-

curement, this involves many different activities, that are performed by various actors. 7ese

actors, in turn, are to specify, communicate, and process the various requirements on the part

and product geometry. 7e concepts of dimensional and geometrical tolerances, which are

anchored in international tolerancing standards, such as the standards for the geometrical

product specification (GPS) by the International Standardization Organization (ISO) and the

standards for geometric dimensioning and tolerancing (GD&T) by the American Society of

Mechanical Engineers (ASME), offer a means of communication between them and provide

a “language” for the specification, communication, and verification of geometrical product

requirements [Sri91]. In this context, it is widely accepted, that particularly functional toler-

ancing, which consists of specifying such tolerances in order to ensure the required product

quality [DBM08], is a highly important and responsible task in geometrical variations man-

agement, since the geometrical part specifications are ubiquitous throughout the product life-

cycle and “profoundly impact the quality and cost” [QDS+12] of a product. Consequently, func-

tional tolerancing “has become an important issue in [the] product design process” [DBM08],

especially for “automotive and aircraq industries” [DBM08].

In order to perform this task within time, cost, and quality constraints, there is “a crit-

ical need for a quantitative design tool” [DGD+12], that “brings the engineering design re-

quirements and manufacturing capabilities together in a common model, where the effects

of tolerance specifications on both design and manufacturing requirements can be evaluated

quantitatively” [DGD+12]. 7is quantitative design tool is commonly referred to as tolerance

analysis, which enables the virtual prediction of the effects of geometrical part deviations on

geometrical product requirements and “is a key element in industry for improving product

quality” [DGD+12].

1As one prominent example for tightening geometrical requirements on consumer products, Jonathan Ive, Chief
Design Officer at Apple Inc., highlighted at the introduction of the iPhone 5 in 2012, that “7e variances from
product to product, we now measure in microns”.
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2 1 Introduction

1.2 2e Essence: 2e Concept of Skin Model Shapes as a new

Paradigm for Modelling Geometrical Variations

Nowadays, the efficient execution of product development, manufacturing, and inspection

activities relies inevitably on the extensive use of computer-aided tools for the modelling and

analysis of parts, assemblies, and products as well as the simulation of manufacturing and in-

spection processes. In this context, computer-aided design (CAD) and solid modelling are key

technologies to designing the nominal product geometry during virtual product development

and have been increasingly introduced in various industries during the last decades. 7ey al-

low the modelling of the nominal product geometry, whereas the functionalities of these tools

have steadily increased over the past decades2. However, they lack of a realistic representa-

tion of product shape variability considering inevitable geometrical part deviations, which also

holds for established tolerance analysis approaches. In this regard, the main shortcomings of

these tools and their underlying approaches for the virtual representation of part geometry are

the lacking consideration of form deviations and, as a consequence, the insufficient conform-

ance to international tolerancing standards. As a response to these shortcomings, the concept

of Skin Model Shapes has been developed as a new paradigm for the modelling of product

geometry considering shape variability based on discrete geometry representation schemes

(see Figure 1.1) [SAMW14]. It stems from international standards for the geometrical product

specification (GPS) [ISO17450-1], grounds on the SkinModel [ABM13], which is a model of the

physical interface between a workpiece and its environment and which can be considered as

a fundamental concept of modern GPS standards, and is to convey the concept of the “Digital

Twin”3 [Gri14] to geometrical variations management.

As its essence, the present work explores the fundamentals of the concept of Skin Model

Shapes, demonstrates its potentials for the representation of product geometry considering

geometrical variations along the product life-cycle, and illustrates main applications of this

concept in the context of geometrical variations management and, in particular, in tolerance

analysis.

(a) Picture of Physical Parts (b) “Digital Twins” (c) Skin Model Shapes

Figure 1.1:7eEssence: 7e Concept of SkinModel Shapes as a novel Paradigm forModelling
and Assessing Geometrical Variations

2It has been argued that solid modellers shiqed from being design tools to design systems [LvHB+14].
37e concept of the “Digital Twin” can be understood as a “virtual representation of what has been produced”
[Gri14], while the underlying idea is to “compare a Digital Twin to its engineering design to be@er understand
what was produced versus what was designed” [Gri14].
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1.3 2e Aim: A Framework for the Tolerance Analysis based on Skin

Model Shapes

In times of fierce international competition and decreasing times-to-market, there is a strong

ambition for shiqing problem identification and solving to early design stages in order to

shorten the product development lead time [TF00]. 7ese ambitions coupled with the high

cost responsibility in early design stages4 dictate the use of advanced computer-aided tools

to virtually predict the effects of design decisions on the product behaviour without the need

for costly and time-expensive physical mock-ups. Among these various computer-aided tools,

computer-aided tolerancing and tolerance simulation tools do not rank as mere niche applic-

ations, but are increasingly applied in various industries, since they allow the prediction of

the effects of tolerance specifications on assembly and product key characteristics. Indeed,

“as the geometric tolerances are complex, so too are the algorithms using these tolerances”

[MB07] and many established computer-aided tolerance analysis tools are not fully conform

to international tolerancing standards.

As a response, the aim of the current work is the utilisation of the concept of Skin Model

Shapes for the tolerance analysis to provide a valuable design tool based on a soundmathemat-

ical framework, that overcomes the shortcomings of established tolerance analysis approaches

and allows the realistic prediction of the effects of geometrical variations and tolerance spe-

cifications on product key characteristics and the product behaviour (see Figure 1.2).

Tolerance Specifications

A

1.00 A

0.25

0.25

Key Characteristics

h

Tolerance Analysis based on Skin Model Shapes

Generation
& Scaling

Pre-Processing

Assembly
Simulation

Processing

Contact & Mobility
Simulation

Comparison for
Conformance

h

Post-Processing

A 0.25 0.50 h 1.00

Figure 1.2:7e Aim: Utilisation of the Concept of Skin Model Shapes for Tolerance Analysis

4It has been reported, that up to 70% of the final product costs can be traced back to decisions made in early
design stages [VDI2235, BDK94].
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4 1 Introduction

1.4 2e Approach: Scope and Outline of the Work

In order to tackle the illustrated challenges, the work is structured as follows (see Figure 1.3).

Firstly, the context of this work, namely the issue of geometrical variations management, is

introduced. Moreover, the standards for the geometrical product specification as the predom-

inant means of communication in geometrical variations management are reviewed and the

state of the art regarding tolerancing, particularly focusing on the computer-aided tolerance

analysis, is presented. 7ereaqer, based on the provided context and state of the art, the need

for research is identified. Following this, the concept of Skin Model Shapes is conceptualised,

approaches for its representation and visualisation are highlighted, a framework for the gen-

eration of Skin Model Shapes is provided, and potential applications for this concept in geo-

metrical variations management are carved out. Based thereon, a framework for the tolerance

analysis employing the concept of Skin Model Shapes is detailed, which comprises various

approaches for the processing of Skin Model Shapes, such as the scaling and the assembly

simulation. Aqer that, the prototype implementation of a tolerance analysis tool using these

approaches is explained. Furthermore, the tolerance analysis approach based on Skin Model

Shapes is applied to various case studies and the results are critically discussed. Finally, a

conclusion is given and perspectives for future research are highlighted.

Chapter 1: Motivation and Introduction

Chapter 2: Context and State of the Art

Geometrical
Variations Management

Standards for the Geomet-
rical Product Specification

Tolerancing and Computer-
Aided Tolerance Analysis

Chapter 3: Identification of Need for Research

Chapter 4: 2e Concept of Skin Model Shapes as a new
Paradigm for the Modelling of Geometrical Variations

Model
Conceptualisation

Representation
and Visualisation

Generation of Skin
Model Shapes

Applications for
Skin Model Shapes

Chapter 5: A comprehensive Framework for the
Computer-Aided Tolerance Analysis based on Skin Model Shapes

Scaling Assembly
Simulation

Gap Hull
Estimation

Contact
and Mobility
Simulation

Measurement
of Key

Characteristics

Chapter 6: Prototype Implementation of a
Tolerance Analysis Tool based on Skin Model Shapes

Chapter 7: Application and Benchmark of the
Tolerance Analysis Approach based on Skin Model Shapes

Chapter 8: Conclusion and Perspectives for future Research

pp. 1–4

pp. 5–62

pp. 63–66

pp. 67–84

pp. 85–156

pp. 157–162

pp. 163–191

pp. 192–193

Figure 1.3: Outline of the Work
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2 Context and State of the Art 5

2 Context and State of the Art

Since geometrical deviations are observed on every manufactured artefact due to the axioms

of manufacturing imprecision andmeasurement uncertainty [Sri06], there exists a strong need

for modern companies to manage these deviations and their effects on product assemblability,

product quality, and product function along the whole product life-cycle [MB07]. 7is requires

many activities and tasks to be performed by different departments and various actors, with

manifold computer-aided tolerancing tools having been developed to support these activities.

Among these different tasks, the tolerance analysis is a key activity, since it aims at assessing

the effects of geometrical deviations on product characteristics already during product design,

and not least its importance becomes apparent from the high number of computer-aided tol-

erance analysis approaches, that have been proposed during the last decades.

7e aim of this chapter is to provide an overview of the different tasks and activities in the

context of geometrical variations management, to give a brief introduction to the standards

for the geometrical product specification as the predominantly used toolbox for specifying

and communicating geometrical product requirements, and to highlight different approaches

and tools for the computer-aided tolerancing with a focus on the computer-aided tolerance

analysis.

2.1 Geometrical Variations Management throughout the Product

Life-Cycle

2eNeed forGeometrical VariationsManagement 7oughmodernmanufacturing pro-

cesses achieve steadily increasing accuracy [Tan83, HCHC06, DL08], geometrical deviations5

compared to the nominal and intended geometry are observed on every physical artefact and

are ubiquitous at all stages of the physical product origination process [She30, DQA+13]. 7ese

geometrical deviations have various process-related sources6 and can be classified as devi-

ations of dimension, surface texture, form, orientation, location, and runout (see Figure 2.1)

[ISO4287, ISO14405-1, ISO1101]. Beside this classification, international standards [ISO8785]

define different terms for the description of surface imperfections and [DIN4760] differentiates

form errors according to the ratio between the distance and depths of the surface irregularit-

ies as form deviations, waviness, and surface roughness (see also [Wec14]). 7ese geometrical

deviations are technically-economically inevitable and vary even for parts of the same pro-

duction lot. Furthermore, they have distinct effects not only on the product function [Buc21,

She30, WCH+88], but also on the perceived product quality [FS10, FKS13, QKFS13, HDS13a,

5In the following, the term “deviation” according to ISO 1101:2012 [ISO1101] is used interchangeably with the
term “variation” according to ASMEY14.5-2009 [ASM09].

67e a@empt to discuss all these process-related sources of geometrical deviations would result in a non-
exhaustive list. However, some further information on the effects of process variables on geometrical de-
viations can be found in [HSB+99, LV03, WB06, TD13] for machining processes, in [SZCZ08] for high-
speed milling, in [HNX+14, LLK98a, LLK98b, MSP14] for layered and additive manufacturing, in [LLDM15]
for sheet forming, in [VMW10] for casting, in [ISO8062-1, ISO8062-2, ISO8062-3] for moulding, and in
[WSL13, LCE+14] for spot and sheet metal welding.
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6 2 Context and State of the Art
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Figure 2.1: Classification of Geometrical Deviations for a Drill-Hole freely adapted from
[ISO4287, ISO14405-1, ISO1101, DIN4760, JS14]

HDS15] and the economic and environmental sustainability [HDS13b, HDS14]. Moreover,

they add up with further deviations caused by physical phenomena, such as wear, thermal

expansion, or part deformations [JHC02, BA11, AS13, SW13a, WSW13, WW13, PTN14] and

hence further deteriorate the product quality during use. Consequently, there is a strong

need for companies to manage these geometrical deviations along the whole product life-cycle

[MB07, WMS+11].

Geometrical Variations Management then and now Prior to the first industrial revolu-

tion, when products were made by artisans and the different steps of product origination from

design, to manufacturing, assembly, and testing were physically unified [SWM96, Voe98], the

management of geometrical part deviations was usually simply performed by fi@ing parts

to their mating parts [Jur62, Eva74] and thus by manually reducing the “relative” deviations

between parts for every single entity. Since then, triggered by the introduction of the concept

of interchangeable parts as a basis of present-day production by Christopher Polhem, Jean-

Baptiste Vaque@e de Gribeauval, Honoré Blanc, and Eli Whitney in the 18th century [Woo60,

MCB98, Dan14], i. a. the ambition for efficient fabrication of physical artefacts in mass produc-

tion, the increasing product complexity, and the diversification of customer needs, have led to

a disruption of design, manufacturing, assembly, and inspection, to an increasing specialisa-

tion of these disciplines, and particularly to a dichotomy between design and manufacturing

[SWM96]. To this day, this disruption becomes apparent in modern series manufacturing

chains, which are considerably based on the concepts of total or partial part interchangeab-

ility7, process independence, and external procurement [Voe98]. 7us, in contrast to former

times, industry is facing the current situation, in which many departments and different act-

7Total part interchangeability allows the exchange of a part with any other good part, whereas partial part
interchangeability requires a part of the same accuracy class (“selective fi@ing”) [FGE91, Wit11, JS14].
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Figure 2.2: Geometrical Variations Management Stages throughout the Product Life-Cycle

ors from product design, to manufacturing, inspection, assembly, and testing (see Figure 2.2),

are involved in the geometrical variations management process, which covers all activ-

ities related to controlling geometrical deviations throughout the product life-cycle in order

to ensure quality goals. 7ese different actors in geometrical variations management perform

manifold activities related to controlling geometrical deviations using specialized tools (see

e. g. [MC10]) and they are to decide about manifold issues (see Figure 2.3), such as the product

structure, the part design, and the manufacturing, inspection, and assembly plans and pro-

cesses. In order to perform these tasks, they are required to communicate (and oqen fiercely

discuss) about how precisely parts should be manufactured, how they should be inspected, and

how they should be positioned and assembled to finally ensure, that the product requirements

are met during product use in spite of geometrical part deviations.

Communication in Geometrical Variations Management As the product realization

process changed from job-shop to mass production and the number of actors in geometrical

variationsmanagement increased, it soon became clear, that the communication between them

required the specification not only of the design intent and the nominal product geometry by

engineering drawings or a physical reference part, called a “masterpiece” [Har14], but also of

the set of acceptable non-ideal product geometries by expressing allowable limits through sym-

bols on the engineering drawings [VR77, Hop92, Voe93, Sri99, MB03]. Moreover, in order to

avoid confusion due to multiple different versions of such specifications, it seemed appropriate

to appoint only one department in a company to be in charge of authoring and issuing these

specifications (being the design department in most engineering companies), which should

then be disseminated to all other departments and actors [Jur62].
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Figure 2.3: Important Issues in Geometrical Variations Management
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8 2 Context and State of the Art

However, in the course of time, companies encountered many problems related to the in-

sufficient communication between the different involved persons in geometrical variations

management, such as quality problems, high scrap rates with need for rework, high man-

ufacturing and inspection costs, as well as delays due to unnecessary iterations within and

between the different stages in the product origination process [Dan14]. 7is was because

their specifications allowed different expressions and interpretations of the allowable limits

of the non-ideal product geometry and of how to verify if a workpiece was conform to these

limits [BM96, Dan14]. 7us, there was a need for enabling an unambiguous communication in

geometrical variations management within and between companies by establishing a univocal

language for the specification and verification of non-ideal product geometry [BM96].

As a response to this need, starting from simple plus/minus limits on product dimensions

and a general definition of a specification “as a quantity called characteristic, which is limited

in a given range” [MB03], the concept of a geometrical specification as “a condition, which

must be satisfied by a part or a set of parts” and which “is expressed from a geometrical char-

acteristic between geometrical features or on geometrical features”8,9 [BMD03] evolved. 7e

evolution of this concept has led to the current practice for the specification of the allowable

limits of product geometry and for the communication of these geometrical specifications

in industry, which is based on the application of geometrical dimensioning and tolerancing

standards (GD&T)10. 7ey provide “a symbolic language used to specify the size, shape, ori-

entation, and location of part features” [Dan14] and introduce the concept of dimensional and

geometrical tolerances, which “define the limit boundaries within which the real workpieces

produced must fit to function as intended” [Cha13, ISO286-1]. During the last decades, these

GD&T standards have been continuously revised and improved and offer a sound and versatile

toolbox for the specification of non-ideal product geometry [WS93, PJH+14].

2eRole of Tolerances in Geometrical Variations Management and the Product Life-

Cycle 7us, the concept of dimensional and geometrical tolerances evolved from the need

for the unambiguous communication between the various actors in geometrical variations

management regarding the specification and verification of non-ideal product geometry. As

indicated, this communication is oqen perceived as being unidirectional from design, where

tolerances are annotated as symbols and numerical quantities on technical drawings or on

three-dimensional solid models per model-based definition (MBD) of product and manufac-

turing information (PMI) [QRP+10, LL15], to manufacturing and inspection, where they have

to be adhered to and verified.

87is may serve as a preliminary definition. 7e definition of the term “geometrical specification” according to
international standards for the geometrical product specification is introduced in section 2.2.

9In the context of engineering design, the term “feature” is oqen definedwith some similarity to Shah: “Features
are generic shapes with which engineers associate certain properties or a@ributes and knowledge useful in
reasoning about the product” [Sha91]. However, in the context of this work, a feature is defined in a strict
geometrical sense according to ISO 17450-1:2011: “A feature is a point, line, surface, or volume or a set of these
elements” [ISO17450-1]. Moreover, a distinction between ideal, non-ideal, integral, and derived features will
be introduced in section 2.2.

10In the following, the term GD&T is defined in analogy to [Dan14] and refers collectively to both the stand-
ards for the geometrical product specification by the International Organisation for Standardisation (ISO)
[ISO1101], to which an overview is given in section 2.2, and their American counterpart, the Dimensioning
and Tolerancing Standard Y14.5 by the American Society of Mechanical Engineers (ASME) [ASM09].
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2.1 Geometrical Variations Management throughout the Product Life-Cycle 9

However, in fact, as tolerances link the product function and the design intent with the

manufacturing and measurement precision [SWM96, Dan14], they serve as a multi-directional

connection and are hence a means to overcome the disruption of the different disciplines

in geometrical variations management and to reintegrate them by knowledge and inform-

ation sharing [SWM96]. Consequently, tolerances are ubiquitous throughout the product

life-cycle as they affect nearly every aspect of the product origination (see Figure 2.4) [CP91,

RLW91, Sri94, HC02a] and they are required by many actors in downstream activities for dif-

ferent purposes, e. g. for the tolerance transfer, the computer-aided process planning (CAPP)

[LLH99, ElM93, EN14], the tolerance verification, and the performance correlation [KPMW03].

In this regard, tolerances are a critical link between design, manufacturing, inspection, and as-

sembly as they have distinct effects on the product function and quality as well as on themanu-

facturing, inspection, and assembly costs [Jur62, Pet70, BG70a, BG70b, CM88, ATLD14, MP14].

• Nominal
Geometry

• Functional
Tolerancing

• Tolerance
Transfer

• CAPP

• Tolerance
Verification

• Performance
Correlation

Design Manufacturing Inspection Assembly Testing

Prefer Loose
Tolerances

Prefer Tight
Tolerances

Tolerances Conformance

Process

Capabilities

Measurement Uncertainty

Assembly Requirements

Functional Requirements & Operating Windows

GD&T Standards

Figure 2.4: 7e ubiquitous Role of Tolerances and the Utilization and Transfer of Toler-
ance Information during the Product Life-Cycle (freely adapted from [CP91, RLW91, HC02a,
KPMW03])

2e Importance of integrated Tolerancing Activities during Design Due to the ubi-

quitous role of tolerances in the product life-cycle and the far-reaching impacts of tolerancing

decisions, design teams are required to choose carefully between tight tolerances, which cer-

tainly ensure the product requirements, but lead to high manufacturing and inspection costs

due to additional manufacturing steps, costly and time-intensivemeasurement operations, and

an increased scrap rate, and loose tolerances, which allow cheap fabrication of products, but

probably lead to increased assembly costs as well as non-functioning products and deterior-

ated quality [CP91]. Keeping in mind, that up to 70% of the product costs is due to decisions

made in the design stage [VDI2235, BDK94] and that up to 70% of all design changes11 are

related to geometrical variations [CS95], it is thus not exaggerated to state, that specifying

tolerances during design can be compared to “drawing a check on the company treasury”

[Jur62]. In order to cope with this cost and quality responsibility, design teams have to con-

sider various requirements of downstream activities, such as manufacturing capabilities, avail-

117ese design changes, in turn, lead to costs for the change ofmanufacturing and inspection equipment [FGE91].
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10 2 Context and State of the Art

able inspection capabilities, measurement uncertainties, assembly requirements12, admissible

operating conditions, and, of course, quality as well as functional requirements, when per-

forming the tolerancing activities. In times of fierce international competition and decreasing

times-to-market, the simultaneous consideration of all these contradictory requirements and

constraints in product design— summarized under the term “Design for X” [Mee94] — requires

integrated product and process development approaches, concurrent engineering workflows

[RLW91, Soh92, GRDN97, Smi97], and predictive engineering strategies [War00]. Moreover,

the ambition for shiqing problem identification and solving to early design stages in order to

shorten the product development lead time, oqen depicted as “front-loading” [TF00], dictates

the use of advanced computer-aided tools to virtually predict the effects of design decisions

on the product behaviour without the need for costly and time-expensive physical mock-ups.

Particularly, in the automotive industry, the application of simulations and computer mod-

els has been identified as an important capability to speeding up and reducing the cost of

design iterations and thus to increase the product development performance [7o98]. 7ese

computer-aided tools thrive on the rapid growth of computer technology and the steadily

evolving application of computers in industry [Bre96, 7o98]. Consequently, there is a strong

need for companies to introduce and apply computer-aided tolerancing tools to support the

tolerancing activities during design.

In summary, considering the vast importance of the concept of dimensional and geometrical

tolerances as an enabler of part interchangeability in modern series manufacturing chains,

their ubiquitous role in the product life-cycle, and the immense cost and quality responsibility

coming along with tolerancing, it is indispensable for companies to pay specific a@ention to

the tolerancing activities during design. Moreover, there is a strong need to support these

activities by adequate computer-aided tolerancing tools in order to allow the integration of all

other geometrical variations management activities performed throughout the product life-

cycle and to finally shorten the product development lead time and to increase the product

development performance.

In the following, as a background for the further work, an introduction to the international

standards for the geometrical product specification as the established means of communicat-

ing the specification and verification of product geometry is provided, before the tolerancing

activities during design and computer-aided tolerancing tools are highlighted in section 2.3.

2.2 Standards for the Geometrical Product Specification as the

predominant Means of Communication in Geometrical Variations

Management

Every form of human communication and exchange as well as cultural interaction requires

shared concepts and meanings [Wen10]. In this regard, standardisation as an age-old process

aiming at establishing such shared concepts, called standards13, “has always been a central

component of transnational and transcultural exchange” [Wen10]. 7e importance of stand-

127ese assembly requirements comprise product assemblability, but also requirements related to the ease and
cost of assembly operations and the flexibility of assembly systems [BB08, AJF15].

137e European Commission defines standards as “technical specifications defining requirements for products,
production processes, services or test-methods” [Com16].
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2.2 Standards for the Geometrical Product Specification 11

ardisation is widely accepted, as the Council of the European Union acknowledges, that stand-

ardisation “has contributed in a significant way to the functioning of the single market, the

protection of health and safety, the competitiveness of industry and the promotion of inter-

national trade, and has been supporting an increasing range of community policies” [Con00].

Moreover, it has contributed to the economic growth of nations [Mio09]. Despite its import-

ance, the first systematic a@empts to standardisation began not until the end of the eighteenth

century, during the French Revolution, when the French revised their weights and measures

using a science- and conference-based standardisation process, that became later “the primary

way to set and maintain international standards” [Wen10].

In this context, particularly the standardisation of weights and measures [Ada21] as well as

of product geometry has always been of great importance [Sri99], which is further increasing

with the use of computer-aided tools at all stages of the product life-cycle [BM96]. In this

regard, it can be seen from the very first standard issued by the International Organization for

Standardization (ISO), the ISO 1:2002 “Geometrical Product Specifications (GPS) – Standard

reference temperature for geometrical product specification and verification” [ISO1], which

was last revised in 2002, that the standards for the geometrical product specification (GPS)

“form some of the earliest standards of the information age” [Sri08]. 7ese GPS standards are a

set of international standards for the description, specification, and verification of workpieces,

so that they can be manufactured and measured independently as single parts or assembly

groups in such a manner that they will assemble interchangeably without the need for rework

while still fulfilling their intended function [WH01]. 7ey cover many documents, which are

nowadays under responsibility of a single ISO Technical Commi@ee (TC), the ISO/TC 21314

(Dimensional and geometrical product specifications and verification), “which is charged with

the standardization of dimensioning, tolerancing, surface finish and related metrological prin-

ciples and practices” [Sri08], and are widely applied in industry [Sri99, Sri08, Cha13]. Some

of these GPS standards are the ISO 14638:2014 (Geometrical product specifications (GPS) –

Matrix model), which is “a fundamental ISO GPS standard and explains the concept of Geo-

metrical Product Specification (ISO GPS)” [ISO14638], the ISO 8015:2011 (Geometrical product

specifications (GPS) – Fundamentals – Concepts, principles and rules), which “specifies funda-

mental concepts, principles and rules valid for the creation, interpretation and application of

all other International Standards, Technical Specifications and Technical Reports concerning

geometrical product specifications (GPS) and verification” [ISO8015], and the ISO 1101:2012

(Geometrical product specifications (GPS) – Geometrical tolerancing – Tolerances of form,

orientation, location and run-out), which “contains basic information and gives requirements

for the geometrical tolerancing of workpieces and represents the initial basis and defines the

fundamentals for geometrical tolerancing” [ISO1101]. 7e set of GPS standards provides terms

and definitions for a univocal description, specification, and verification of product geometry

and is thus oqen considered as a fundamental engineering language regarding geometric di-

147e scope of the ISOTC 213 is defined by the ISO as follows: “Standardization in the field of geometrical product
specifications (GPS), i.e. macro- and microgeometry specifications covering dimensional and geometrical
tolerancing, surface properties and the related verification principles, measuring equipment and calibration
requirements including the uncertainty of dimensional and geometrical measurement. 7e standardization
includes the basic layout and explanation of drawing indications (symbols). ” [ISOTC16]
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mensioning and tolerancing (GD&T) [DBM08]. In this context, it has been argued, that these

standards ”provide both the syntax and the semantics of the GD&T language” [Sri08]. Con-

sequently, they serve as the basic form of communication between all persons and company

departments, which are involved in and interrelated by tolerancing activities and geometrical

variations management [BM96, BMD03, Cha13].

Since the modern standards for the geometrical product specification cover more than 100

different documents, many of them issued and thoroughly revised in recent years, it is certainly

not easy to speak the “GD&T language” fluently and to fully comprehend all the concepts

and backgrounds required for proper application. In this regard, as Srinivasan clarifies, “the

best way to understand the past and look clearly into the future is to follow the history of

development of these standards” [Sri08]. 7us, the next section will provide a brief history

of the standards for the geometrical product specification, before the fundamentals and basic

concepts of these standards are highlighted. Aqer that, some current research and education

trends are illustrated and, for the sake of completeness, further approaches for the specification

of product geometry are briefly looked at.

2.2.1 A Brief History of the Standards for the Geometrical Product Specification

7e standards for the geometrical product specification have evolved over the last 75 years

from company practices to the predominant means of communication in geometrical vari-

ations management [Sri13]. In this regard, they form a symbol language, which is used by

designers to express the limits of geometrical part deviations, that are still allowable without

deteriorating the intended function, and to communicate these limits to manufacturing, in-

spection, and testing. Hence, this language has to be embeddable in the form of commu-

nication used to convey the design intent to all the downstream activities. Moreover, as the

geometrical part deviations are to be measured during inspection in order to verify, if a man-

ufactured workpiece is conform to the specifications, it is essential, that the specifications

made allow their verification using the available inspection capabilities. 7us, the language

used to express the specifications has to consider the current state of the art regarding the

verification15.

Consequently, the standards for the geometrical product specification have always been

caught between the restrictions imposed by the predominant means of technical communic-

ation (i. e. sketches, engineering drawings, or solid models) and the possibilities offered by

available verification technologies16 used to perform the verification of the specifications. 7us,

when retracing the history of the GPS standards, it is important to keep in mind the techno-

logical progress in both of these domains. In the following, some of these developments are

briefly highlighted in order to illustrate the historical background of the GPS standards (see

Figure 2.5) with a focus upon the most relevant milestones.

15As Hook highlights, “we know now that the results one obtains vary with the measurement process used”
[Hoo93].

167e term “verification technology” is used here instead of “measurement technology” to take account of the
fact, that for example gauges are a means of verification, but not necessarily of measurement.
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Figure 2.5: 7e History of GPS Standards in the Context of Technical Communication and
Verification Technology (freely adapted from [Voe93, Voe98, Nie03, Sri08, Kwa11, Har14])

Mechanisation and Proliferation 7e need for communicating technical ideas and the

designer’s intent of product geometry has led engineers to create and distribute engineering

drawings for centuries and historic evidence suggests, that the first engineering drawings in

the form of sketches containing projected views have been used around 2,000 BC [Boo63, Sri99].

Advancements in the fields of analytic geometry (e. g. by Descartes around 1640) and de-

scriptive geometry (e. g. by Dürer in 1525: “Underweysung der messung mit dem zirckel

und richtscheyt in Linien ebnen unnd gantzen corporen”, and Monge in 1799: “Géométrie

descriptive”) led to the use of more sophisticated two-dimensional drawings by the end of the

18th century. During that time, also the measurement technology made progress and particu-

larly the invention of the Vernier scale gave birth to a precise measurement instrument, that

was comparably small regarding existing measurement instruments, easy to read and use, and

simple to fabricate [Kwa11]. Such measurement devices and gauging technology enabled the

first a@empts of interchangeable parts during the 18th century17, with particularly functional

gauging being considered as the key technology behind this concept, that forms the basis of

mass production [Voe93]. However, from its invention, it took almost 200 years to the mid of

the 19th century, until the Vernier scale and other precise measurement instruments, such

177ere exist different sources on when and by whom the concept of interchangeable parts was firstly achieved.
Juran even states, that “Interchangeability as a concept has also existed in nature for millions of years before
man came on the earth” [Jur62]. However, the first implementation of this concept in shop floors must have
happened between 1720 and 1820 [Woo60, Voe93, MCB98, Voe98, Dan14].
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as micrometers and callipers, could themselves be manufactured in mass production and were

widespread in shop floors [Voe98]. 7eir availability triggered designers to add dimensions

to their engineering drawings by approx. 1850. From that, it did not take a long time until

the first dimensional tolerances, serving as a means to communicating the allowable limits

of part dimensions from design to the shop floor, began to appear on engineering drawings

by approx. 188018. However, back then, engineering drawing and draqing, which comprises

also the organisational and documentary efforts related to the technical product document-

ation [Boo63, Sri08], as well as dimensional tolerances and their indication on engineering

drawings were based on company practices, but had not been standardised. However, at that

time, i. a. the industrial revolution and increasing trade fuelled the need for a universal length

standard [Sri08, Wen10], which, 90 years aqer the French had defined the metre based on the

distance between the north pole and the equator [Wen10], led to the first definition of the

international prototype metre as the distance between two lines on a prototype metre bar in

1889 [Swy01, Wen10]. Another important achievement related to verification technology dur-

ing that time was the British patent No. 6900 from 1905 (“Improvements in gauges for screws”),

in which, conscious of the fact, that dimensional tolerances and their verification by micro-

meters and callipers did not ensure part interchangeability, Taylor described the concept of

full-form inspection and defined requirements for go and no-go gauges. From that, the under-

lying principle for dimensional tolerances to ensure part interchangeability is widely known as

the Taylor or envelope principle, which is still the default tolerancing principle in the Amer-

ican GD&T standard ASMEY14.5, defined as rule #1. Shortly aqer that, the British standard 27

“Report on Standard Systems of Limit Gauges For Running Fits” [BS27] made recommenda-

tions for dimensional tolerances, which were defined as “a difference in dimensions prescribed

in order to tolerate unavoidable imperfections of workmanship” [Hal13], regarding running

fits and introduced three classes of workmanship.

Automation Between the world wars, increasing transnational trade and growing demand

for external procurement (sometimes referred to as “outsourcing”) required the standardisa-

tion of engineering drawings as the predominant means for the communication of workpiece

specifications [Hoo93, Voe98]. In this regard, the British standard 308 “Engineering drawing

office practice” [BS308], issued in 1927, was “one of the earliest national drawing standards”

[Sri08]. However, tolerancing issues firstly appeared in such national standards at around 1935

[Voe93]. During the second world war, local “process callouts”19, which had oqen been ad-

ded to drawings in order to formulate implicit tolerances, complicated military procurement,

since they inhibited process independence [Voe93, Voe98], i. e. for example the fabrication of

armaments in formerly civil companies. As a consequence, such process callouts were prohib-

ited in “postwar American tolerance standards” [Voe98], the first one issued by the American

Department of Defence as the DOD DOC 30-1-7 in 1946 [Hon94, CF14], in order to strengthen

18Dimensional tolerancing, also called parametric tolerancing, is said to be already invented by Jean-Baptiste
Vaque@e de Gribeauval (∗ 1715, � 1789) [MCB98]. However, most sources state, that it was introduced in a
larger extent not until the end of the 19th century.

19An example of such a local process callout comprising implicit tolerances is given by Voelcker as “Finish-mill
then grind” in [Voe98].
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the idea of process independence20, which, from that time, has been a prevalent directive in

tolerancing practice for several decades, but has been recently questioned in the context of

integrated product and process development [Voe93, Voe98]. In order to counterbalance this

development and to take account of the fact, that manufacturing inaccuracies regarding “di-

mensional tolerances had shrunk to a level where the form errors of typical manufacturing

processes became significant” [Nie03], the concept of geometrical tolerancing as a possibility

to add further geometrical specifications to drawings was introduced during the second world

war [Voe93, Nie03]. In the further course, geometrical tolerancing allowed to “ameliorate some

intrinsic weaknesses in parametric tolerancing” [Voe93].

7e introduction of computers in industry then rapidly changed how physical artefacts were

built, designed, and measured. In this regard, the first commercially used numerically con-

trolled (NC) machines were presented in 1952 and the first computer-aided draqing systems

took over design offices around the 1960s. At first, these computer-aided draqing systems

slightly changed how drawings were created, but did not alter the concept itself. But with the

advent of computer-aided design (CAD) tools21 and the development from wireframe to solid,

feature, and assemblymodels, the process of designing, modelling, and specifying product geo-

metry evolved. However, a “dual role of computer-aided design and draqing (that is, creating

three-dimensional nominal models and detailing their two-dimensional projections” [Sri08]

still remains. As for engineering drawings, also computer-aided design required standardisa-

tion in the form of standardised file formats in order to allow the sharing of product data within

and between companies. In this context, the Initial Graphics Exchange Specification (IGES)

was issued in 1980 [NBK80] and the Standard for the Exchange of Product model data (STEP)

was launched in 1994/95, to which the latest release is the application protocol 242 (ISO 10303-

242:2014) from 2014, which is now capable of “handling tolerance information associated with

product geometry” [FFS15].

Comparably to the advent of CAD tools, the introduction of coordinate-measuringmachines

(CMM) during the 1970s22 entailed important changes regarding the measurement and veri-

fication of workpieces and led to the “metrology crisis” [Hoo93, Voe93, Voe98], as “early CMM

algorithms produced results different from those obtained with traditional methods” [Voe98].

Moreover, aqer computed tomography had been used in manufacturing for non-destructive

testing since the 1980s, its application in manufacturing metrology since 2005 [PS10] opened

even new possibilities for the verification of workpieces [WK09, CCK+14]. With regard to

measurement technology, it is also worth mentioning, that during this period, the definition

of the metre as the basic length standard had been revised to a number of wavelengths in 1960

and to the distance travelled by light in the vacuum in one second in 1983, which “decreased

the relative uncertainty a@ainable in realization of the meter by five orders of magnitude”

[Swy01].

20As Voelcker pragmatically defines process independence: “Define the result you want, not how to get it”
[Voe93].

217e term “computer-aided design” is said to be coined by Ross at the MIT in 1960 [Ros60]. Moreover, a defin-
ition of the term CAD can be found in [Lut14a].

227e first CMMs were already developed at the end of the 1950s, but, however, the first numerically controlled
CMM, the Zeiss UMM550, was introduced in 1973 [Sla16].
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History and Evolution of GPS Standards As dimensional tolerances had been used in

companies already since the end of the 19th century and geometrical tolerances were then in-

troduced during the 1940s in the American defence sector, the upcoming geometrical dimen-

sioning and tolerancing standards tried to capture and represent these best practices. In this

regard, a first standard for dimensioning and tolerancing was issued by the American Depart-

ment of Defence as the DOD DOC 30-1-7 in 1946 [CF14], which was followed by the MIL-STD

8 entitled “Military Dimensioning and Tolerancing” published in 1949. Some time later, the

American Standards Association issued the American StandardsManual ASA 14.5-1957, which

contained some notes on dimensioning and tolerancing and finally led to the USASI Y14.5-1966

“Dimensioning and Tolerancing for Engineers” published by the United States of America

Standards Institute (USASI) [CF14]. 7e USASI was then renamed to the American National

Standards Institute (ANSI) in 1969 and published the ANSI Y14.5-1973 “Dimensioning and Tol-

erancing” standard in 1973 as “an American National Standard for Engineering Drawing and

Related Documentation Practices” [CF14]. 7is document is considered as a start for grow-

ing acceptance and wider use of geometric dimensioning and tolerancing in the United States

industry [CF14]. Over the following years, it has been regularly revised, leading to the cur-

rent ASMEY14.5-2009 as a part of the ASMEY14 “Engineering Product Definition and related

Documentation Practices”, where the history of the ASMEY14.5 dimensioning and toleran-

cing standard is briefly highlighted in [WS93] and the differences of some early American

tolerancing standards are discussed in [Hon94].

With some delay to its American counterpart, the predecessor of themost commonly known

international GPS standard ISO 1101:2012 (“Geometrical product specifications (GPS) – Geo-

metrical tolerancing – Tolerances of form, orientation, location and run-out”), namely the ISO

recommendation ISO/R 1101:1969 “Tolerances of form and of position” was published in 1969

and issued as a standard in a revised form in 1983 as the ISO 1101:1983 “Technical drawings

– Geometrical tolerancing – Tolerancing of form, orientation, location and run-out – Gen-

eralities, definitions, symbols, indications on drawings”. Only two years aqer this revision

and motivated by reviews on drawings showing that the envelope principle as a reasonable

restriction for the tolerancing of fits was only necessary in less than 10% of the toleranced

dimensions, the independency principle was introduced as the default tolerancing principle

in the ISO GPS standards in 1985 in the ISO 8015:1985 (“Technical drawings – Fundamental

tolerancing principle”) [Hen91]. To that time, the standards for the geometrical product spe-

cification were under responsibility of three independent and uncoordinated ISO technical

commi@ees (TC), namely the ISO TC 3 (Limits and Fits), the ISO TC 10 (Technical Drawings)

and the ISO TC 57 (Metrology and Properties of Surfaces) [Ben98]. As it became obvious,

that the standardisation efforts of these three TCs should be consolidated in order to enable

a “a dialogue between those who specify geometry and those who measure it” [Nie13], the

Joint Harmonization Group ISO/TC 3-10-57/JHG was launched in 1993 leading to the birth of

the ISO/TC 213 “Dimensional and geometrical product specifications and verification” in 1996,

which coined the term “geometrical product specification” [Sri15] and is since then in charge

of all ISO standards related to the geometrical product specification.
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Similar to the ASME GD&T standards, the first ISO tolerancing standards tried to cap-

ture best engineering practices and relied to a large extent on simple examples in order to

explain and define the syntax and semantics of the GD&T language [Nie13]. However, the

aforementioned developments in the fields of technical communication and verification tech-

nology, particularly the increasing use of computers and the evolving metrology crisis (also

referred to as “method divergence” [Hoo93]) caused by the growing availability of CMMs,

revealed severe ambiguities in these best practices [Voe93, Sri99]. Especially novel measure-

ment technologies triggered efforts related to the “scientification” and “mathematization” of

the standards for the geometrical product specification, aiming at providing a sound scientific,

mathematical basis for the tolerancing language [Hoo93, Voe93, Voe98, Sri99, Nie13]. In this

regard, the concept of GeoSpelling as developed by Ballu and Mathieu since the end of the

1980s [BM93, BM96, MCB98, BMD03, MB03, MB07, DBM08, ABM13, BMD15] can be seen as

an important step towards this direction and serves as the basis of modern GPS standards.

7ese efforts towards math- and rule-based standards have led to a high number of standards

approvals, especially in the years of 2010 and 201123 [Nie13], and they are also expected to

result in a revised version of the ISO 1101 soon [Nie13]. Furthermore, as the predominantly

used form of technical communication slowly shiqs from two-dimensional engineering draw-

ings, that have been used for more than a century [VR77], to three-dimensional solid models

[Sri91, QRP+10], also the GPS standards are to answer this trend. In this regard, the latest re-

vision of the ISO 1101:2012 [ISO1101] mainly aimed at making the “tolerances independent of

the view plane, so [that] they are unambiguous when used on a three-dimensional […] model

in a computer-aided design […] system” [Nie13].

7us, until now, much work of the ISO TC 213 has dealt with “building a sound theoretical

foundation for the GPS system” [Nie13] in order to answer the rapid changes in technical com-

munication and verification technologies. 7is “had li@le impact on and created li@le interest

from the end users of GPS standards” [Nie13], but “is now about to change” [Nie13] as revised

versions of some GPS standards “have direct impact on what can be expressed on a technical

drawing” [Nie13]. Consequently, endowed with a strong scientific basis, the tolerancing lan-

guage is expected to change and further evolve during the next years. In the following, the

fundamentals and basics of the current ISO standards for the geometrical product specification

are highlighted. However, for details about the various concepts in the ISO GPS standards as

well as application examples, the reader is referred to the standards themselves and further

literature, such as [WH01, Hen06, Hen11, Kle11, Kle12, Cha13, Cha14, JS14, Sri15].

2.2.2 Fundamentals and Basic Concepts of modern GPS Standards

Structure of the ISOGPS Standards 7e structure of the ISOGPS standards is laid down in

the ISO 14638:201524 [ISO14638], the ISO GPS “Masterplan”, which defines the ISO GPS stand-

ards as a system for the description of geometrical characteristics of workpieces to be used in

23According to Nielsen, the ISO TC 213 approved nine standards between 2006 and 2009, whereas 35 standards
have been approved in total during 2010 and 2011 [Nie13].

24It should be highlighted, that the revision of the ISO 14638:2015 introduced important changes regarding the
chain links and the categories of geometrical characteristics in the matrix model of the ISO GPS standards
compared to the former ISO 14638:1995.
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Table 2.1: 7e Matrix Model for ISO GPS standards according to [ISO14638]: ∗ indicates the
cells affected by the ISO 1101:2012 [ISO1101] and † the cells affected by the ISO 5459:2011
[ISO5459]
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some stages of the life-cycle of a workpiece [ISO14638]. 7is system comprises three kinds

of standards, namely fundamental, general, and complementary GPS standards, which

are arranged in the matrix model of the ISO GPS standards (see Table 2.1). 7e columns of

this matrix model are spanned by different chain links, which roughly follow the steps of the

product origination process from the indication of geometrical specifications in the drawing to

their verification by measurements [ISO14638, Cha13]. 7e rows of the matrix model are built

by various categories of geometrical characteristics, such as characteristics of size, distance,

form, orientation, and location [ISO14638], which have several sub-categories [ISO14638] and

are oqen broadly classified in “size and dimensions”, “geometrical tolerances”, and “geomet-

rical surface finishes” [WH01]. Each category of geometrical characteristics can be divided in

different “chains of standards” [Ben93, MCB98] built by the different chain links. An exem-

plary chain of standards for the geometrical characteristic “size” can be found in the annex

of the ISO 14638:2015 [ISO14638]. In this regard, fundamental ISO GPS standards describe

rules and principles, that apply to all geometrical characteristics and all chain links, i. e. they

affect all cells of the matrix model [ISO14638]. In contrast to that, general ISO GPS standards

affect one or more cells of the matrix model, without being fundamental ISO GPS standards

[ISO14638]. Complementary ISO GPS standards, in turn, add further definitions to one or

more cells of the matrix model for specific manufacturing processes [ISO14638]. Which cells

of the matrix model are affected by a specific GPS standard is indicated in the annex of the

respective standard.

Fundamental Concepts of the ISO GPS Standards 7e basics and fundamental concepts

of the GPS philosophy are defined in the ISO 17450-1:2011 [ISO17450-1] and the ISO 17450-

2:2012 [ISO17450-2]. 7ese fundamental concepts ground on four basic tenets, which are
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Figure 2.6: 7e Relationships between the Functional Need, the Geometrical Specification,
and the Result of the Measurement according to [ISO17450-1, Cha13]

formulated in the ISO 17450-2:2012 [ISO17450-2]. In this context, the geometrical product

specification is considered as a design step, in which the designer defines the allowable limits

of a set of geometrical characteristics of the workpiece in such a manner that the workpiece

conforms to its functional specifications [ISO17450-1, Cha13] (see Figure 2.6).

7is is performed by firstly defining the workpiece in its ideal, nominal shape, leading to

the Nominal Model [ISO17450-1]. Compared with this nominal model, the real, manufac-

tured workpiece will always have geometrical deviations, which can impossibly be completely

measured [ISO17450-1]. 7us, based on the nominal model, the designer develops an abstract

model of the real workpiece surface, being the physical interface between the workpiece and

its environment, in order to consider the deviations, that can be expected on the real work-

piece [ISO17450-1]. With this abstract model, which is called the Skin Model (see Figure 2.7),

the designer is enabled to adapt the allowable limits of certain geometrical characteristics,

so that the functional specifications may be deteriorated but are still ensured [ISO17450-1].

7ese allowable limits define the tolerances of each geometrical characteristic of the work-

piece [ISO17450-1]. 7e metrologist, in turn, defines the measurement operations for these

tolerances based on the Skin Model in order to perform the comparison for conformance of

the specification with the measurement result [ISO17450-1]. 7is manufacturing step is called

the verification, which is independent of the specification process [ISO17450-1] (see also Fig-

ure 2.6).

Hence, the ISO GPS standards view geometrical specifications as conditions on char-

acteristics, that are defined on one or more geometrical features, which are in turn created

from the Skin Model by certain operations [ISO17450-1, ISO25378, DBM08] (see Figure 2.8).

Real Workpiece
(Representation)

Nominal
Model

Skin
Model

Figure 2.7: 7e Differences between the real Workpiece, the Nominal Model, and the Skin
Model according to [ISO17450-1]
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Figure 2.8:AGeometrical Specification according to ISO GPS Standards based on GeoSpelling
[ISO17450-1, MB03, MB07, DBM08]

Accordingly, the ISO 25378:201125, which serves as a “road-map” for standardisation activities

regarding geometrical characteristics, defines a specification as an “expression of a set of one

or more conditions on one or more geometrical characteristics” [ISO25378], with a condition

being defined as a “combination of a limit value [i. e. a tolerance limit] and a binary rela-

tional mathematical operator” [ISO25378]. In this regard, the ISO 17450-1:2011 [ISO17450-1]

differentiates between two basic types of characteristics (see Figure 2.8), namely intrinsic

and situation characteristics. Each of the different characteristics defined in the GPS mat-

rix model (e. g. characteristics related to the surface texture as in ISO 4287:1997 [ISO4287]

and ISO 25178-2:2012 [ISO25178-2], geometrical characteristics of form, orientation, location,

and runout according to ISO 1101:2012 [ISO1101], and dimensional characteristics according

to ISO 14405-1:2010 [ISO14405-1] and ISO 14405-2:2011 [ISO14405-2]) can be assigned to in-

trinsic or situation characteristics.

7ese characteristics are defined on geometrical features, which are understood as “point,

line, surface, volume or a set of these previous items”26 [ISO22432], are usually (but not always)

separated by edges [ISO17450-1], and are obtained from the nominal model or the skin model.

7ey can be classified as ideal and non-ideal features as well as integral and derived features

according to ISO 17450-1:2011 [ISO17450-1] (see Figure 2.9). Beside this, the ISO 22432:2011

[ISO22432], also serving as a guideline for future standardisation activities and programmers,

257e ISO 25378:2011 [ISO25378] also introduces the concept of population specifications as limits on population
characteristics, which can be considered as an extension of the “statistical tolerancing” modifier. It also allows
to apply specifications on (moveable) assemblies [Nie13].

26As it has been mentioned, this definition does not consider any semantics in contrast to the feature definition
by Shah [Sha91] or the concept of high grade semantic features by Wartzack [WM00].
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Figure 2.9: Different kinds of Features according to [ISO17450-1, ISO22432]

defines further terms and definitions related to features, such as associated features, discrete

features, and sampled features. As can be seen from Figure 2.8, the various features are ob-

tained from the nominal model or the skin model by different operations, such as extraction,

partition, and filtration, which are highlighted in the ISO 17450-1:2011 [ISO17450-1] and are

explained in separate standards27.

7e operations used to define certain characteristics on the Skin Model build the specific-

ation operator, whereas the operations used to measure these characteristics from the real

workpiece form the verification operator [ISO17450-1]. In this regard, the verification oper-

ator and the specification operator are independent, with the idea of differentiating between

the specification operator and the verification operator being introduced in the ISO 17450-

1:2011 [ISO17450-1] and the ISO 8015:2011 [ISO8015] as the duality principle (see Figure

2.10).

Even though the verification operator should mirror the specification operator, there will al-

ways remain some differences, which can be quantified in terms of uncertainties [ISO17450-1,

Nie13]. Based on these uncertainties, it is up to the user to decide, if a certain measuring pro-

cess is suitable for the verification of a specification or not [ISO17450-1, Nie13]. In this regard,

the specification and verification steps involve different types of uncertainties (see Figure 2.11),

which are covered by the ISO 17450-2:2012 [ISO17450-2] (see also [MB03, Sri03, Nie06, LJLX08,

DVGM10]):

• correlation uncertainties, which are due to the imperfect translation of functional

needs to geometrical specifications,

• specification uncertainties arising from ambiguities in the GPS standards or inaccur-

ate specifications made by the designer,

• method uncertainties due to the choice of the measurement processes, and

• implementation uncertainties, which may be inherent to the measurement equip-

ment.

7us, uncertainties are not considered as being only related to measurement, but concern all

27See e. g. ISO 14406:2010 for extraction and ISO 16610-1:2015 for filtration.
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Figure 2.10: 7e Difference between the nominal Design and the Design Intent and the
“Duality Principle” of Specification and Measurement Procedures according to [ISO17450-1,
ISO8015]

stages of specification and verification and are therefore also to be taken into account in design

when defining specifications [MB03, Nie03].

Fundamental Assumptions and Basic Principles of the ISO GPS Standards Beside

the ISO 14638:2015 [ISO14638], which defines the overall structure of GPS standards, and

the standards ISO 17450-1:2011 [ISO17450-1] and ISO 17450-2:2012 [ISO17450-2], which state

fundamental concepts, such as the concepts of operators, operations, and uncertainties, the

ISO 8015:2011 [ISO8015] is a further fundamental GPS standard and introduces fundamental

assumptions regarding the reading of specifications on drawings or other kinds of technical

product specifications as well as thirteen fundamental principles. 7ese fundamental assump-

tions regarding the reading of specifications comprise, that the functional limits of a work-

piece are known by experiment or theory without uncertainties, that the tolerance limits

are equal to these functional limits, and that the workpiece will fully function inside the tol-

erance limits and will not function outside these limits (the tolerance limits themselves are

part of the function region) [ISO8015]. Among the thirteen fundamental principles are the

duality principle as shown in Figure 2.10, which highlights the differentiation between the

specification and the verification operator, the independency principle28, which states, that

each specification has to be fulfilled independently from others, the feature principle, which

clarifies, that by default each specification applies to one whole feature, and the principles of

287e independency principle has been introduced in the GPS standards already in 1985 with the ISO 8015:1985.
However, the envelope principle was the default tolerancing principle in Germany until 2011, when the
DIN 7167:1987 was finally withdrawn [Har14].
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reference condition and rigid workpiece, which state, that each specification is defined un-

der reference conditions (such as defined by the ISO 1:2002) and in an undeformed workpiece

state without external loads29 (such as gravity) [ISO8015]. Before the ISO 8015 had been issued

in 1985, these thirteen principles had oqen been taken for granted, without being manifested

in a standard [Nie13].

Tolerance Specifications according to the ISO GPS Standards 7e aforementioned ISO

GPS standards aimed at providing the structure and foundations of theGPS frameworkwithout

defining symbols or concepts, that are directly visible as tolerance specifications on engin-

eering drawings or solid models [Nie13]. 7us, in the following, the ISO GPS standards for

geometrical dimensioning and tolerancing are highlighted, which provide the designer with

symbols and concepts to express geometrical characteristics as tolerance specifications on

technical product specifications. In this regard, a focus is set on tolerances for geometrical

and dimensional characteristics, whereas characteristics regarding the surface texture are only

briefly mentioned. An overview of the most relevant standards for dimensional and geomet-

rical characteristics and their indication on technical drawings is given in Figure 2.12.

7e ISO 17450-1:2011 [ISO17450-1] generally distinguishes between two types of specific-

ations, namely specifications by dimension and specifications by zone [ISO17450-1]. In this

regard, a specification by dimensionmay be indicated on linear or angular dimensions, with

both of them covering dimensions of size and dimensions of distance. Dimensions of size can

only be applied to features of size, where there exist three features of size for linear dimen-

sions, namely cylinder, sphere, and two parallel opposite planes30, and two features of size for

angular dimensions, namely cone and wedge [ISO17450-1, ISO14405-1, ISO22432, ISO5459].

7e tolerances on linear dimensions of size are covered by the ISO 14405-1:2010 [ISO14405-1],

which defines fourteen different types of linear sizes (such as the classical two-point size,

the least-squares size, and the maximum size), that are grouped in four classes, namely local,

global, calculated, and rank-order sizes. 7e different types of linear sizes with their cor-

responding modifiers “allow the designer to express requirements to linear sizes that go far

beyond the old-fashioned and expensive envelope requirement” [Nie13] and are discussed

29See the ISO 10579:2010 [ISO10579] for the dimensioning and tolerancing of non-rigid parts.
307e ISO 17450-1:2011 [ISO17450-1] defines further features of linear size, namely a circle, two straight lines,

and a torus.

Functional Need Specification Verification

Correlation
Uncertainty

Specification
Uncertainty

Method
Uncertainty

Implementation
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Measurement Uncertainty

Compliance Uncertainty

Total Uncertainty

Figure 2.11: Different Uncertainties in the Context of Specification and Verification
[ISO17450-1, MB03, LJLX08, Nie06]
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Figure 2.12: Overview of Dimensional and Geometrical Tolerance Specifications accord-
ing to [ISO17450-1, ISO1101, ISO14405-1, ISO14405-2, ISO5459, ISO2692, ISO286-1, ISO286-2,
ISO2768-1, ISO2768-2]

more in detail in [MS13b, Sri13]. In addition to this, the standards ISO 286-1:2010 [ISO286-1]

and ISO 286-2:2010 [ISO286-2] provide the well-known ISO code system for tolerances on such

linear sizes. Tolerances for all other kinds of dimensions, i. e. linear dimensions of distance and

angular dimensions, are covered by the ISO 14405-2:2010 [ISO14405-2]. As Figure 2.12 high-

lights, dimensional tolerances may generally be indicated by ± tolerancing, e. g. as 50+0,025+0

or 28◦ +2
◦

–1◦ , or by indicating the upper and/or lower dimensional limit. Moreover, tolerance

specifications on linear dimensions of size can also be indicated using the ISO code system of

the ISO 286-1/2 [ISO286-1, ISO286-2], e. g. 50H7, and further possibilities for the indication

of tolerances on angular dimensions of size are described in the ISO 2538 for wedges and in

the ISO 3040 for cones. Beside this, the ISO 129-1:2004 [ISO129-1] regulates the indication of

dimensions and tolerances on technical drawings. Another possibility for the indication of tol-

erances on linear and angular dimensions is the use of general tolerances31, which are defined

in the ISO 2768-1:1989 [ISO2768-1] for workpieces, that are manufactured by metal removal

or sheet metal forming.

In contrast to that, a specification by zone32 is in general indicated by symbols for geo-

metrical tolerances, which are defined in the ISO 1101:2012 [ISO1101]. In this regard, fourteen

31General tolerances are also provided in the ISO 8062-3:2007 [ISO8062-3] for moulded parts and in the
ISO 13920:1996 [ISO13920] for welded constructions.

327e tolerance zone is defined as the “space limited by one or several geometrically perfect lines or surfaces,
and characterized by a linear dimension, called a tolerance” [ISO1101]. 7e toleranced non-ideal feature is to
lie completely within this tolerance zone.
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symbols for geometrical characteristics are covered by the ISO 1101:2012 [ISO1101], which

describe tolerances of form, orientation, location, and run-out. Some of them are further

defined in additional standards, such as the dimensioning and tolerancing of profiles in the

ISO 1660:1987 [ISO1660], positional tolerancing in the ISO 5458:1998[ISO5458], the straight-

ness tolerance in the ISO 12780-1:2011 [ISO12780-1] and ISO 12780-2:2011 [ISO12780-2], the

flatness tolerance in the ISO 12781-1:2011 [ISO12781-1] and ISO 12781-2:2011 [ISO12781-2], the

roundness tolerance in the ISO 12181-1:2011 [ISO12181-1] and ISO 12181-2:2011 [ISO12181-2],

as well as the cylindricity tolerance in the ISO 12180-1:2011 [ISO12180-1] and ISO 12180-2:2011

[ISO12180-2]. Moreover, additional modifiers and symbols, such as CZ defining a common

tolerance zone, P for projected tolerance zones, F indicating the free state condition for non-

rigid parts, or B describing an orientation plane, are introduced [ISO1101]. Tolerances of

form control the form deviations of a toleranced feature and hence build intrinsic tolerance

zones, whereas tolerances of orientation, location, and run-out also control the feature’s ori-

entation or location deviations, respectively, with reference to a datum feature or a datum

system and thus limit situation characteristics33. Such a datum, in turn, is defined as “one

or more situation features of one or more features associated with one or more real integral

features selected to define the location or orientation, or both, of a tolerance zone or an ideal

feature representing for instance a virtual condition” [ISO5459] and a datum system as a

“set of two or more situation features established in a specific order from two or more datum

features” [ISO5459]. 7e ISO 5459:2011 [ISO5459] distinguishes between primary, secondary,

and tertiary datums. While primary datums are “not influenced by constraints from other

datums” [ISO5459], secondary datums are datums, that are “influenced by an orientation con-

straint from the primary datum in the datum system” [ISO5459], and tertiary datums are in

analogy “influenced by constraints from the primary datum and the secondary datum in the

datum system” [ISO5459]. Based on their definitions, there exist interrelationships between

geometrical tolerances, meaning, that form tolerances control only the form deviations of a

feature, whereas orientation tolerances control form and orientation deviations, and location

tolerances control location, orientation, and form deviations [ISO1101].

Beside the specification by dimension or by zone, the standards also offer possibilities to

locally suspend the independency principle and to expand specifications to various kinds of

geometrical characteristics as well as to link certain tolerance specifications by modifiers. In

this regard, the ISO 14405-1:2010 [ISO14405-1] provides the envelope requirement E as the

“simultaneous use of a combination of the two-point size as the specification operator applied

for the least material limit of the size and either the minimum circumscribed size or the max-

imum inscribed size as the specification operator applied for the maximum material limit of

the size” [ISO14405-1]. 7e use of the envelope requirement (formerly known as the Taylor

principle) is oqen considered as a third type of specification, namely the specification by

“gauge” [Cha13], which can be considered as jointly controlling the feature’s deviations of

dimension and form. Beside this, the ISO 2692:2014 [ISO2692] introduces the maximum ma-

terial requirement, the least material requirement, and the reciprocity requirement as further

modifiers.

33Position tolerances can also be indicated without datums [ISO1101].
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In addition to the dimensional and geometrical tolerances, the ISO GPS standards also

provide many possibilities for the indication of limits on characteristics regarding the sur-

face texture. In this context, the ISO 4287:1997 [ISO4287] covers terms, definitions, and sur-

face texture parameters for profile methods and the ISO 25178-2:2012 [ISO25178-2] for areal

methods. Moreover, the ISO 8785:1998 [ISO8785] introduces terms and definitions for surface

imperfections.

2.2.3 Recent Trends regarding the GPS Standards

Asmeasurement technologies advance and the requirements onmechanical products continu-

ously tighten, the ISOGPS standards are in steady change to provide an unambiguous language

for the communication in geometrical variations management. In this regard, Nielsen [Nie13]

reports six initiatives covered by the strategic plan of the ISO TC 213 for the future of ISO GPS

standards, such as:

• the conversion of the GPS standards towards rule-based standards in order to reduce

required inter- and extrapolation by users and to enable a more uniform implementation

of the tolerancing standards in CAD, CAM, and CMM systems,

• the definition of “characteristics and actual values for geometrical specifications and

[…] a signed and global characteristic (actual value) for each workpiece” [Nie13], which

will also allow the definition of population specifications,

• the establishing of new concepts for form standards, which has already been per-

formed for straightness, flatness, roundness, and cylindricity, as well as

• the update of the standards for general tolerances and for the tolerancing of edges.

7e strategic plan is divided in two stages, with the second aiming at converting the “ISO 1101

into a multipart standard to strengthen the ISO 1101 brand” [Nie13], which will imply the

consolidation of several ISO GPS standards in the ISO 1101 [Nie13].

Beside this, current research works are i. a. dedicated to detailing the syntax of GeoSpelling,

as the basis of modern GPS standards, based on programming languages employing function

calls and control structures, such as conditions and loops [BMD15]. Moreover, different ex-

tensions and improvements for current GPS standards have been suggested, such as for the

functional tolerancing of complex junctions in [CA12] and for the specification of complex

surfaces in [PPA15]. Furthermore, possibilities for the specification of requirements on the

kinematic behaviour of products in analogy to the ISO 230-1:2012 [ISO230-1] are investigated

in [HK14, HK15], whereas the integration of GPS concepts in Product Life-cycle Management

(PLM) tools is investigated in [RSBMG+13].

In contrast to the further development of the underlying GPS concepts and the possibil-

ities for the specification of geometrical requirements on engineering drawings, the educa-

tion of the ISO GPS language to engineers and metrologists is identified as a highly relevant

challenge. In this regard, the question of how to integrate the GPS language for geometrical

dimensioning and tolerancing and related topics in the curriculum has been a constant issue

in the research communities [Gab93, BM99], where a course for technical universities has

been issued in [WH01], a multimedia tolerancing course has been presented in [HB13, HB15],

a blended learning course related to measurement uncertainty is described in [GGL+15], and
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numerous handbooks regarding geometrical dimensioning and tolerancing are available (such

as [Hen06, Kle12, Cha13, JS14]). Moreover, a recently formed European project34 is “to develop

and implement a coherent learning system for higher-level vocational training concerning the

GPS” [PJH+14].

2.2.4 Further Approaches for the Specification of Geometrical Requirements

It is worth highlighting, that there are also other approaches to establishing a framework

for the expression of geometrical specifications beside the ISO GPS standards, with the most

commonly known being the ASME Y14.5-2009 standards [ASM09]. Further approaches are

for example vectorial tolerancing [Wir88, Wir91], fractal tolerancing [Sri94, SW95, SW97],

and modal tolerancing [SF06, FS07], which are briefly highlighted in the following, as well as

a formal dimensioning and tolerancing model described in [PG03] and continued in [LPG13].

ASME Y14.5-2009 7eASME Y14.5-2009 standard [ASM09] is similar to the ISO GPS stand-

ards, although it is said to be even more comprehensive and some differences between the ISO

and the ASME GD&T standard have been reported in [Hen06, Kle12, JS14], with the difference

in the default tolerancing principle being oqen regarded as the most important35. However, as

there is a substantial consistency between the ASME Y14.5-2009 and the ISO GPS standards,

the reader is referred e. g. to [Hen06, Kle12, JS14] for detailed comparisons.

Vectorial Tolerancing Following the vectorial tolerancing approach proposed by Wirtz

[Wir88, Wir89, Wir91], geometrical specifications are expressed as tolerances on the mathem-

atical parameters of basic geometry elements, such as planes, cylinders or spheres, or other

types of surfaces [Mar93]. For example, a cylinder can be mathematically described by a three-

dimensional position vector (x0, y0, z0), a three-dimensional (unit) direction vector (ex , ey , ez)

and a size M1. To each of these seven parameters (x0, y0, z0, ex , ey , ez and M1), a plus-minus

tolerance can be added in order to specify the geometrical requirements on the manufactured

cylinder. Since the verification of vectorial tolerances is performed based on the substitute ele-

ments computed by the least-squares criterion, the orientation and location deviations are sep-

arated from the form deviations (in contrast to the GPS standards, where the form deviations

are also controlled by the tolerance zones of orientation and location tolerances) [Hen93]. 7e

main advantage of the vectorial tolerancing approach is said to be the straightforward pro-

cess control for machined parts [Wir91], where the statistical process control using vectorial

tolerancing has been implemented in [Mar96]. Furthermore, vectorial tolerancing may be ad-

vantageous for specific functional requirements [Hen93]. 7e successful application of this

tolerancing approach in industry has been reported in [KM99]. Some research works aim at

integrating vectorial tolerances (i. e. the possibility of specifying geometrical requirements by

adding tolerances to the mathematical description of basic geometry elements) in computer-

34“Geometrical Product Specification and Verification as toolbox to meet up-to-date technical requirements”,
h@p://gpsvtoolbox.ath.eu

357e default tolerancing principle in the ISO GPS standards is the independency principle [ISO8015], whereas
the envelope principle, known as rule #1, is the default tolerancing principle in the ASME Y14.5 standards
[ASM09].
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aided design tools [BW99, HOWG14, GHO+15] and to overcome the conversion problems

between ISO GPS tolerances and vectorial tolerancing as reported in [BHK98].

Fractal Tolerancing Since the functionality of many mechanical systems depends on the

form deviations of the constituting parts, a form tolerancing theory based on fractals and

wavelets has been proposed in [Sri94, SW95, SW97]. It is based on the surface error abstrac-

tion by fractional Brownian motion and the form tolerancing based on the fractal parameters,

which are computed by wavelets [SW97]. 7e method has been applied for the tolerance ana-

lysis of a slider bearing considering the pressure distribution and load capacity calculated by

the Reynolds equation in [SW95] and for the analysis of bearing forces taking into account

the roundness deviations of the bearing components (i. e. inner race, outer race, and ball) in

ball bearings in [SW97]. 7e results show, that the idea of using fractals for form tolerancing

seems suitable for certain applications as it allows a more detailed expression of form errors

than the well-known concept of tolerance zones. Moreover, the measurement of surface errors

using fractals has been successfully applied in other studies [Li10, SBD11]. However, the re-

ported applications are limited to one-dimensional surface errors and do not cover other kinds

of geometrical deviations, such as deviations of dimension, orientation, and location.

Modal Tolerancing A further approach for the expression of geometrical deviations and

the definition of limits on these deviations is the modal tolerancing approach as proposed by

Samper et al. in [SF06, FS07, ASP10, ASF10, GLS13]. It employs a modal decomposition of

discretised surfaces using the finite element method for the expression of feature deviations

[SF06]. 7e form tolerancing is then performed by defining limits on the modal coefficients,

i. e. the eigenfrequencies, of the natural modes [SF06]. 7e modal decomposition of feature

deviations for a disc-shaped feature has been compared to the use of Zernike polynomials

in [FS07], where it has been shown, that the natural mode decomposition is more efficient.

Moreover, the modal shape parametrisation has been used to study the effects of two- and

three-dimensional form errors on the assembly behaviour in [SAFP09, ASF10] and the clear-

ance domain of two-dimensional linkages in [ASF10]. Mechanical loads have also been integ-

rated in these analysis in [SCT+12, GLS13, GLSF13]. Beside this, the modal decomposition of

form defects has been combined with an inertial acceptance criterion in [ASP10] resulting in

the inertial tolerancing approach, whereas a statistical modal analysis approach for variation

characterisation has been proposed in [HLC+14]. 7e overall approach for the expression of

form deviations by natural modes is very promising and comparably widely applied in re-

search. However, similarly to the fractal tolerancing approach, modal tolerancing is limited

to form deviations and does not provide a comprehensive language for geometrical variations

management.

2.3 Tolerancing as an integral Part of Geometrical Variations

Management

As geometrical part deviations distinctly affect the quality and function of physical products,

companies are required to manage these geometrical variations throughout the product life-
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cycle. 7e language offered by the international standards for the geometrical product spe-

cification amplifies the concept of tolerances and geometrical specifications as a means of

communication between the different actors in geometrical variations management. In this

regard, tolerances are ubiquitous in geometrical variations management and have manifold re-

percussions on all stages of the product origination process [SWM96, HC02a]. Consequently,

tolerancing is an highly important and integral part of geometrical variations management. It

comprises many different sub-activities and affects all phases of the product realisation pro-

cess. However, there exists a plethora of different terms regarding tolerancing, that are oqen

insufficiently defined and sometimes used interchangeably. 7us, this section is to give an

overview of relevant terms and their definitions in the context of tolerancing and to highlight

the various tolerancing activities throughout the product life-cycle with a focus on product

design. Moreover, it will describe the state of the art regarding computer-aided tolerancing

with a special a@ention on the tolerance analysis.

2.3.1 Disambiguation and Definition

7emanagement of geometrical deviations throughout the product life-cycle comprises many

partially disrupted activities, which are performed by different departments and various act-

ors. Geometrical variations management covers all these efforts and activities related to

controlling geometrical deviations throughout the product life-cycle. In order to overcome the

disruption of these activities, the concept of tolerances, which is used to specify and commu-

nicate the limits of acceptable geometrical part deviations, serves as a means of communica-

tion.

In this regard, tolerancing is defined as “the set of activities which manage the tolerances

during the product development” [Dan14], with product development being understood in this

context in a broad sense as “the set of activities beginning with the perception of a market

opportunity and ending in the production, sale, and delivery of a product”36 [UE12]. Based

on this definition, the three central functions of product development are considered as mar-

keting, (product) design, which includes engineering design as well as industrial design, and

manufacturing [UE12]. 7us, tolerancing is an important sub-area of geometrical variations

management covering the different activities during the product realisation, that deal with or

are affected by tolerance information37. Consequently, computer-aided tolerancing covers

all efforts aiming at supporting these tolerancing activities by computer technology. A term

with similar meaning to tolerancing is tolerance engineering, which “can be seen as all those

engineering activities which directly focus on tolerances” [KAV13].

Beside this, the term dimensional management, which is rarely used in scientific liter-

ature but oqen in industry, can be defined with ambiguities as “an engineering methodology

combined with computer simulation tools used to improve quality and reduce cost through

controlled variation and robust design” [Cra96]. However, divergent definitions for this term

36With some similarity to this, product development is also defined as “the creation of products with new or
different characteristics that offer new or additional benefits to the customer” [Lut14b].

37However, although the majority of the different activities in geometrical variations management is connected
and interrelated by tolerances, some of them do not directly generate, require or share tolerancing informa-
tion.
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as well as for tolerance management are summarized in Table 2.2. Based on these defin-

itions, it can be found, that these terms oqen describe the industrial practice applied in a

company or industry sector regarding tolerancing and geometrical variations management,

but do not offer an unambiguous and comprehensive understanding or designation of certain

tolerancing activities. Consequently, these terms are avoided in the following.

Table 2.2: Different Definitions of the Terms “Dimensional Management” and “Tolerance
Management”

“Dimensional management is an engineering methodology combined with computer simulation

tools used to improve quality and reduce cost through controlled variation and robust design. 7e

objective of dimensional management is to create a design and process that “absorbs” as much vari-

ation as possible without affecting the function of the product. Dimensional management accom-

plishes this through optimal selection of datums, feature controls, assembly methods and assembly

sequence.” [Cra96]

“Dimensional management is a process by which the design, fabrication, and inspection of a product

are systematically defined and monitored to meet predetermined dimensional quality goals. It is

an engineering process that is combined with a set of tools that make it possible to understand

and design for variation. Its purpose is to improve first-time quality, performance, service life, and

associated costs.” [Nic99]

“Dimensional management is a preventive quality assurance method that ensures the functionality

and producibility of designs at an early stage. Dimensional management makes it possible to avoid

potential problems before they occur. It enables engineers to fulfil required quality characteristics

(joint scheme) and safeguard points of constriction and critical functions” [MS13a]. “Dimensional

management is primarily comprised of three central components: specifications – functional dimen-

sions and joint scheme, the reference point system, and statistical tolerance analysis.” [MS13a]

“Integrated tolerance management is a systems approach for achieving global consistency of toler-

ances throughout an organization. 7e purpose is to facilitate harmonization of tolerances through-

out an organization to achieve high quality functionality at low cost.” [GB99]

“7e term tolerancemanagement comprises the activities in the product life-cycle, that are associated

with the analysis and validation of functional and aesthetic key characteristics for the continuous

optimization of the product definition and the manufacturing and assembly processes.” (translated

from German) [WMS+11]

“Tolerance management is a sub-process of the product development process with the aim to ensure

the proper functioning of a product at lowest possible manufacturing cost by an optimal tolerance

design using management methods.” (translated from German) [BH13]

While tolerancing comprises all different tolerance-related activities throughout the product

life-cycle, functional tolerancing (or tolerancing for function) can be found as the design

activities, which aim at translating functional requirements in functional tolerances [FG86,

WCH+88, CCD+89, CM89]. Particularly, “the purpose of functional tolerancing activity is to

define the geometrical specifications of parts ensuring a certain level of quality defined by

some product geometrical requirements”38 [DBM08].

7e functional tolerancing activities are oqen regarded as important elements of robust

design (RD) and variation risk management [CBW05, SLD06, Sto10, HCBS13], consider-

ing robust design as “a framework for designing products and processes which perform con-

38A similar definition is given as: “7e purpose behind functional tolerancing is to generate mechanical drawings
of the parts of a mechanism, with such drawings serving to define acceptable component geometry” [Ans06].
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sistently in spite of variations”39 [KEH15] and variation risk management as “a process of

continually identifying, assessing, and mitigating variation risk throughout the design pro-

cess” [7o99a]. Robust design methodology (RDM), in turn, “means systematic efforts to

achieve insensitivity to noise factors [where] […] these efforts are founded on an awareness

of variation and can be applied in all stages of product design” [AG08]. Hence, functional

tolerancing can be seen as a branch of robust design, that deals with noise factors, which are

related to the product geometry.

Tolerance design is also broadly defined as “the engineering process for developing toler-

ances” [Cre97], whereas a robust tolerance design is “based on the balance between manu-

facture cost and quality loss expected” [WT98]. 7us, a robust tolerance design may be con-

sidered as the set of tolerances leading to minimal tolerance-related costs (i. e. manufacturing

and inspection costs vs. costs of malfunction expressed by the quality loss due to decreased

performance) [WT98, Jea99, JC02, CBW05, HZ10].

In summary, geometrical variations management is understood as the set of activities re-

lated to controlling geometrical deviations and their effects on the product quality throughout

the product life-cycle, while tolerancing is a subset of geometrical variations management,

which particularly comprises all of these tasks, that are linked to tolerance information. More

specifically, functional tolerancing includes the tolerancing activities during design, which fo-

cus on the translation of functional requirements into functional tolerances. 7ese functional

tolerancing activities, in turn, can be seen as a subset of variation risk management and robust

design, with variation risk management being a process aiming at controlling variation risk

during the design stage and robust design being considered as a comprehensive framework for

designing products, so that they are insensitive to noise factors. 7e qualitative relationships

between these terms and concepts can be seen from Figure 2.13.

Geometrical Variations Management

Tolerancing Robust Design

Variation Risk ManagementFunctional Tolerancing

Figure 2.13: `alitative Relationships between different Tolerancing-related Terms in the
Context of this Work

2.3.2 Tolerancing Activities throughout the Product Life-Cycle

Tolerancing Process Models According to the provided definition, tolerancing covers all

activities throughout the product life-cycle, that generate, require, or share tolerancing inform-

ation. 7ere exist manifold practices and proposed tolerancing processes for the practical im-

plementation of these activities, with some of them considering different product development

steps, while others merely focusing on the design stage. In this regard, [BH13] defines seven

central activities in tolerancing, that are iteratively performed in different product design

397ere are various definitions of robust design, which are not discussed in this work. However, these definitions
as well as further readings on the topic can be found in [Tag86, Pha89, And96, Mat97, TDE00, MTA05, HAG09,
UE12].
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phases, such as the function clarification, the definition of assessment criteria, the develop-

ment of the assembly sequence, as well as the optimization of the part design. A comparable

process with eight steps, which particularly focus on the application of simulation models

for the assessment of the effects of geometrical deviations on functional characteristics, is

illustrated in [Man15], whereas nine steps are defined in the process proposal in [MS13a].

With a broader view, fourteen tolerancing steps, comprising the validation of measurement

equipment and gauges and the statistical process control, are described in [Wei15a, Wei15b].

Moreover, a standardised comprehensive tolerancing process, issued by the German Associ-

ation of the Automotive Industry (VDA), is illustrated in [VDA06]. Beside this, many com-

panies define their own tolerancing process depending on their products, their culture, and

their vertical range of manufacture. An overview of some of these, oqen company-specific,

proposals is for example also given in [Sto10].

In addition to these industrial tolerancing process schemes, several research works aim at

proposing adequate tolerancing processes. In this regard, particularly the integration of the

tolerancing process into early design stages (based on the paradigms of concurrent engin-

eering and front-loading) has been identified as an important trigger for cost savings and

quality improvements [RLW91, Mil92, Isl04, HZX05, HP07, HZ08, ZLB+10]. For example, the

“Integrated Tolerancing Process” (ITP), which is based on a multi-level architecture to col-

lect functional requirements and to decompose and translate them into geometrical specific-

ations, aims at integrating the tolerancing process in the conceptual design stage [DAM03].

Similarly to the ITP, Roy et al. integrate the tolerancing activities in a concurrent design ap-

proach and place tolerancing as one of fiqeen steps in a function-to-form mapping approach

for design synthesis [RPS+01]. Beside this, the authors also propose a “design for toleran-

cing” approach, which allows to perform the tolerancing activities during design increment-

ally [SR00]. Another approach to perform tolerancing in early design stages is based on the

“geometry as soon as possible”-idea [BFCM06], which focuses on the geometrical modelling

of parts and assemblies as well as the definition of geometrical specifications already in early

design. 7e early completion of the geometrical product information during the design pro-

cess is achieved by applying different models and tools, starting with skeletonmodels, through

part interface design, to final part models, and is supported by assembly-nested graphs. A sys-

tematic way of translating functional requirements into geometrical specifications using func-

tional requirements/dimensions matrices (FR/D), similar to design structure matrices (DSM)

[Ste81, PE94, Bro01], as well as a soqware prototype supporting this approach is presented in

[Isl04]. 7e axiomatic design perspective is picked up in [JS00], where a structure model and a

matrix-based geometry design procedure are presented as a means to support robust geometry

design during the different design stages. Furthermore, a concurrent design approach based on

the principles of decomposition and reconstitution has been presented [ZCWY13]. Beside this,

a geometry assurance process comprising different steps from conceptual design to produc-

tion is presented in [SLC06b], which involves a rich set of different, partly virtually performed,

tolerancing and geometrical variations management activities. In addition, a tolerance man-

agement system is detailed in [GB99], which is based on the quality management concepts

of Shewart [She39] and Deming [Dem82], such as the plan-do-check-act cycle, and which
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Figure 2.14:Main Activities in Tolerancing and Geometrical Variations Management accord-
ing to [DAM03, SLC06b, VDA06, MB07, Sto10, KM12b, BH13, MS13a, Man15, Wei15b]

focuses on the communication and management issues related to tolerancing. Furthermore,

the “closed-loop tolerance engineering” model (CLTE), which sorts the tolerancing activities

in four basic groups, has been used to describe and improve the tolerancing process in various

case studies [KA12, KM12b, KAV13, KMA14, KGA14, KUWA14]. Moreover, an approach for

the design of kinematically constrained assemblies comprising two stages with different sub-

activities is proposed in [WMAR99]. 7e importance of early decisions regarding the product

structure and the assembly sequence is also emphasized by the integrated design method pro-

posed in [MM01, MM03], which is based on the application of assembly graphs, propagation

chains, and risk analysis.

Beside these tolerancing processmodels, various productmodels have been proposed, which

are to support controlling tolerancing information throughout the product design and develop-

ment process [BDT07, DLSM07] as well as enabling the traceability of functional requirements

and geometrical specifications [JD08].

Overview of Tolerancing Activities Based on the review of these various tolerancing pro-

cess models, several core activities in tolerancing and geometrical variations management can

be identified, which are discussed in the following and a rough placement of them in the pre-

liminary, conceptual, embodiment, and detail design stages according to Pahl/Beitz [FG13]

as well as the pre-production40 and the production stage is given in Figure 2.14.

KC Identification 7e first of these activities is the identification and decomposition of

functional requirements and particularly their translation into suitable geometrical require-

ments as well as the definition of quality levels for these requirements. Since these geomet-

rical requirements on the assembly or part level are oqen referred to as key characteristics

(KCs), defined as “the product, sub-assembly, part, and process features that significantly im-

40In this stage, “the product and the production system is physically tested and verified” [SLC06b] in order to
“prepare for full production” [SLC06b].
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pact the final cost, performance, or safety of a product when the KCs vary from nominal”

[7o99b], this activity is calledKC identification. Different approaches for this activity have

been proposed, such as a mathematical framework for the KC process [7o99b] as well as a

function-to-form mapping approach [RPS+01] and a method supporting the identification of

key parts in the decomposition of global KCs [MAM05]. Based on these identified key charac-

teristics, an assessment of product and process concepts can be performed by iteratively

repeating a set of analysis and synthesis steps for different product and process alternatives

[SLC06b, Wei15a], that are explained in the following .

Assembly Sequence 7ese steps involve firstly the definition of the assembly sequence

for each concept. In this regard, the assembly sequence has distinct effects on the propaga-

tion of part deviations through assemblies and is therefore an important issue in geometrical

variations management, particularly in automotive and aircraq industries [MM01]. Different

methods and tools may be used to perform and to support this activity, with an integrated

design approach to identifying the most suitable assembly sequences having been proposed

in [MM01] and a theory for the design of mechanical assemblies considering different as-

sembly sequences having been presented in [MW98, WMAR99]. Beside these methods, an

approach for the determination of the influences of the assembly sequence considering com-

pliant parts has been proposed in [MTB+11], whereas a method for the assembly sequence

planning based on weighted assembly graphs has been presented in [WT15]. Moreover, the

evaluation of the product assemblability considering different assembly sequences has been

addressed in [LFW06] and tools for the analysis and control of the assembly precision for dif-

ferent assembly sequences is investigated in [ZQ15]. Furthermore, function-means modelling

methods and matrix-based approaches supporting the design of robust assembly configura-

tions, i. e. assembly configurations, that are less sensitive to geometrical part deviations, have

been presented in [SJ99, SL99, JS00, SLD06, SLC06a].

Locating Schemes Once the assembly sequence is determined, the part locating schemes

need to be decided. Locating schemes (sometimes also called positioning or fixture layouts)

are required to position parts or sub-assemblies relatively to their surrounding [SJ99, SL99].

In industrial applications, 3-2-1 and 4-1-1 locating schemes are oqen used to locate parts and

to lock their six degrees of freedom (dof) [SJ99, SLC06a, Wei15a]. 7e terms 3-2-1 positioning

and 4-1-1 positioning emerge from the the number of part dofs, which are sequentially disabled

by the assembly steps. In this regard, the translation in z-direction and the rotations around

the x- and y-axes are locked by the first assembly step with three contact points between the

part and the assembly surrounding according to the 3-2-1 positioning scheme. 7e translation

in y-direction and the remaining rotation around the z-axis are then locked by the second

assembly step with two contact points, whereas the last translation in x-direction is locked by

the last assembly step with one contact point [SJ99]. In contrast to that, the first assembly step

locks two translational and two rotational part dofs in the 4-1-1 positioning scheme, whereas

the second assembly step locks the remaining translation and the third assembly step disables

the remaining rotational dof. 7is is illustrated in Figure 2.15. Beside the 3-2-1 and the 4-1-1

locating schemes, over-constrained locating schemes, such 4-2-1 locating schemes, are used
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Figure 2.15: Commonly used Locating Schemes: 3-2-1 Locating Scheme of a planar Part (top)
and 4-1-1 Locating Scheme of a cylindrical Part (bo@om) according to [SJ99, Wei15b]

to fixate compliant parts in certain assembly processes, such as welding and other joining

operations [CHC04, SLD06, LYHZ09, Sto10, WSL13, LCE+14]. In order to identify the most

suitable locating scheme for a part or sub-assembly, stability analysis tools, which support the

evaluation of the “geometrical robustness of a concept, i. e. how much variation, introduced

to the components by the locators, propagate and affect critical features” [SLC06b], have been

proposed for rigid parts in [SL99, JS00, SL03, SLC06a, SLC06b] as well as for compliant parts

in [SLD06] and considering large part deformations in [HCBS13].

Tolerance Specification Given the assembly sequence and the part locating schemes, tol-

erance specifications for each part are to be defined in order to control the individual part

deviations. In this regard, slightly varying guidelines of how to deduce the single part tol-

erances have been proposed e. g. in [Hen06, Kle12, JS14]. However, in general, five distinct

sub-activities for the assignment of part tolerances can be distinguished, which can be seen

from Figure 2.16. 7e first of them is the tolerance specification41, which aims at identi-

fying required tolerance types on features relevant for the function as well as suitable datum

features (see Figure 2.16) [Arm13]. Various approaches have been proposed to support this

activity, with a brief review being given for example in [Dan14]. Among them are tolerance

specification methods based on the concept of technologically and topologically related sur-

faces (TTRS) [CCD+89, CDR91, DC94], such as in [SPH+96] and in`ickGPS [CA09, ACYA10],

as well as approaches based on graphs [BM99, BFCM06]. Moreover, various works regarding

the tolerance specification ground on reasoning algorithms [ZLGH11], ontologies [ZQH+13],

description logics [ZQH+14], or on functional decomposition methods and the application of

rules, such as the Excel-based tool CLIC described in [Ans06] and the works presented in

[Arm13, HMK+15]. Furthermore, matrix-based approaches to the tolerance specification have

been presented in [RPS+01, Isl09a, Isl09b]. Beside this, methods and tools for the automatic

41A definition of tolerance specification is given as follows: “tolerance specification: the types of tolerances on
functional features and the datum reference frame are chosen for each part” [Arm13].
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generation of first-order dimensioning and tolerancing schemes [HMK+15] and their valida-

tion have been presented [KSD01], as well as an approach for the semantic interpretation of

such GD&T schemes for the tolerance analysis [SRR14].
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Figure 2.16: 7e Relationship between Tolerance Specification, Tolerance Allocation, Toler-
ance Analysis, Tolerance Synthesis, and Tolerance Optimization

Tolerance Allocation Aqer the required tolerance types have been identified, values for

these tolerances have to be assigned. 7is step is called tolerance allocation and is most oqen

performed based on experience, rough empirical data, such as tables and databases of achiev-

able manufacturing precisions or process capability maps [Tan83, Hol94, Kle12], or following

general tolerance allocation strategies [Pet70, JLMC00]. In this context, typical strategies and

rules of thumb for the distribution of tolerances are [JLMC00]:

• the same tolerance method, i. e. all tolerances ti are equal (t1 = t2 = … = tn),

• the constant precision factor method, which “is based on the rule of thumb, that the tol-

erance of a part increases as the cubic root of the nominal size” [JLMC00], i. e. ti = P 3
√
di,

where di is the nominal size corresponding to the ith tolerance ti, J is the functional re-

quirement on the assembly, and P = J/
(∑n

i=1
3
√
di
)
is the precision factor,
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• the same influence method, which employs the linearity coefficient42 ξi and leads to

t1ξ1 = t2ξ2 = … = tnξn (tighter tolerances for dimensions with larger linearity coeffi-

cient),

• the proportional scaling method (each tolerance is proportional to its corresponding

dimension), leading to d1/t1 = d2/t2 = … = dn/tn,

• and the assignment of tolerance values according to the process capability of eachmanu-

factured dimension, i. e. looser tolerances are assigned to processeswith larger variation,

whereas tighter tolerances are assigned to processes with less variation [Pet70].

Tolerance Analysis and Variation Simulation As soon as some initial values for the spe-

cified tolerances are assigned, a tolerance analysis is performed to check if these tolerance

types and their values ensure the quality levels defined on the key characteristics. Various ap-

proaches for the tolerance analysis and variation simulation have been proposed in research

and quite a few proprietary tolerance analysis tools are available, which are used to establish a

(analytical or numerical) relationship between the different (dimensional and/or geometrical)

tolerances t = [t1, …, ti, …, tn] and each key characteristic Y [NT95]:

Y = f (t,β), (2.1)

where β is a vector that may contain further parameters depending on the model used and the

analysed mechanism, such as the number of analysed points or the considered directions. In

this regard, the tolerance representation, which “refers to how tolerances are represented

computer-internally […] for the description of the mechanism without and with geometric

variations” [Dan14], is of great importance. However, a detailed overview of the different

approaches and computer-aided tools for tolerance analysis and variation simulation based

on various tolerance representation schemes is given in the following section 2.3.3.

Tolerance Synthesis If the results of the tolerance analysis reveal, that the specified toler-

ances and their values not ensure the required quality level regarding the key characteristics,

then the tolerances have to be revised. In general, this step is called tolerance synthesis,

which aims at adjusting the initial tolerancing or GD&T scheme (i. e. both tolerance types

and values) by reasoning based on the tolerance analysis results to finally achieve the qual-

ity goals. To perform this, tolerance specification, tolerance allocation, and tolerance analysis

are iteratively repeated, and coupled with a synthesis step to identify suitable part tolerances

from given geometrical product requirements [WW00]. In this regard, the terms “tolerance

allocation”, “tolerance synthesis”, and “tolerance optimization” are oqen used interchangeably

in literature43. However, in the context of this work, these terms are understood as connec-

ted, but distinct activities, with tolerance allocation referring to the assignment of first, oqen

427e linearity coefficient can be regarded as the partial derivative of the functional relationship between the
tolerances and the key characteristic with respect to the corresponding tolerance, i. e. ξi = ∂f (ti)/∂ti .

43While tolerance synthesis “is regarded as a tolerance allocation and a tolerance optimization method taking
into account manufacturing and inspection aspects” in [Dan14], it is broadly understood as “the process
of taking some desired behaviour of the design function along with suitable models relating tolerances to
manufacturing cost and computing a set of tolerances which minimize the cost” in [GT93a].
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tentative, tolerance values, that are adjusted during tolerance synthesis, which in turn may be

performed employing tolerance optimization methods and tools.

Tolerance Optimization Particularly, a tolerance optimizationmay be performed if the

assigned tolerancing scheme, which comprises the specified tolerance types, seems sufficient

and only the tolerance values are to be optimized regarding quality and cost. For this pur-

pose, mathematical optimization algorithms are applied to compute the tolerance values, that

balance the trade-off between loose tolerances, which may entail decreased quality, and tight

tolerances requiring increased manufacturing and inspection costs. During the last decades,

various approaches for the tolerance optimization have been proposed, with most of them

aiming at minimizing the tolerance-related costs C(t) on condition, that the mechanism under

consideration fulfils its intended function [BG70b, WCT98, HC02a], i. e. that the (set of) key

characteristic(s), which is computed using a given tolerance analysis model, is inside a func-

tional domain spanned by upper (USLY ) and lower (LSLY ) specification limits [GS15]. Hence,

the tolerance optimization problem is formulated as:

minC(t) subject to USLY – f (t,β)
︸ ︷︷ ︸

=Y

≥ 0 and f (t,β)
︸ ︷︷ ︸

=Y

–LSLY ≥ 0. (2.2)

7e tolerance-related costs C(t) are oqen expressed as the sum of the individual tolerance-

related costs c(ti) for the n tolerances in the tolerancing scheme [BG70a], i. e. :

C(t) =

n∑

i=1

c(ti), (2.3)

7ese individual tolerance-related costs c(ti) are modelled by tolerance-cost relations, with re-

views of commonly used tolerance-cost models being e. g. given in [WEE88, CGLH90, DHX94,

Cre97] and an approach for the automated cost modelling being presented in [DW98]. Figure

2.17 highlights an exemplary (multi-process) tolerance-cost function for a dimension, that can

be manufactured by three different manufacturing processes depending on the required preci-

sion, with each process implying an own tolerance-cost characteristic. Although a variety of

different tolerance-cost functions has been proposed in the literature, it has been shown, that

most of them can be generalised by the following equation [ATLD14]:

c(t) = a + b · e–m(t–tlim) · (t – tlim)
–k , (2.4)

where c(t) are the costs associated with a certain tolerance t and a, b, m, k, and tlim are fixed

parameters, which have to be identified based on tolerance-cost information gathered from

production. A review of such tolerance-cost information is given in [BG70a], from which it

can be found, that the disproportionate increase of cost with tightened tolerances as shown

in Figure 2.17 has been confirmed only for certain machining processes, whereas other manu-

facturing processes, such as forming, show an almost linear trend. 7is can also be seen from

the charts provided in [CM88] and has also been reported by companies according to [Kle12].

However, the individual tolerance-related costs are not only caused by fabrication, but may
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also comprise costs related to inspection and assembly. 7e solution of the optimization prob-

lem formulated in eq. (2.2) is performed employing mathematical optimization algorithms,

where early works on this issue can for example be found in [BG70a, BG70b, Pet70, Spe72,

Spo73, Kum83] and reviews of such approaches are provided e. g. in [NO98, HC02a, KPB16].

Beside these early approaches to the tolerance optimization, various adoptions and exten-

sions have been proposed, such as the consideration of correlated tolerances ti in [GS09] and

non-normal, non-independent variables in [GS15] as well as the extension of the optimization

problem to systems in motion in [WW13, WSW15]. Moreover, the selection of alternative

manufacturing processes is treated in [SBR11a, SBR11b], whereas measurement and adjust-

ment activities in assembly have been considered in the optimization problem formulation in

[GLLH15]. Also related to the adoption of the optimization problem is the consideration of

a trade-off between cost and product sensitivity in a multi-objective optimization formula-

tion for tolerance optimization applied to an automobile body structure assembly in [LIK+08]

as well as of multi-constraints in an aircraq assembly model in [WYWSC16]. Furthermore,

a trade-off between economic cost and environmental impact in a multi-objective tolerance

optimization for automotive assemblies has been presented in [HDS13b, HDS14].

Whereas the typical tolerance optimization problem given in eq. (2.2) aims at minimizing

the tolerance-related costs on condition that a certain quality level is ensured, there are also

approaches, which follow the assumption, that the cost of missed key characteristics due to

variations can be described by a quality loss function [DZ88, WCT98, WT98, CC01, HZX05,

Hsi06, PRA07, Adr09, MDS09, SKC10, Cha15, JLW15, ZLW15]. In this regard, the quality loss

L is usually described by Taguchi’s (quadratic) quality loss function [Tag86], which expresses

L as a function of the difference between the actual value Y of the KC from its target value Yt
and a cost coefficient K [DZ88] (see Figure 2.17):

L(Y ) = K(Y – Yt)
2. (2.5)

Based on this assumption, the tolerance optimization problem is re-formulated as a straight

cost minimization problem:

min L(f (t,β)) + C(t)
︸ ︷︷ ︸

=Total Cost

, (2.6)

where tolerances t are to be identified, that balance the sum of the quality loss due to loose tol-
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erances and increased tolerance-related costs due to tight tolerances. 7e relationship between

the tolerance-related costs, the quality loss, and the total cost can be seen from Figure 2.17.

Depending on the chosen optimization strategy and the available tolerance-cost relations

(e. g. discrete tolerance grades vs. continuous tolerance values), different mathematical op-

timization algorithms, such as the Lagrange multiplier method [WCT98, KPB16], evolution-

ary algorithms (such as genetic algorithms) [SJJ05], meta-heuristic algorithms [MDS09], or

particle-swarm optimization algorithms [For09, SBR11a, SBR11b], may be applied to solve the

tolerance optimization problem. In this context, it should be mentioned, that the optimiza-

tion strategy formulated in eq. (2.6) is an unconstrained optimization problem, focusing on

the minimization of the total costs as the sum of tolerance-related costs and the quality loss,

whereas the strategy in eq. (2.2) is a constrained optimization problem, which usually has its

solution on the boundary of the search space spanned by the constraints (i. e. the functional

specification limits). 7is is because the tolerance-cost relations c(t) as well as the relations

between the tolerances and the key characteristics f (t,β) are usually monotonic44.

Despite the broad research interest in this topic during the last decades, tolerance optimiz-

ation is not widely spread in industry. 7e reasons for this are a lack of information about the

tolerance-cost relations, which hinders the identification of tolerance-cost model parameters,

the limitation to dimensional tolerances, which holds for most of the presented tolerance op-

timization approaches, the difficulties in identifying suitable specification limits for the key

characteristics, and the non-trivial formulation of adequate tolerance optimization strategies,

that are in line with the company strategy. Furthermore, as can be seen from eqs. (2.2) and (2.6),

the results obtained by tolerance optimization approaches totally depend on the tolerance ana-

lysis model used to predict the key characteristics from the set of tolerances t. 7us, adequate

tolerance analysis models are a prerequisite to produce reliable tolerance optimization results

[WEE88, HC02a].

Part Optimization As it has been mentioned, the tolerance specification, the tolerance al-

location, the tolerance analysis, the tolerance synthesis, and optionally the tolerance optim-

ization are performed iteratively for different product and process concepts in order to assess

the advantages and disadvantages of each concept and to bring about a decision for the fur-

ther product development proceeding. Based on this decision, the most deviation-prone parts

of the favoured concept are optimized to further reduce their sensitivity to noise factors,

such as manufacturing-caused deviations as well as thermally or mechanically induced part

deformations, and thus to decrease their introduced part deviations during operation.

Computer-Aided Process Planning and Tolerance Transfer Once the product defini-

tion, including all required tolerances, is specified, adequate manufacturing processes are to

be selected, which is usually performed based on process capability charts, and the design tol-

erances are to be transferred to tolerances suitable for manufacturing, which is usually called

44Tolerance-cost relations are generally monotonically decreasing with increasing tolerances, since looser tol-
erances are cheaper to manufacture, whereas the relation between the tolerances and the key characteristics
is usually monotonically increasing, as looser tolerances usually lead to decreased quality.
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tolerance transfer [HC02a] or tolerancing in process planning45 [FWB86, Wei88]. Various

approaches have been proposed to support this activity, such as a soqware tool, which also

helps to identify the minimal dimensions for the raw material, in [FWB86], and a module

for the tolerance transfer of one-dimensional tolerances in [Wei88]. Moreover, an approach

for the definition of the optimal part position in the machine tool workspace with regard to

accuracy and cost is presented in [SDP95] and an automated tolerance analysis method for

computer-aided process planning is highlighted in [ZM95]. Furthermore, the optimization of

tolerances in the context of process plan simulation has been discussed in [HCLD06]. Beside

this, the generation of manufacturing tolerances and process plans for ISO GPS specifications,

particularly geometrical tolerances, is investigated based on the Small Displacement Torsor

(SDT) in [AL05, RA16], based on the concept of technologically and topologically related sur-

faces (TTRS) [CCD+89, CDR91, DC94] in [JBL+11], and based on a vectorial representation

of tolerance zones in [MB12]. Additionally, a review of further approaches for the tolerance

transfer can be found in [HC02a].

Jig and Fixture Design Based on the part design and the decided process plan, the fix-

tures and jigs for the different manufacturing steps are to be designed in order to allow the

physical manufacturing of the parts. In this regard, a fixture is considered as a “tool used

for locating and firmly holding a workpiece in the proper position during a manufacturing

operation” [Hen73], whereas a jig “is a type of fixture with means for positively guiding

and supporting tools for drilling, boring, and related operations” [Hen73]. Since the fixture

and jig layout has distinct effects on the accuracy of the manufacturing operations [CHC04],

various computer-aided tools are used for their proper design, optimization, and verification

[Cab90, RH05, NRFK14, DFC15]. Particularly, the assignment of locator tolerances has been

identified as an important issue in fixture design [KRY03a, KRY03b, KRY03c] and different

models have been proposed to study the effects of locator tolerances on the product key charac-

teristics in single or multi-stage machining [LZC07] or assembly processes [HLB+07, HLKC07,

LIK+08, QLMW16,WCS16]. In this regard, the allocation of locator tolerances has been invest-

igated under the term “process-oriented tolerancing” [DJCS00, DJCS05] to emphasize the fact,

that process-related tolerances are analysed and allocated instead of product tolerances. In

order to model the relationship between locator tolerances and the product characteristics,

these process-oriented tolerancing approaches also considered fixture maintenance policies,

cu@ing tool wear, and the thermal state of the machine tools [CDJC06, ANLS13].

Inspection Preparation and Tolerance Verification When parts are manufactured, they

need to be verified against the specified tolerances in order to prove their fitness for purpose.

7is activity is called tolerance verification or tolerance evaluation [HC02a], which aims at

defining “inspection planning and metrological procedures for functional requirements, func-

45“Process planning, in the manufacturing context, is the determination of processes and resources needed for
completing any of the manufacturing processes required for converting raw materials into a final product to
satisfy the design requirements and intent and respect the geometric and technological constraints” [EN14].
Computer-aided process planning is considered as the “missing link between computer-aided design and
computer-aided manufacturing” [Wei88].
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Figure 2.18: Conformity and Nonconformity Zone as well as Uncertainty Range of a Specific-
ation according to [ISO14253-1]

tional specifications and manufacturing specifications” [MB07] and “permits to close the pro-

cess loop, to check the product conformity and to verify assumptions made by the designer”

[MB07]. 7e tolerance verification is nowadays usually performed by assessing “the geometric

deviations of a part using the data obtained from the coordinate measuring machines (CMM)”

[HC02a], whereas the set of inspection points on the single parts and the final assembly is de-

cided during inspection preparation [SLC06b]. In this context, particularly, the processing

of measured point sets obtained from CMMs in conformance to the standards for the geo-

metrical product specification and verification has been identified as a critical research issue

[BBM91], which led to the term computational metrology [Sri91, Hop93, Sri05, Sri06], that

broadly covers all computational problems and their solutions related to the verification of

manufactured parts [Sri91] and is defined in a narrower sense as “fi@ing and filtering of dis-

crete geometric data” [Sri06]. In this regard, an approach for the verification of location toler-

ances with degrees of freedom has been presented in [BLM94] and a least-squares approach

for the evaluation of geometrical deviations has been proposed in [YM96]. Moreover, the

tolerance evaluation for vectorial tolerances has been discussed in [Yau97]. However, an over-

view of different approaches for the verification of geometrical deviations from point clouds is

given in section 5.2. Beside this, the interaction between dimensioning, tolerancing, and met-

rology has been highlighted in [Hoo93], whereas the representation of geometrical tolerances

in measurement processes has been studied in [ZPW06].

7e tolerance verification inevitably introduces measurement uncertainties, which decrease

the conformity zone of each specified tolerance [ISO14253-1], with the specification zone, the

conformity zone, as well as the uncertainty range being qualitatively illustrated in Figure 2.18.

7us, the tolerance verification should be considered “early in the design activities to be able

to evaluate uncertainties” [MB07], where for example the effects of measurement errors on

the form deviation estimation have been investigated in [LZW01] and their influences on the

process capability estimation are discussed in [FKM11]. In this regard, it can be found, that

the measurement uncertainties have distinct effects on the observed process variation, since

the “measurement inaccuracy leads to the measurement results being distributed wider than

the actual process values” [FKM11] (see also Figure 2.19). In order to consider these effects

in the process capability estimation, a model for the calculation of escape and overkill rates
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has been presented in [FKM11]. Moreover, various approaches for the measurement uncer-

tainty evaluation have been proposed, such as the “Guide to the Expression of Uncertainty in

Measurement” (GUM) [JCG08], and a procedure for the validation of measuring systems and

measurement processes has been standardized in ISO 22514-7:2012 [ISO22514-7]. Additionally,

early cost estimation approaches for the tolerance verification [MPT11] and methods for the

optimal inspection strategy planning [MP14] should be applied already during the specifica-

tion stage to assess the influences of the tolerance verification on the conformity decision and

hence on the product quality and cost.

Process Capability Evaluation and Statistical Process Control In series production, the

measurement results of the different product specifications are oqen used to compute process

capability indices, which serve as measures “to compare the requirements of specification

with the capability of the manufacturing process” [PK06]. 7ese indices are widely used to

communicate the relationship between the specification limits and the actual process per-

formance as well as to establish a feedback-loop to the specification stage frommanufacturing

[Cre97, KM12b]. 7is may be performed by building process capability databases for differ-

ent manufacturing processes from manufacturing data and the provision of these databases

to design and process planning teams [Cre97, KA12, ORE+14]. However, “the interpretation

of these indices depends on assumptions that are oqen not made explicit” [PK06] and that

“may not necessarily hold true for a specific process” [PK06]. Among these assumptions are

that the considered process is in statistical control, that the specification is one-dimensional,

and that it follows an univariate Gaussian distribution [PK06]. 7ere exists a wide variety

of different process capability indices, with the most prominent being the precision index cp,

which firstly appeared in the literature, the process accuracy ca, and the well-known cpk index

[PK06, Cre97]:

cp =

Allowed Design
Variability

︷ ︸︸ ︷

USL – LSL

6σ
︸︷︷︸

Manufacturing
Variability

, ca = 1 –

∣
∣
∣µ – USL+LSL

2

∣
∣
∣

USL–LSL
2

, cpk = min

{
USL – µ

3σ
,
µ – LSL

3σ

}
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Figure 2.19: Effects of Measurement Uncertainties on the observed Process Variation accord-
ing to [FKM11]: Influence ofMeasurement SystemVariation on the observed Process Variation
(leq) and Effect of Measurement Bias on the observed Measurement Average (right)
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where µ is the sample mean and σ the sample standard deviation of a measure X :

µ =
1

n

n∑

i=1

Xi, σ2 =
1

n – 1

n∑

i=1

(Xi – µ)2 . (2.8)

Beside these basic indices, the cpm index, which is oqen called Taguchi index and is based on

the squared quality loss function (eq. 2.5), is gaining increasing a@ention in the automotive

industry recently, since it “concentrates on measuring the ability of the process to cluster

around the target” [PK06], whereas the aforementioned indices rather focus on the process

variability and do not take into account the cost of missing requirements [PK06]. It is defined

as [PK06]:

cpm =
USL – LSL

6 ·
√

σ2 +
(

µ – USL+LSL
2

)2
. (2.9)

All these process capability indices are constructed in such a way, that a value of greater or

equal to 1 indicates a well-balanced relation between the design specifications and the manu-

facturing variability, whereas a value below 1 implies increased scrap or rework [PK06]. Be-

side these basic process capability indices, which are predominantly used for dimensional

tolerances with univariate Gaussian distributions, various other indices have been proposed,

such as for position tolerances in [TL09], for geometrical tolerances with material modifiers in

[TC12], and for multivariate distributions in [GG16]. Moreover, the relationship between the

process capability and the geometrical complexity of a part has been investigated in [LT15].

7ough process capability indices capture some basic information about the manufacturing

process, they also imply significant intrinsic weaknesses and limitations, which can be traced

back to their underlying assumptions. However, their use in industry to define certain quality

levels related to geometrical specifications is widely used. Moreover, they have also been used

for the process-related tolerance allocation in [Hol93], for the tolerance synthesis based on

a surrogate model of the process capability in [HPC09], for the tolerance optimization con-

sidering the manufacturing context in [MCLY09], for the process-based tolerance assessment

in [SRSB16], as well as for the assessment of the assembly quality employing a fuzzy-based

analysis in [KM12a] and the maximization of process tolerances in [Con13]. Further details

about process capability indices and their estimation can be found in [PK06] and the standards

ISO 22514-1:2014 and ISO 22514-2:2013 [ISO22514-1, ISO22514-2].

Moreover, permanentmeasurements of dimensional and geometrical tolerances duringman-

ufacturing are widely used for the statistical process control, which has been proposed by

Shewart [She30, She31] and employs (quality) control charts for the steady assessment of the

process stability. In this regard, the statistical process control based on vectorial tolerancing

has been highlighted in [Mar96] and the geometrical dimensioning and tolerancing for qual-

ity control has been discussed in [HG92]. However, further details on different control charts

and the statistical process control can be found e. g. in [She30, She31, GS13] and the standards

ISO 7870-1:2014, ISO 11462-1:2001, and ISO 11462-2:2010 [ISO7870-1, ISO11462-1, ISO11462-2].
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Root Cause Analysis and Process Optimization During full production, various errors

and problems in themanufacturing and assembly processesmay occur, which need to be detec-

ted and adjusted [SLC06b]. In order to perform this, root cause analysis can be applied, which

aims at identifying the root causes of such errors and their removal [WDA93]. In the context

of geometrical variations management and tolerancing, e. g. an approach for the root cause

analysis based on the stream of variation analysis method has been proposed in [CHZ+04]

and a method for the root cause analysis in assembly processes aiming at reducing the di-

mensional variation in assemblies has been highlighted in [CS03]. Moreover, based on steady

measurements of process and product data, manufacturing and assembly processes may be

optimized. In this context, e. g. the optimization of manufacturing processes for machined

parts regarding their geometrical quality has been investigated in [MSD05, LABH06]. Further-

more, a method for the se@ing of optimal process means has been discussed in [DSMW15] and

the optimization of sheet forming processes has been investigated in [LLDM15] and of deep

drawing processes in [ABW14].

However, due to the increasing complexity of modern manufacturing and assembly pro-

cesses, the root cause analysis as well as the (statistical) process optimization are demanding

research issues, where further details on these issues can be found e. g. in [WDA93, SM16].

Tolerance Analysis and Tolerance Visualization 7e assessment of the effects of differ-

ent assembly sequences, geometrical deviations of single parts, and other design and process

parameters on product key characteristics during the product and process development pro-

cess is nowadays widely performed by the use of tolerance analysis and variation simulation

tools. Moreover, the visualization of geometrical deviations on the part, assembly, or product

level strongly supports decision making in the design, pre-production, and production stages.

7us, an overview of the different approaches for the tolerance analysis and variation sim-

ulation as well as of means for the tolerance and variation visualization is given in the next

section.

2.3.3 Computer-Aided Tolerance Analysis

Tolerance analysis, sometimes also called variation simulation [LH97, SLC06b, LLS07, HCBS13,

WSL13, LCE+14], can be considered as a “key element in industry for improving product qual-

ity and decreasing the manufacturing cost” [DGD+12] as well as for reducing scrap and cus-

tomer returns [DGD+12, QDS+12], which “affects not only the performance of products but

also the cost” [CJLL14]. 7is is because it prevents the need for cost- and time-expensive phys-

ical mock-ups and part prototypes during product design and is thus a means for improving

the product development performance. Moreover, it is an inevitable tolerancing activity, since

“any tolerance allocation guidelines to be offered to designers must be based on tolerance

analysis investigations” [WEE88]. Beside its wide applicability in design, it can be used in

the pre-production stage to support process planning activities and the tolerance verification

and it can be used in the production stage to support the root cause analysis and the process

optimization.
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Due to its high importance, tolerance analysis is quite a prominent research topic [HC02a,

GAMQ14, CMJ15] and enjoys strong acceptance in industry. 7is section is to give an introduc-

tion to this issue as well as to provide an overview of different approaches for the computer-

aided tolerance analysis.

What is Tolerance Analysis? Various answers to this question have been given during

the last decades, with a set of slightly differing definitions of the term “tolerance analysis”

being collected in Table 2.3. Based on the review of these definitions, tolerance analysis can

be found as an activity aiming at virtually predicting the effects of geometrical specifications

on assembly or product key characteristics by building, evaluating, and interpreting adequate

mathematical models for the representation of geometrical specifications as well as for their

accumulation.

Table 2.3: Different Definitions of “Tolerance Analysis”

“Tolerance analysis is the process of taking known tolerances and computing their effect on a par-

ticular design function.” [GT93a]

“Aqer specifying the variation of the individual components in an assembly, the propagation of the

variations in the assembly must be determined. 7is is frequently referred as tolerance analysis.”

[CGMS96]

“Tolerance analysis is a method to verify the proper functioning of the assembly aqer tolerances

have been specified.” [SHP+96]

“In variation analysis, statistical data […] for the total population are calculated for the specified

critical assembly dimensions.” [JS00]

“It [tolerance analysis] is a method to verify the proper functionality of a design, taking into account

the variability of the individual parts. While the methods of analysis can be either deterministic or

statistical, the design models to be analysed can be of 1D, 2D or 3D.” [HC02a]

“7e objective of tolerance analysis is to check the extent and nature of the variation of an analyzed

dimension or geometric feature of interest for a given GD&T scheme. 7e variation of the analyzed

dimension arises from the accumulation of dimensional and/or geometric variations in the tolerance

chain.” [SASD05]

“7e purpose of tolerance analysis is to study the accumulation of variations on a geometric a@ribute

of interest (dimension, location, orientation, etc,[…]). 7e need for this arises because the analyzed

dimension is not explicitly specified. 7e most common case is analysis of clearances in assemblies.”

[SASD07]

“7e aim of the tolerance analysis is to study the accumulation of dimensional and/or geometric

variations resulting from a stack of dimensions and tolerances. 7e results of the analysis are mean-

ingfully conditioned by the mathematical model adopted.” [BYWC13]

“Tolerance analysis: the stackup of errors allowed by selected tolerance values is evaluated and com-

pared to design requirements (possibly more than once during the allocation procedure).” [Arm13]

“7e objective of tolerance analysis is to check the feasibility and quality of assemblies or parts for

a given GD&T scheme. 7e results of tolerance analysis include worst case variations and statistical

distribution of functional requirement, acceptance rates, contributors and their percent contribu-

tions, and the sensitivity coefficients with respect to each contributor.” [CJLL14]

“Tolerance analysis: it concerns the verification of the value of functional requirements aqer toler-

ance has been specified on each isolated part. 7is verification is totally dependent on the models

chosen before. A lot of tools are also generally provided to the designer to understand the results. ”

[Dan14]
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Figure 2.20: Task Se@ings for the Tolerance Analysis in Geometrical Variations Management

In this regard, it can be found, that the task se@ing for the tolerance analysis can be roughly

divided into part tolerancing, i. e. answering the question “How much part variation is ad-

missible given a specific product and assembly design to ensure the required product quality

level?”, and in assembly design and process tolerancing, i. e. identifying adequate solutions to

the problem “How should the parts be assembled given an irreducible amount of part variation

in order to achieve the required quality level?” (see Figure 2.20). Beside this, various other

issues may require or can be supported by tolerance analysis, such as the specification of ad-

missible operating windows (“Which operating conditions are admissible considering thermal

expansion or elastic deformations of parts given a specific product and assembly design to

ensure the required product quality level?”) [AS13], or process-oriented tolerancing (“Which

fixture tolerances are required to ensure the geometrical part requirements in multi-station

manufacturing and assembly processes?”) [ANLS13], which can be classified as part toleran-

cing problems.

Main Issues in ToleranceAnalysis All of these aforementioned questions require a quant-

itative relationship between the different part tolerances t = [t1, …, ti, …, tn] in the tolerancing

scheme as well as all other parameters in geometrical variations management and the key

characteristic Y of the assembly. 7is analytical or numerical relationship is sometimes called

“stack-up function” [Pol12] or “assembly response function” [DGD+12] and is generally for-

mulated as Y = f (t, …) (see also equation (2.1)). In order to establish and evaluate this relation-

ship, mainly three mathematical issues in tolerance analysis can be distinguished according

to Dantan et al. [DGD+12, QDS+12, DDG15], namely (see Figure 2.21):

• tolerance representation, i. e. establishing mathematical models for the expression of

geometrical deviations, gaps, specifications, and requirements,

• tolerance propagation, i. e. modelling the effects of these geometrical deviations and

gaps on the assembly and system behaviour, and

• evaluation techniques, i. e. providing solution approaches for these models based on

assumptions about the tolerances and assembly gaps, such as worst-case or statistical

evaluation approaches.
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Figure 2.21: Mathematical Issues in Tolerance Analysis [DGD+12, QDS+12, DDG15]

In this regard, the first and probablymost important aspect46 of tolerance analysis is the tol-

erance representation, which “refers to how tolerances are represented computer-internally”

[Dan14]. It is required to map the different tolerance specifications as input parameters to

model-internal parameters, which are used to express the allowable geometrical part devi-

ations. 7is mapping generally requires the formulation of implicit or explicit inequations

between the tolerances and such model parameters, which is comparably straightforward for

dimensional tolerances, but not for tolerances with three-dimensional tolerance zones. In

this context, computer-aided design tools and solid modellers employ various methods for

modelling the three-dimensional nominal part geometry, which can be broadly classified as

wireframe models, surface models, solid models47, and voxel models [VWB+09]. Initial at-

tempts to the computer-aided tolerance representation aimed at creating variational solid

models using nominal parametric solid models for the construction of tolerance zones by

adding variations, i. e. inequations, to the model parameters [ASG11], see e. g. [HB78, TW87,

GZS88, Tur88, GT93a]. 7e limitations of these approaches regarding parts with many fea-

tures and multiple tolerance zones led to the idea of solid offsets [Req83, RR86], which were

then extended to variational surfaces [BS91, GT93b, GT93a, RL98, RL99] and tolerance envel-

opes [OBJ05, OBJ07]. Overviews of such approaches for the construction of tolerance zones

based on solid modelling are for example given in [KPMW03, ASG11]. In contrast to these ef-

forts, most of the established tolerance analysis approaches employ kinematic formulations48,

such as (linearised) homogeneous matrix transforms [WGJ94] or the small displacement tor-

sor (SDT) [BC76, BMLB96], other kinematic approaches [LZC07], or vector loops [GCM98,

WCH04] to model geometrical deviations within defined tolerance zones [DGD+12, DDG15].

Moreover, further approaches for the tolerance representation are for example reviewed in

[HC02a, SASD05, SASD07, CJLL14].

46As Mathieu and Ballu state: “7e representation of deviations and tolerances, on parts or assembly, is the
key problem of tolerancing” [MB07].

47Solid models can be further classified as boundary representations (BRep), constructive solid geometry (CSG),
hybrid, and further models [VWB+09].

48Beside these methods, further approaches for the formulation of translations and rotations exist [WS08], such
as rotation matrices, Euler angles, quaternions, screw transformations, screw axis, and Plücker coordinates.
Moreover, a rich survey on kinematic modelling is provided in [DS10].
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7e geometrical part deviations are then accumulated employing tolerance propagation

(also called tolerance accumulation) models in order to calculate the key characteristic

[DGD+12, Pol12]. Depending on the accumulation input, these tolerance propagation ap-

proaches can be classified as [DQ09, DGD+12, Pol12, QDS+12, DDG15, HTB15]:

• deviation accumulation approaches, in which the key characteristic is expressed as a

function of the geometrical part deviations, which oqen employs kinematic approaches

for the accumulation of geometrical deviations as well as of part displacements and gaps,

and

• tolerance accumulation approaches, in which the tolerance zones to be analysed are

expressed as subsets of multidimensional spaces, accumulated using operations on these

subsets, such as Minkowski sum and intersection, and compared to the functional subset

in the multidimensional space.

Typical deviation accumulation approaches are parametric ones, which “formalize the re-

lative position of any two surfaces of a mechanism at a specific point by a simple relation

(linear or non-linear) between parameters of position (translation and/or rotation)” [HTB15]

(see also [SASD05]), assembly functions of solid modellers used for the tolerance propaga-

tion of variational solid models, and kinematic approaches used for the accumulation of devi-

ations, displacements, and gaps based on matrix transforms, vector loops or Jacobian matrices

[SASD05, Pol12, HTB15]. Regarding the tolerance accumulation, most used multidimensional

spaces for the tolerance representation are the SDT and Tolerance-Maps® (T-Maps®), which

represent “a hypothetical Euclidean point-space, the size and shape of which reflects all vari-

ational possibilities for a target feature” [ASG11], as well as the gap space approach [ZM04].

7e various deviation and tolerance accumulation approaches, which build the relationship

between the model parameters and the key characteristic, can be classified as analytical and

numerical functions depending on the respective tolerance representation scheme [DGD+12].

7ese functions, that establish a quantitative relationship between the tolerances and the

key characteristic, may be evaluated considering different assumptions about the input toler-

ances. In this context, mainly worst-case and statistical approaches for the tolerance analysis

have been discussed in the literature, with worst-case approaches being for example presen-

ted in [DQ09, MGH11, MGH13] and reviews of statistical methods being found e. g. in [Eva74,

NT95, Mor98, HC02a]. However, also other evaluation techniques to the tolerance analysis

have been proposed, such as fuzzy logic and fuzzy sets [JLMC00, KM11, KMF11, KM12a, KM16]

as well as the non-probabilistic set theory [ZZL16].

Overview of Tolerance Analysis Approaches Based on the different solutions for the

aforementioned issues in tolerance analysis, a wide variety of tolerance analysis approaches

has been presented in the literature. Moreover, a considerable number of review papers is

available, such as [CP91, Tur93, NT95, NO98, SvHK98, HC02a, PG02, SASD05, SASD07, MP09,

ASG11, MP11b, MP11a, DGD+12, Pol12, BYWC13, CJLL14], which propose various classific-

ation criteria for tolerance analysis approaches. In this context, the tolerance analysis ap-

proaches are classified according to their tolerance accumulation input as displacement accu-

mulation and tolerance accumulation approaches in [DQ09, DGD+12, QDS+12, DDG15]. In
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contrast to this, a taxonomy based on seven criteria is proposed in [Pol12], in which these

criteria are the considered tolerance types, the consideration of the envelope and independ-

ency principle, of tolerance zone interactions, of datum precedence, and of material modifiers,

the model parametrization (e. g. for statistical tolerancing), the considered joint types, and the

considered functional requirements (only characteristics for points on features or also charac-

teristics defined on the features themselves). Moreover, five categories for distinguishing toler-

ance analysis approaches are highlighted in [CJLL14], namely the dimensionality (1D, 2D, 3D;

see also [CP91]), the objective (rigid vs. flexible assemblies), the level (part vs. assembly level),

the device (computer-aided vs. manual), and the phase (design, process planning, manufac-

turing, inspection). However, in order to provide an overview of the most common tolerance

analysis approaches in Table 2.4, the classification according to their tolerance representation

and tolerance propagation methods is adopted. Furthermore, these approaches will be briefly

discussed in the following and are schematically illustrated in Figure 2.22.

Probably the oldest and most commonly used tolerance analysis approach in industry are

one-dimensional tolerance stacks, which offer a simple and straightforward approach to

model the effects of part deviations on distances between different part features in an as-

sembly [Eva74, SASD05, SASD07]. In this regard, tolerance stacks include most oqen only di-

mensional tolerances, though modern modifications of this method also consider geometrical

tolerances [SASD05]. 7e procedure of performing the tolerance analysis based on tolerance

stacks comprises firstly the definition of a stack coordinate system, secondly the identification

of the stack path and the formulation of the stack equation (or tolerance chain), and finally the

evaluation of the stack equation using worst-case or Monte-Carlo methods [SASD05], where

the worst-case evaluation can be supported by tolerance charts, being “spreadsheets, where

each row represents the variations of a contributor” [SASD05]. Further details on this method

can e. g. be found in [Man04, Man05c, SASD05, SASD07].

Tolerance Stacks Parametric Variational Solid Model
Solid Offsets /

Tolerance Envelopes

Vector Loop Matrix Jacobian
SDT / Deviation Domain

/ Polytopes

l0 l1

l
+-

x

z

y


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


CγCβ –SγCα + CγSβSα SγSα + CγSβCα u
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Figure 2.22: Schematic Visualization of Tolerance Analysis Approaches according to [TW87,
IMK95, LL99a, SASD05, MP09, ASG11]
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In contrast to that, most commercial tolerance analysis tools are based on parametric tol-

erance analysis approaches (sometimes also called variational approaches), which “represent

the variability of an assembly, due to the tolerances and the assembly conditions, through a set

of parameters of a mathematical model” [MP11a]. 7us, in such parametric approaches, “the

analysed dimension is expressed as an algebraic function (an equation, or a set of equations)

that relates the analysed dimension to those on which it depends” [SASD05]. Sometimes,

these equations are linearised using the Taylor series expansion, leading to “linearised tol-

erance analysis”, whereas the direct use of these parametric functions is called “non-linear

tolerance analysis” [SASD05]. Moreover, the parametric models can be directly built on the

parameters used in computer-aided design tools to describe the nominal geometry or based

on abstracted feature models, which usually involves the expression of features by few points

and is the more common approach [SASD05, SASD07, ZW15a]. Beside this, it can be dis-

tinguished between vertex-based and feature-based approaches as well as between models

involving only translational parameters and models considering rotational and translational

parameters [MP11a]. 7e parametric or variational tolerance analysis approach is discussed

more in detail in [SvHK98, PG02, SASD05, SASD07, MP11a, Pol12].

A particular means of parametric models are variational solid models, which employ the

possibilities of solid modellers for the tolerance representation as well as for the tolerance

propagation by built-in assembly functions. Most of these approaches are based on the idea of

solid offsets by Reqicha [Req83], in which variational solid models are designed using fea-

ture offset boundaries. In this regard, Turner andWozny [TW87] use the vector space repres-

entation for tolerance zones, which limit geometrical deviations (translations and rotations)

for nominal part features, and use a linear programming approach for the generation of vari-

ationalmodels as well as for the tolerance analysis. Beside this, Roy and Li [RL98] use algebraic

constraints for the representation of form tolerance zones in variational solid models. 7e ob-

tained admissible surface points (points at the boundary of the form tolerance zone) are then

used as control points for modelling form deviations with NURBS and Splines. In [RL99], they

model size, location, and orientation tolerance zones by algebraic inequalities, in which the

deviation parameters are sequentially varied in order to keep the feature within the tolerance

zone (without considering form tolerances). Moreover, approaches for the tolerance propaga-

tion of solid offsets models (sometimes also called tolerance envelopes) employing the con-

figuration space have been presented in [IMK95, JSS97, SJ97, SJ98b, SJ98a, OBJ05, OBJ06].

A further, quite established tolerance analysis model, is the vector loop approach. It em-

ploys vector loops to model the assembly considering dimensional variations of the part fea-

tures and kinematic variations between mating part features [CGMS96, GCM98]. Further-

more, the direct linearisation method (DLM) has been introduced, which employs the linear-

ised Taylor expansion of such vector loops for assembly tolerance analysis [CGMS96, GCM98,

WCH04, IP09]. However, similar to the vector loop approach, only dimensional part devi-

ations are considered, which is not conform to tolerancing standards. More information about

these models can be found in [CGMS96, GCM98, PPC04, WCH04, SASD05, IP09, MP09, Pol11,

BYWC13].
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7e tolerance representation for assemblies based on homogeneous matrix transforms

has been proposed in [WGJ94] based on the fundamentals presented in [VW86], with the mat-

rix transforms describing feature deviations of orientation and location based on the six rigid

body degrees of freedom (dof). 7e advantage of this approach is the consistent representation

of nominal and variant features. However, no form deviations are considered. Similarly, Des-

rochers and Rivière [DR97] employ homogeneous matrix transforms to represent tolerance

zones, feature deviations, and clearances. Furthermore, homogeneous matrix transforms are

used to model situation deviations of features whereas a parametric vector representation is

employed to model intrinsic feature deviations in [CZM+11].

In contrast to the aforementioned approaches, which translate tolerance zones into vari-

ational part models or abstract mathematical deviation representations and use them for the

displacement accumulation, the followingmethods aim at representing tolerance zones as sub-

sets in the space of the Small Displacement Torsor (SDT) [BC76, BMLB96]. Based on the

assumptions of small rotations, it describes the displacement of a geometrical element by a

translation vector and a linearised rotation matrix wri@en as a three-element rotation vector

[BC76, BMLB96]. 7us, the SDT τ is given as τ = 〈t ω〉 with t,ω ∈ R3×1. By doing so, the

displacement ∆p of a point p is expressed as:

∆p = t + ω × p (2.10)

where t is the vector of translations, i. e. t =
[
tx ty tz

]
, and ω is the vector of rotations, i. e.

ω = [α β γ]. Hence, the SDT can be used to express the displacement of each part in an as-

sembly, leading to the part SDT, the displacement of points on a toleranced feature compared

to a substitute surface, leading to the deviation SDT, and the relative displacement between two

parts, leading to the gap SDT [BMLB96]. As the allowable displacements of each point on a tol-

eranced feature are constrained by the respective tolerance zone(s), inequations between the

entries of the deviation SDT and the respective tolerances can be formulated, which leads to the

concept of deviation domains as subsets in the SDT space representing respective tolerance

zones (this concept is also linked to the configuration space) [GSP07]. 7ese constraints and

consequently the boundaries of the deviation domains are in general not linear [HTB15]. How-

ever, there are approaches to express the deviation domains by polytopes and thus to replace

the non-linear constraints by sets of linear constraints [GSP07, HTB15]. 7e tolerance analysis

employing the SDT concept is performed by propagating the different SDTs, the deviation do-

mains, or polytopes using set operations, such as Minkowski sums and intersections, to obtain

the possible deviations of a feature or point of interest [TD11, LZLH14, HTB15]. Tolerance-

Maps® (T-Maps®) are based on a similar concept, though areal coordinates are used as the

multidimensional parameter space for the expression of deviations [DMS02, GSP07, ASG11].

In this regard, a T-Map® “is a hypothetical Euclidean point-space, the size and shape of which

reflects all variational possibilities for a target feature” [ASG11]. 7e tolerance analysis is then

also performed using Minkowski sums to accumulate the tolerance zones, which have been

expressed as individual T-Maps® [ASG11].

A further tolerance analysis approach is the Jacobian method, which models the effects

of small variations of toleranced functional elements (FE) on a key characteristic by Jacobian
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computations [LL99a]. In this regard, the nominal spatial relationships between pairs of func-

tional elements (internal and kinematic pairs) are expressed as matrix transforms, which are

used to build the tolerance chain [LL99a, MP11b]. Small translational and rotational variations

of an internal FE are then propagated employing the Jacobian matrix associated with the re-

spective FE, which is computed from the tolerance chain [LL99a]. However, further details

can e. g. be found in [LY98a, LL99a, LL99b, MP11b, Pol11, BYWC13].

7e Jacobian-Torsormodel combines the benefits of the SDT for the tolerance representa-

tion and the advantages of the Jacobian matrix for the tolerance propagation [CJLL15a]. More

information about this model can be found in [LGD02, Des07, GLD07, GLD10, Ghi10, CJLL15b,

CJLL15a].

Beside this, the analysis line method has been proposed by Anselmetti [Ans06] with

some similarity to an approach presented by Salomons [SPH+96, SHP+96]. It is “based on

transfer relations that have been established for ten classical junctions” [PA15]. 7ese linear

transfer relations are used to calculate the influences of the feature defects at certain analysis

points on the key characteristic along defined analysis directions. Further details are given in

[SPH+96, SHP+96, Ans06, CA09, ACYA10, Ans10, PA15].

Furthermore, the tolerance analysis based on the formulation of constraints (compatibil-

ity equations and interface constraints) and the subsequent solving of assembly or functional

objective functions considering the set of constraints employing numerical optimization al-

gorithms has been applied [SRW99, DMBM05, DQ09, FGP10, QDS+12]. In this context, par-

ticularly approaches, which integrate the quantifier notion (∃: “there exists”, ∀: “for all”) in
the mathematical formulation of the tolerance analysis problem and employ `antified Con-

straint Satisfaction Problem solvers and Monte-Carlo simulation for its solution, have been

proposed recently in [DMBM05, DQ09, QDS+12, BGDD13].

Tolerance Analysis So`ware Nowadays, computer-aided design (CAD) tools allow the

solid modelling of the nominal product geometry and the model-based definition of geomet-

rical tolerances by annotating geometrical specifications on the two-dimensional engineer-

ing drawing as well as on the three-dimensional49 solid part model [QRP+10], but though

they provide basic functionalities for the analysis of dimensional variations on key charac-

teristics, they are not capable of performing three-dimensional tolerance analysis. Hence,

in order to allow this, various computer-aided tolerancing tools have been proposed during

the last decades, which ground on the aforementioned tolerance analysis approaches and are

widely used in industry. In this context, an overview of some of these tools is given in Table

2.5 and reviews of the most common tolerance analysis soqware tools can e. g. be found in

[Tur93, PG02, SvHK98, SASD05, Sto10]. Beside the tolerance analysis, some of these tools offer

additional functionalities, such as a GD&T check, which assists and supports the user in the

tolerance specification by checking the consistency of the entered tolerancing scheme (see for

example the “GD&T Advisor” by Sigmetrix, LLC).

Regarding the underlying mathematical models, most of the proprietary tools use paramet-

ric tolerance analysis methods, whereas some tools perform spreadsheet analysis of tolerance

49Annotations on the three-dimensional solid model have also been discussed as a means for the communication
of the design intent in [CCJC14].
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Table 2.5: Overview of common commercial Tolerance Analysis Soqware Tools

Name So`ware Vendor Tolerance Representation

Variation

Analysis®
Siemens PLM Soqware, Inc. Parametric

Formerly VSA®; Application: [WG98]

Tecnomatix

em-TolMate®
Siemens PLM Soqware, Inc. Parametric

Further Info: moved to Variation Analysis®; Applications: [CG03, GFV12]

CETol6σ®
Sigmetrix, LLC Parametric

Further Info: used formerly Vector Loop

3DCS®
Dimensional Control Systems, Inc. Parametric

Application: [HLKC07]

MecaMaster®
MECAmaster Sarl. SDT

Further Info: [CLR12]

Sigmund Varatech, Inc. Parametric

Enventive®
Enventive Engineering, Inc. Parametric

Further Info: Also Functional Equations, Spreadsheet-based

TolAnalyst™ Dassault Systèmes, SE Parametric

RD&T®
RD&T Technology Parametric

Further Info: [SLC06b]

ASU GD&T

Testbed

Arizona State University T-Maps®

Design Automation Lab, Arizona State University, Tempe

Further Info: [DMS02, ASG11, MGD13, JDLS14, RHSD14]

PolitoCAT
I2M, Bordeaux Polytopes (SDT)

Institute of Mechanics and Engineering (I2M), Bordeaux; Open Source

Tolerance Stackup

Soqware Toolset

Advanced Dimensional Management, LLC Tolerance Stacks

Further Info: Spreadsheet-based

VarTran®
Taylor Enterprises, Inc. Tolerance Stacks

Further Info: Also Functional Equations, Spreadsheet-based

simTOL® Casim GmbH & Co. KG Tolerance Stacks

stacks, that are automatically created or have to be entered manually by the user. 7ough,

it has to be emphasized, that in general “the models used within the systems are not clearly

presented because it is very difficult to obtain information from CAT system vendors” [MB07].

Moreover, as Mathieu and Ballu highlight, “the actual solutions are very specific and are de-

scribed to the users as black boxes” [MB07], which leads to the fact, that “it is very difficult to

understand the models implemented and the results provided” [MB07]. Consequently, though

commercial tolerance simulation soqware tools are widely applied in industry, “the user has a

great difficulty to understand what happens when he uses commercial packages for tolerance

analysis” [MB07].

Applications and Adoptions of Tolerance Analysis Approaches 7e various tolerance

analysis methods have been applied to many applications and have also been extended to

allow the consideration of different sources of geometrical deviations. In the following, some

of these applications and extensions are briefly highlighted in order to provide an overview of

the broadness of research directions in tolerance analysis (see also Figure 2.23).

In the past, the different tolerance analysis approaches have mainly been used for the “tol-

erancing for assembly”, i. e. analysing the effects of tolerances on clearances in assem-

blies or on the product assemblability, as this has been the main concern in tolerancing for
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Figure 2.23: Selected Tolerance Analysis Applications and Extensions

many years [Voe98]. In this regard, a system for the tolerance analysis of mechanical as-

semblies based on the vector loop approach has been discussed in [CMG98] and a method

for determining the fi@ing conditions in assemblies using a gap-space approach has been

proposed in [ZM04]. Moreover, a framework for assembly tolerancing employing the SDT

is highlighted in [LZZ+16] and an algorithm for the generation of assembly configurations

based on the SDT and its integration in CAD has been discussed in [LTBT15]. Addition-

ally, assemblies with interrelated dimension chains for multiple key characteristics have been

the focus in [SJJ05] and particularly automotive body assemblies have been examined using

variation propagation models and stability analysis in [HW92, CS95, HK97, SL02, CZC+06,

CDJC06, HLB+07, HLKC07, Cai08]. Furthermore, stability analysis for assemblies without

[MBKR95] and with friction [MBK96] have been performed to identify part orientations, that

leave the assembly motionless under the effect of gravity. Beside this, approaches to the

assemblability analysis have been presented in [LY95, LY98b, LY98a, San99, LFW06] and

the tolerance analysis for over-constrained assemblies has been addressed for example in

[QDS+12, BGDD13, DDG15, DGDS15, LSRC15].

7ese aforementioned works focus on the effects of part deviations on assembly require-

ments, which is considered as a straightforward geometrical task [Voe98] andwhich is justified

by the assumption, that an assembly, that fits well, will also function properly. However, due

to steadily increasing requirements on the quality of technical products, there exists a growing

interest in considering the functional behaviour and operating conditions in computer-aided

tolerancing for ensuring the product function during use, which is referred to as “tolerancing

for function” [Voe98]. In this context, e. g. critical operating conditions, such as temperat-

ure and pressure, are determined for assemblies with parameter-dependent dimensions and

admissible operating windows based on a tolerance stack-up are evaluated in [AS13]. Partic-

ularly, the effects of thermo-mechanical strains, which have been determined analytically

or by finite-element analysis, on the behaviour of assemblies have been considered in [JHC02,

JST11] using dimension chains, in [WSW15] by vector loops, in [PTN09b, PTN09a, PTN14]

based on polytopes, and in [BA11] employing the analysis line approach. Beside this, four

methods for the consideration of part deformations of compliant parts and the integration
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of elastic displacements in tolerance analysis are proposed in [SG98] based on kinematic loops,

whereas compliant parts are considered in [CTBF07] based on the SDT, in [SPG07] employ-

ing elastic clearance and deviation domains, and in [VHD13] using dynamic splines. In this

context, the modelling and analysis of compliant sheet metal assemblies and automotive body

structures, sometimes also taking into account the place, clamp, fasten, and release (PCFR)

cycle, is a constant research issue [CG97, LH97, SACS03, SLD06, FGP11, GFP15]. Moreover,

the impact of geometrical deviations on the long-life fatigue of mechanical components has

been investigated in [GS12] and the effects of initial fit tolerances on the residual stresses in a

joint have been analysed using a finite-element analysis in [ZLT15].

Furthermore, various approaches for the tolerance analysis of mechanism50 have been

proposed. For example, a tolerance analysis framework for planar and spatial mechanism

based on the screw theory is presented in [KSS13], a parametric tolerance analysis approach

for planar mechanism is proposed in [SJ97], the force analysis method has been introduced as

a means for the tolerance analysis of planar linkages in [Arm15], and the tolerance zone ap-

proach has been used for the computation of the envelope of rotating parts in [LLS07]. Based

on the vector loop approach, the Direct Linearization Method has been employed for the tol-

erance analysis of mechanism considering position errors in kinematic linkages [WCH04] and

taking into account part flexibility in [IP09]. Moreover, vector loops have been employed for

the tolerance analysis of mechanism with lower kinematic pairs considering different kinds

of geometrical deviations, such as manufacturing deviations, deviations caused by elastic de-

formations and thermal expansion, and clearance in linkages [SM09]. 7e approach has been

extended with regard to the consideration of interactions between these deviations [WSW13]

and has also been used for the tolerance-cost optimization of systems in motion [WW13]. In

this regard, the consideration of joint clearances is a quite prominent research issue in the

context of tolerance analysis formechanism. For example, cardan joints considering tolerances

have been optimized in [HC00], the effects of joint clearances in linkages and manipulators

have been analysed in [TZW00], the kinematic sensitivity of linkages with joint clearances

has been investigated in [TL04], a robust tolerance design considering joint clearances is per-

formed in [HZ10], and the position accuracy in planar and spatial parallel manipulators is

estimated in [FSPB11, CWL13]. Apart from this, a rich survey on multi-body systems with

imperfect kinematic joints can be found in [MKI11], a comparison of clearance models for

revolute joints is given in [SMM02], and a joint clearance model for the tolerance analysis is

presented in [Pol14]. In contrast to that, the tolerance analysis for mechanism with higher

kinematic pairs is treated in [CW09] for a cam disk mechanism based on a parametric con-

tact analysis model and in [BDBM07, DBVB08] for bevel gears utilizing the combination of

the vector loop approach and a numerical contact analysis approach. Additionally, the kin-

ematic accuracy of gear mechanism is analysed in [HHZX15] and different approaches for the

tolerance analysis of gears are compared in [Dan15].

In contrast to the aforementioned methods, “process-oriented tolerancing”, which aims

at allocating tolerances to process variables instead of product variables, has been used to ana-

lyse the effects of fixture errors on part deviations [DJCS02, DJCS05]. In this regard, allowable

507e relationship between “assembly” and “mechanism” is for example studied in [DS10].
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deviations of locator positions in assembly [DJCS02, CHC04, QLMW16, WCS16] and machin-

ing fixtures [DJCS00, HS03, HYS03, Asa09, ANLS13] have been derived, where also different

fixture designs and maintenance strategies have been taken into account [CDJC06, ANLS13].

Most of these approaches use the stream-of-variation-analysis (SOVA) method for the vari-

ation propagation in multi-station machining and assembly processes [CHZ+04], which is

based on a state-transition model [MW99], that uses a model similar to the SDT for the toler-

ance representation and matrix transforms for the tolerance propagation [VW86]. Beside this,

also the effects of the assembly sequence on the assembly precision have been investigated

considering rigid [ZQ15] as well as compliant parts [CHC03, CHM04, MTB+11, LJZ+14] and

tolerance analysis by solid offsets has been used for the assembly sequencing [LWG97]. Fur-

thermore, an integrated approach for the parallel allocation of product and process tolerances

has been proposed in [LIK+08].

However, it should be noted, that the term “process-oriented tolerancing” as coined byDing,

Jin, and Ceglarek [DJCS00, DJCS02, DJCS05, CDJC06] is understood as an approach to “ex-

plicitly include process variables, such as the locator dimension and tolerance […] in the tol-

erancing scheme” [DJCS02] and should be clearly differentiated from the method of assigning

tolerance values according to process capabilities, which is also oqen translated to “process-

oriented tolerancing” [Man05a, Man05b], and ongoing research projects dedicated to the in-

tegration of virtual validation activities in geometrical variations management [WSH16].

SensitivityAnalysis in theContext of ToleranceAnalysis Sensitivity analysis51 aims at

studying the relationship between the different sources of uncertainty in the model input and

uncertainty in the model output [SRA+08]. 7ese relationships are most oqen quantified by

sensitivity indices (or sensitivity measures), that express the relative importance of the model

inputs to the output. In the context of tolerance analysis, sensitivity analysis is used to estimate

the influences of the different tolerances in the tolerancing scheme on the key characteristic in

order to improve the tolerance design [Wu97, SM09, ZW15b]. Beside this, it may also “provide

insights with respect to the correctness of the analysis (i.e. analysis verification), which input

uncertainties dominate the output uncertainties, and how to appropriately invest resources to

reduce uncertainty in analysis results” [HO04].

In this regard, various approaches to sensitivity analysis exist, such as graphical or index-

based methods, which have been classified and used for the evaluation of solution variants in

conceptual design in [EME+11]. In particular, different sensitivity analysis approaches have

been applied in the context of geometrical variationsmanagement and tolerance analysis, such

as the arithmetical contributor analysis, the statistical contributor analysis, and the high-low-

median sensitivity analysis [SM09], which are localmethods, as well as a global variance-based

sensitivity analysis framework [ZW15b, ZW15a]. 7e arithmetical contributor index for a tol-

erance ti is based on the linearity coefficient ξi of the corresponding tolerance, which is defined

as the partial derivative of the functional relationship with respect to ti, i. e. ξi = ∂f (t)/∂ti,

the specification limits of ti, and the arithmetical range of the key characteristic obtained from

worst-case evaluations [Man05a, Man05b]. In order to consider also the statistical distribution

51Sensitivity analysis is sometimes also called contributor analysis in the context of tolerancing [SM09].
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of each tolerance, the statistical contributor index also considers the statistical tolerance range

of ti and the statistical range of the key characteristic (obtained by statistical evaluations52),

both expressed as quantile differences [Man05a, Man05b]. In contrast to that, the high-low-

median analysis employs one-at-a-time (OAT) samplings and varies each tolerance between a

high and a low value while keeping all other tolerances at the median [SRA+08, SM09]. 7ese

local sensitivity analysis approaches are typically implemented in commercial computer-aided

tolerancing packages and have been applied to the uncertainty analysis for a crank-slider and

a disk cam mechanism in [GD07] and for the sensitivity analysis of parallel manipulators in

[TCG14]. 7eir advantage is that they can be computed very efficiently and as they partially

rely on linearity coefficients, their formulation is close to partial derivatives, which can be

“thought of as a mathematical definition of the sensitivity” [SRA+08].

However, the information offered by these local sensitivity approaches is quite limited, as

they are “only informative at the base point where they are computed” [SRA+08], which is par-

ticularly unfavourable for non-linear analysis models [SRA+08]. Indeed, as many commercial

CAT soqware packages employ linearised tolerance analysis models anyway, this disadvant-

age has no effect on the obtained results. Nevertheless, since tolerance analysis problems are

in general not linear, global sensitivity analysis approaches have been used to study toleran-

cing problems e. g. in [ZW15b, ZW15a], where variance-based sensitivity analysis methods

[Sob01, SRA+08] have been employed. 7ese variance-based methods ground “on a decom-

position of the variance in the model output into components each depending on just one

input variable, components each depending on two variables and so forth” [Pli10]. 7us,

they “provide a factor-based decomposition of the output variance” [Sal02] and overcome the

shortcomings of local sensitivity analysis methods. Different approaches for the estimation

of variance-based sensitivity analysis indices (based on the computation of the (conditional)

output variances) have been proposed, such as specific sampling methods (e. g. [KH06]), the

(extended) Fourier amplitude sensitivity test ((E)FAST), random balance design, or the Sobol

algorithm, which require the model to be evaluated at specific points in the input space [Pli10].

Moreover, a method for the estimation of these indices from given data has been presented in

[Pli10].

However, these variance-based methods “implicitly assume that this moment [the variance]

is sufficient to describe output variability” [Sal02]. Hence, current approaches to sensitivity

analysis employ moment-independent sensitivity indices [Bor07, LH09], which overcome the

limitations of variance-based methods and “unveil statistical dependencies that would not be

captured using variance-based statistics” [PBS13]. 7ey ground on the estimation of con-

ditional probability densities and are therefore called density-based sensitivity indices, with

details being described e. g. in [Bor07]. Moreover, some toolboxes for the sensitivity analysis

and uncertainty quantification have been proposed recently, such as the GSAT [Can12], the

SAFE [PSW15, PW15], and the UQLab toolbox [CoRUQ16]. Additionally, a review of recent

developments in the context of sensitivity analysis can be found in [BP16].

527estatistical evaluationsmay be performed by analytical approaches for the convolution of input distributions
(or for the estimation of moments of the output distribution) or based on the Monte-Carlo simulation [NT95].
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Figure 2.24: Tolerance Analysis Result Visualisation in commercial CAT packages

Visualisation in the Context of Tolerance Analysis 7e comprehensibility and inter-

pretation of tolerance analysis results largely depends on their adequate visualisation. Moreover,

the sound preparation and documentation of tolerance analysis results may support the reuse

of knowledge in the context of tolerance engineering [KUWA14]. In this context, most com-

mercial tolerance analysis soqware packages typically employ simple statistical data visual-

isation techniques, more particularly histograms and probability density plots, for the visu-

alisation of population key characteristics as well as bar plots for visualising sensitivity ana-

lysis results (see Figure 2.24). Some of these tools also allow the animated visualisation of

the assembly process considering part deviations. As the consideration of perceived qual-

ity and aesthetic key characteristics, such as gap and flush in car body assemblies, interior,

or smart-phones, is gaining increased relevance in the automotive and consumer goods in-

dustry53 [FS10, FKS13, QKFS13, HDS15], approaches for the visualisation of component and

assembly variation have also been proposed in scientific literature for rigid [SLC06b, SSW11]

and flexible parts [HCBS13], with some of these approaches having also been integrated in

virtual reality environments [WS04, WS07, SMW09]. Furthermore, a method for the visual-

isation of part variations considering different tolerance types has been proposed in [Koc06]

and a convex hull approach for the variation simulation of parts and assemblies, which is par-

ticularly applicable in early design stages, is proposed in [LSL06]. Beside this, volume visual-

isation methods have been investigated in [WS06, WSP07, PWW08], that aim at visualising a

set of variational parts in a single scene instead of focusing on one variational part per scene.

Consideration of Form Deviations and Form Tolerances in the Tolerance Analysis

7ough the aforementioned tolerance analysis approaches are based on different tolerance

representation schemes and employ various mathematical methods for the tolerance propaga-

tion, they all have in common, that they inherently neglect form deviations of toleranced fea-

tures. In order to overcome this shortcoming, few works aimed at considering form defects

in the tolerance analysis. While some of these works focus on the consideration of form de-

viations employing established tolerance analysis approaches, the majority of them make use

of discrete geometry representations, such as point clouds and surface meshes.

In this context, virtual transformations of single points have been introduced in the vector

53Gap and flush are also important issues from a functional perspective in the aircraq industry.
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loop approach to consider form defects in [CGMS96]. Beside this, form deviations are con-

sidered in the tolerance analysis using deviation domains by simply cu@ing subdomains of

the initial deviation domains according to the form tolerances in [CBA14a, CBA14b]. How-

ever, both approaches do not reflect the real assembly behaviour considering form deviations

of mating features, since they do not take into account part displacements due to irregular

contact points.

In contrast to that, several works focused on the consideration of form deviations in the

tolerance analysis by representing deviated workpiece geometry employing point-based mod-

els, such as point clouds and surface meshes. In this regard, e. g. Samper et al. investigated

the effects of form defects on two-dimensional [AFSP08, ASF10] as well as three-dimensional

assemblies [SAFP09, GLS11, GLSF13] (also considering part deformations in [GLS13]). 7ey

employ the modal tolerancing approach (see section 2.2.4) for the expression of part defects

and the generation of deviated workpiece representatives [SF06, FS07, SBF+10] and make use

of the difference surface, which is computed by subtracting the modal coefficients of mating

surfaces, for the contact determination between two features [SAFP09]. Due to this modal sur-

face decomposition for the difference surface computation, each two mating features have to

share the same discretization, which is a strong drawback in many situations. Beside this, an

approach for the integration of form defects by node displacement has been presented, which

employs quadratic functions for modelling the form defects and optimisation approaches for

the assembly modelling [MMLS10]. With some similarity to this, the modelling of form de-

fects is performed using morphing approaches and the assembly simulation is conducted by

finite-element solvers in [FGP11]. Moreover, Stoll and Wittmann use offset functions for

the generation of deviated surface mesh representations in [Sto06, SWM09, Wit11]. Further-

more, influenced by approaches of Pierce and Rosen [PR07b, PR07a], they present registra-

tion methods for simulating the position of these variant surface meshes in their assembly

surrounding [SWHP07, SLMW10, SWM09, GWHK09, SWM+10a]. 7ese approaches can be

used to generate workpiece representatives with elementary form deviations and to simulate

their assembly behaviour for particular assembly processes. However, they do not allow the

generation of part deviations according to specified tolerances, particularly when taking into

account multiply toleranced features. In addition, the proposed registration approaches re-

quire a great deal of know-how and are not applicable for arbitrary assembly processes. In

addition, Wittmann et al. proposed an adapted path-planning approach for non-ideal work-

pieces in [WWP09] and focused on the visualization of deviated part representatives using

volume visualization approaches [WS06, WSP07], while Stoll et al. also treated the visu-

alization of gap and flush situations in virtual reality surroundings [SMW09, SSW11, Sto12].

Beside these works, approaches for the consideration of manufacturing signatures in tolerance

analysis based on point clouds of deviated workpieces have been presented recently, which

use decomposition methods for the identification of manufacturing errors and the genera-

tion of deviated workpiece representatives as well as registration methods for the simulation

of two-dimensional mechanical assemblies [PM15b]. With some similarity to this, a method

for the consideration of form errors in planar datum features has been proposed in [Arm16],

which is limited to assemblieswith single three-point assemblymoves, and a tolerance analysis
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approach considering cylindrical joints also using modal decompositions and registration ap-

proaches has been presented in [HDL16]. Additionally, Zhang et al. proposed methods for the

generation of deviated workpieces using second order shapes and Gaussian sampling as well

as employing approaches known from statistical shape analysis [ZAMZ11, Zha11, ZAS+13],

while methods for the feature-wise generation of workpiece representatives with form errors

are presented in [YB16]. However, these works focus on the generation of single parts with

form defects, but do not study the effects of these form defects on the assembly behaviour.

In conclusion, it can be found, that, though some works are focusing on the adaptation of

established tolerance analysis approaches, particularly the application of discrete geometry

representations seems promising regarding the consideration of form deviations and form

tolerances in the tolerance analysis. However, in fact, current works on this issue allow to

quantify the effects of form deviations on the assembly behaviour of simple mechanical assem-

blies, but they are not capable of evaluating the effects of form tolerances on key characterist-

ics of more complex mechanical products. 7is is because these approaches lack of methods

for the tolerance representation, that are conform to international tolerancing standards and

allow establishing a relation between the introduced part deviations and the specified part

tolerances, particularly when considering multiply toleranced features. Consequently, these

works do not provide a comprehensive framework for the tolerance analysis considering form

deviations. Additionally, in order to enable the prediction of the effects of form tolerances

on the behaviour of complex assemblies, enhanced approaches for the relative positioning

and assembly simulation of point-based models are required. Beside this, the consideration of

form tolerances in the tolerance analysis of systems in motion is not sufficiently addressed yet.

7us, though there is an increased need and research interest in considering form tolerances in

the tolerance analysis by employing discrete geometry representation schemes, fundamental

issues are still to be investigated.
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3 Identification of Need for Research

7e aim of this chapter is to clearly identify the need for a comprehensive tolerance analysis

theory, that is capable of holistically considering form deviations and which is conform to

international standards for the geometrical product specification. In this regard, firstly a brief

discussion of the state of the art is provided, before the research gap is deduced. 7ereaqer,

the outline of the further work is briefly presented.

3.1 Discussion of the State of the Art

As it has been argued, geometrical deviations are observable on every manufactured arte-

fact and have distinct effects on the quality and function of mechanical products. 7us, these

geometrical variations have to be managed throughout the whole product life-cycle in order

to control their effects on the product behaviour. As it has been shown, this requires many

activities, that are nowadays performed by various departments and actors. Modern interna-

tional standards for the geometrical product specification and verification offer a language for

the unambiguous communication between these different actors and provide a sound scientific

basis for the specification of the allowable workpiece deviations as well as for their verification

based on few basic concepts and fundamental principles. 7ese standards for the geometrical

product specification are used as a toolbox during design to define the allowable geometrical

workpiece boundaries by dimensional and geometrical tolerances. Since these tolerances ex-

press the required workpiece precision, they havemanifold repercussions on all other stages of

the product life-cycle, such as manufacturing and inspection. Consequently, the tolerance spe-

cification during design is accompanied by a high cost responsibility, as tight tolerances require

cost-intensive manufacturing and measurement processes, whereas loose tolerances probably

lead to increased scrap and rework as well as deteriorated product quality. 7us, in order to

perform the tolerance specification activities during design efficiently, tolerance analyses are

employed to predict the effects of geometrical part deviations on assembly and product char-

acteristics. In this regard, “any tolerance allocation guidelines to be offered to designers must

be based on tolerance analysis investigations” [WEE88]. Hence, tolerance analysis is “key

element in industry for improving product quality and decreasing the manufacturing cost”

[DGD+12], since many tolerancing decisions rely on tolerance analysis results. Due to its im-

portance, manifold tolerance analysis approaches have been proposed during the last decades,

which have been applied to various problems and which have also been reviewed and com-

pared in a considerable number of review papers [CP91, Tur93, NT95, NO98, SvHK98, HC02a,

PG02, SASD05, SASD07, MP09, ASG11, MP11b, MP11a, DGD+12, Pol12, BYWC13, CJLL14].

Based on these works and a critical assessment of the underlying mathematical approaches

for the tolerance representation and tolerance propagation employed by the various tolerance

analysis methods, it can be found, that the established tolerance analysis theories are not cap-

able of holistically considering form deviations, imply shortcomings regarding the combin-

ation of three-dimensional tolerance zones, envelope and independency principle, material

modifiers, and datum precedence, and are consequently not fully conform to the standards for
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Figure 3.1: Observed geometrical Workpiece Deviations according to [Nie12]: as the Manu-
facturing Accuracy regarding Form Deviations increases far less than regarding Dimensional
Tolerances, the relative Importance of Form Deviations increases.

the geometrical product specification. 7ese issues also apply to commercial computer-aided

tolerancing packages, since they are based on the established tolerance analysis models and

“the tolerance representation and the analysis algorithms are chosen for the convenience of

the developers rather than the user” [MB07]. 7us, “none of the models proposed in the lit-

erature provide a complete and clear mechanism for handling all the requirements included

in the tolerancing standards, and this limitation is reflected also in the available commercial

CAT soqware” [Pol11].

3.2 Research Gap and Scientific Challenge

In times of ever tightening requirements on the function and quality of products, particularly,

the lacking consideration of form deviations by existing tolerance analysis approaches is a

critical shortcoming. 7is is because the functionality of mechanical products is increasingly

affected by form deviations of the single parts, since the manufacturing accuracy regarding

form tolerances is far less affected by the progress inmanufacturing technology than regarding

dimensional tolerances. In this context, “it is important to realize that different tolerance a@rib-

utes and different manufacturing inaccuracies have been shrinking at different rates” [Nie03],

considering that “dimensional tolerances and inaccuracies have been shrinking the fastest”

[Nie03], while “form, such as roundness, cylindricity, and flatness shrink at a much lower

rate” [Nie03] (see Figure 3.1). 7is has led to the situation, in which form deviations, “which

occur through normal machining processes, are sometimes greater than small dimensional

tolerances”54 [Hen91] and in which the general tolerances for form tolerances are already at

approximately half the size of the dimensional tolerances [ISO2768-1, ISO2768-2]. 7us, the

common and widespread assumption in tolerance analysis, that form deviations have only

minor effects on assembly and functional requirements and could consequently be neglected,

becomes more and more inappropriate with ongoing technological progress and may lead to

bad tolerancing decisions with serious consequences.

Beside this, also the lacking conformance to international standards for the geometrical

product specification is an important drawback of most tolerance representation schemes.

547ese results have been obtained from 9,500 measurements from Swiss companies, in which the straightness
deviation was greater than the dimensional deviation in 19%, and similar results have been obtained from
measurements in Germany, Japan, and the United Kingdom [Hen91].
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In this regard, the standards for the geometrical product specification are closely linked to

available verification methods, i. e. measurement and inspection technologies. Whereas veri-

fication processes were predominantly based on the measurement of two-point measures by

callipers and micrometers until the 1950s, coordinate measurement machines and optical in-

spection systems are nowadays widely spread in the industry and allow the fast collection of

large measurement point sets on the workpiece surface and their processing for the verifica-

tion of geometrical as well as of form tolerances at high precision. In contrast to that, the es-

tablished tolerance analysis approaches employ functional relationships either between single

points on the workpiece surface or between ideal substitute geometry elements. 7us, they do

not respect the established practice for the verification of tolerances and the obtained tolerance

analysis results consequently imply uncertainties regarding the real assembly characteristics

and discrepancies between the virtual models and the observed reality. In this context, as

Hong states, “a promising research direction would be the development of a 3D tolerance

analysis theory that models and handles the three-dimensional geometric tolerances per se”

[HC02a].

Moreover, as it has been shown, many departments and actors are involved in the geomet-

rical variations management process, who employ various tools for the prediction of physical

effects, such as manufacturing errors, part deformations, or thermal expansion. In this regard,

for example manufacturing process simulations are widely used to obtain information about

the expected part deviations and finite element methods are frequently employed for the struc-

tural analysis and the calculation of thermo-mechanical strains. In order to reduce analysis

uncertainties, there exist a “continuing need to resolve differences between these different

modelling and analysis techniques” [Wil03]. However, due to the limitations of the underly-

ing tolerance representation approaches, existing tolerance analysis methods hardly allow the

complete integration of results obtained by the different computer-aided engineering tools.

Consequently, they do not provide a holistic image of the product behaviour considering the

influences of various physical phenomena.

In order to overcome these illustrated shortcomings (see Figure 3.2), a novel approach to

the modelling of geometrical deviations is required, which enables the virtual consideration

of all different kinds of geometrical defects in geometrical variations management. Moreover,

a paradigm shiq for the tolerance analysis is necessary to allow the realistic prediction of the

effects of geometrical specifications and part defects on the key characteristics of mechanical

products.

Consideration of
Form Deviations

Conformance to
GPS Standards

Integration
of CAE Tools

0.1
A

0.1
0.5 A

B

0.1
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Figure 3.2: Main Limitations of established Tolerance Analysis Approaches
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3.3 Further Outline of the Work

As a response to the highlighted issues, the concept of Skin Model Shapes as a novel paradigm

for the modelling of geometrical deviations in mechanical engineering is introduced and a tol-

erance analysis approach based on this concept is highlighted in the following. In this regard,

the subsequent chapters are organised as follows (see Figure 3.3). In chapter 4, the concept

of Skin Model Shapes is conceptualised, approaches for its representation and visualisation

are illustrated, a framework for the generation of Skin Model Shapes is provided, and possible

applications and perspectives in mechanical engineering are carved out. 7ereaqer, a compre-

hensive framework for the tolerance analysis based on Skin Model Shapes is introduced and

the necessary computational algorithms are detailed in chapter 5. In chapter 6, the prototype

implementation of a tolerance analysis tool based on Skin Model Shapes, which grounds on

the proposed framework and the required algorithms, is illustrated. Aqer that, in chapter 7,

the Skin Model Shape based tolerance analysis approach is applied to various study cases and

the obtained results are compared to theoretical values as well as to results obtained from es-

tablished tolerance analysis methods and they are critically discussed. Finally, a conclusion is

given and perspectives for future research are presented in chapter 8.

Chapter 5: Tolerance Analysis Framework

Chapter 6: So`ware Implementation

Chapter 7: Application and Benchmark

Chapter 8: Conclusion and Perspectives

Chapter 4:
Skin Model
Shapes:

Conceptualisation
and

Fundamentals
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xy

z

pos A B C

Figure 3.3: Further Outline of the Work
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4 2e Concept of Skin Model Shapes as a new Paradigm

for the Modelling of Geometrical Variations

7e aim of this chapter is to provide a fundamental understanding of the concept of Skin

Model Shapes as a novel paradigm for the virtual modelling and representation of geometrical

variations throughout the product life-cycle. In this regard, firstly, the idea behind Skin Model

Shapes is conceptualised, before approaches for the virtual representation, the visualisation,

and the generation of SkinModel Shapes are discussed. Aqer that, applications for the concept

of Skin Model Shapes in geometrical variations management and mechanical engineering are

illustrated.

4.1 Motivation and Model Conceptualisation

Many tasks in product design, manufacturing, and inspection have to be performed in order

to manage and control geometrical variations and their consequences on the product qual-

ity. 7us, a coherent and univocal language for geometrical specifications is required, which

enables the unambiguous communication between the various actors and thereby ensures a

coherent and complete tolerancing process [MB07]. GeoSpelling, as proposed by Mathieu

and Ballu [MB03] and adopted by the standards for the geometrical product specification

[ISO17450-1], is a response to these needs. It is based on few basic concepts [BDM10] and

offers a clear definition of a geometrical specification (see Figure 2.8): “A specification is a

condition on a characteristic” [BMD03], with the characteristic being defined from one or

between more geometrical features [BDM10, ISO17450-1].

Various operations such as partition, extraction, filtration, association, collection and con-

struction are required to obtain these ideal or non-ideal geometrical features [ISO17450-1].

7ese operations are also described and defined in GeoSpelling [BDM10] and may be applied

to the nominal model as well as to the non-ideal surface model. 7is non-ideal surface model

(Skin Model) comprises the deviations brought in by manufacturing and assembly processes

[BDM10] and is defined as a “model of the physical interface of the workpiece with its envir-

onment” [ISO17450-1].

However, there exist different viewpoints on the SkinModel. On the one hand, coming from

the workpiece itself, the Skin Model is a model of the physical workpiece surface. 7erefore,

there is a clear distinction between the workpiece surface in the physical world and its model

in the abstract world. On the other hand, coming from the engineering design perspective,

the Skin Model is a model of the physical workpiece surface in contrast to the nominal model

which is a “simple” model of the intended workpiece not taking into account inevitable geo-

metrical deviations. From a technical view, the Skin Model is an infinite model and does not

allow its identification or simulation since the theoretical workpiece surface comprises an in-

finite number of points [CBP12]. In this regard, the infinite description is required to be able

to consider all kinds of geometrical deviations from a macro to a nano scale and to capture

these different variations. It is not possible to clearly define geometrical specifications and to
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Figure 4.1: Differentiation between the Nominal Model, the Skin Model, the physical Part,
and the Concept of Skin Model Shapes

enable an unambiguous product development process at a conceptual level without the infin-

ite description. However, a finite description has to be available in order to compute and to

process the Skin Model [ABM13]. 7is leads to the idea of Skin Model Shapes, which are par-

ticular finite Skin Model representatives comprising a finite number of geometry parameters

or points. 7us, a Skin Model Shape is a specific finite Skin Model outcome and comprises

deviations from manufacturing and assembly. Due to the random nature of geometrical devi-

ations, there may exist an infinite number of possible Skin Model Shapes. If these Skin Model

Shapes are sufficiently precise, then all relevant kinds of geometrical variations can be cap-

tured. Figure 4.1 shows the Skin Model Concept from these different perspectives.

At a conceptual level, Skin Model Shapes are not related to a specific geometry represent-

ation scheme, such as discrete or parametric. Furthermore, they allow the consideration of

geometrical deviations at different scales from macro to nano. 7erefore, the concept of Skin

Model Shapes allows a holistic and persistent geometrical variations management process,

in contrast to other established variation modelling and tolerance representation models (see

Figure 4.2).

Skin
Model

Nominal
Model

a

a

c

Established Approaches for
Modelling Geometrical Variations

Concept of
Skin Model Shapes

Figure 4.2: Established digital Representations of physical Artefacts for Variations Modelling
and Computer-Aided Tolerancing
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In synthesis, the SkinModel is a conceptual tool useful for all actors involved in engineering

design, manufacturing, and inspection to imagine the allowable deviations of a part’s shape

with respect to geometrical specifications. However, since the Skin Model itself is an infinite

model, an operationalisation is required to obtain a finite model ready for simulation [ABM13].

7erefore, particular Skin Model Shapes are generated, which represent the Skin Model and

allow the assessment of the effects of part deviations on product characteristics. 7e geometry

representation scheme and shape modelling as well as the procedure for obtaining these Skin

Model Shapes is explained in the following sections.

4.2 Representation and Visualisation of Skin Model Shapes

SkinModel Shape Representation Modern computer-aided simulation tools in engineer-

ing applications are highly based on the representation of physical objects and solid model-

ling [Req80, RV83]. Common representation schemes for three-dimensional models are wire

frames, surface models, volume models, and cell models [VWB+09]. Discrete geometry rep-

resentation schemes such as point clouds and surface meshes can be understood as surface

models. 7ese discrete geometry representations allow an integrated computer-aided geomet-

rical variationsmanagement process, since they are available throughout the product life-cycle

from design, where they can be obtained from the CAD model by tessellation techniques, to

manufacturing, inspection, and reverse engineering, where they are gathered from tactile or

optical measurement systems [ASMW14]. Furthermore, surface models comprising discrete

geometry elements, such as triangles and points, enjoy increasing a@ention in the computer

graphics and the CAD community [AS05]. 7ough point clouds only approximate the surface

of the object, the level of approximation can be adjusted by the point density. Moreover, a sur-

face mesh of the object can be created from a point cloud by triangulation approaches, such as

the well-known Delaunay triangulation method [Kle05]. 7is offers possibilities to approxim-

ate the surface of the object for visualization and further processing. Moreover, other surface

models can be processed from the point cloud through surface reconstruction methods.

Due to their broad availability throughout the product life-cycle and their simple and effi-

cient exchange and conversion to various computer-aided engineering tools, the representa-

tion of the concept of SkinModel Shapes is implemented by discrete geometry representations,

such as point clouds and, based thereon, surface meshes. 7us, in the following, a Skin Model

Shape X is represented as a point cloud consisting of N points xi with i = 1, . . . ,N in R3

(i. e. X ∈ R
N×3), where the corresponding point cloud of the nominal part is denoted by

Xnom ∈ RN×3.

Moreover, particular features of the Skin Model Shape are denoted by X f ⊂ X , consist

of M points xfi , i = 1, . . . ,M (with M ≪ N ), and are obtained from the Skin Model Shape

by GeoSpelling partition operations [DBM08, ISO17450-1, ISO17450-2] (see Figure 4.3), which

may be implemented by geometrical segmentation techniques [LDB05, LX08, ZAB13, DD15].

In analogy, the nominal features are defined as X f
nom. Furthermore, the center x̂ of a Skin

Model Shape is defined as x̂ = 0.5 · (maxX + minX ) and the center of a feature is defined in

analogy as x̂f.
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Figure 4.3: Partition of a Skin Model Shape
(Beam, gray) and resulting Feature of the Skin
Model Shape (Cylinder, red)

Moreover, the vertex normal of each spe-

cific point xi in the Skin Model Shape is de-

noted by ni and the vertex normals of the

points in the nominal model are denoted by

nnom,i. 7ese vertex normals of the points

in a point cloud or a surface mesh may be

estimated from the point set using various

approaches [HXMP05, Zha10, Zha11], but,

however, in the following, the surface mesh

representation is used to estimate the vertex

normals as “the average of the normals to

each polygon [triangles] associated with this

particular vertex” [Gou71] (see Figure 4.4).

SkinModel ShapeVisualization SkinModel Shapes are SkinModel representatives, which

comprise various kinds of geometrical deviations. However, in order to extract valuable in-

formation from these Skin Model Shapes in engineering design, visualization techniques have

to be employed, which illustrate geometrical deviations and make them visible.

Coming from a point-based geometry representation, a straightforward idea for the visual-

ization of geometrical deviations of Skin Model Shapes is to determine the distances between

the points of the nominal model and the Skin Model Shape, which are then mapped to a color

scale. Furthermore, projected distances between the nominal model and the Skin Model Shape

may be used according to defined spatial directions, for example the direction of the vertex

normals. For this purpose, the point distances between the nominal model and the Skin Model

Shape are only computed in the local vertex normal direction. 7ese local vertex normals can

also be used to determine a deviation volume, which is composed by the vertex normals of

the nominal model and those of the Skin Model Shape. Indeed, this approach should not be

confused with other volume visualization methods, which are e. g. based on a voxelization

[WSP07].

7e aforementioned visualization approaches build on a point-based representation of Skin

Model Shapes. However, mesh-based representations are common in many engineering ap-

plications. In order to visualize geometrical deviations employing such representations, a suit-

(a) Normals of adjacent Triangles (b) Vertex Normal as the Average of the Triangle
Normals

Figure 4.4: Vertex Normal Estimation by Averaging the Normals of each adjacent Triangle
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Figure 4.5: Visualization techniques for Skin Model Shapes

able approach is the computation of the distances between the center of gravity of the mesh

elements (triangles or polygons) of the nominal model and the Skin Model Shape. 7ese cen-

ter of gravity distances are then also mapped to a color scale and the mesh elements are filled

according to these colours. Figure 4.5 shows an identical Skin Model Shape of a beam where

the geometrical deviations are visualized by a vertex normal technique, by a deviation volume

approach, and a mesh-based visualization.

4.3 Generation of Skin Model Shapes

7e concept of Skin Model Shapes is a novel paradigm for the modelling of geometrical de-

viations throughout the geometrical variations management process employing point-based

models. However, in order to fully exploit the benefits of this innovative concept, versat-

ile approaches for the generation of such virtual part representatives are required. 7us, a

general framework for the generation of Skin Model Shapes, which comprises two different

strategies, is highlighted in the following. However, before this framework is detailed, some

related works are briefly reviewed in order to provide an adequate background.

4.3.1 Related Work

7e Skin Model is a surface model, which comprises the geometrical deviations of manufac-

tured parts. 7ese geometrical imperfections of surfaces can be roughly classified into lay,

waviness, and roughness (see Figure 2.1) [DIN4760, Wec14]. 7ese classes of geometrical de-

viations differ in terms of the relationship between distance and depth of the imperfections

[DIN4760, Wec14], though this classification is not disjunct.
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7e described geometrical deviations can furthermore be distinguished between system-

atic and random deviations [HSB+99, SHB+02, DFO03, DD04]. 7is classification is based

on the experience, that in many manufacturing processes, similar geometrical deviations can

be observed on every part whereas some geometrical deviations can be observed only on a

few workpieces. 7e systematic deviations are deterministic, predictable, and reproducible

[Zha11] and may be depending on the manufacturing process, such as products of clamp-

ing errors or the machine dynamical behaviour. In contrast to that, random deviations arise

from fluctuations of the production process such as tool wear, varying material properties, or

fluctuations in environmental parameters.

Due to these different characteristics, systematic and random geometrical deviations should

be modelled employing different methods even if they can be classified as the same kind of

geometrical deviation (e. g. lay or waviness). 7erefore, various mathematical approaches

for generating and reproducing observable geometrical deviations have been proposed (see

Figure 4.6), which can be roughly distinguished as mesh morphing methods and decompos-

ition approaches. 7e mesh morphing methods use deformations of nominal surface models

to generate form deviations and surface errors [FGP11]. 7ese deformations may be based

on mere geometrical considerations or may follow physical laws, such as elastic deform-

ations or spring-mass systems. In this regard, some approaches employ basic functional-

ities of parametric computer-aided design (CAD) systems [GT93b, LTBT15], Bézier curves,

Splines and NURBS [SWM10b], or generate systematic deviations by second order shapes

[ZAMZ11, ZAS+13]. For the generation and modelling of random geometrical deviations,

sampling methods based on autoregressive stochastic processes [DD04], the Gibbs sampling

[ZAMZ11, ZAS+13], or random fields have been employed [CGC07, Buc09, SWW+12, SW13a].

Furthermore, the concept of fractals is oqen considered for describing the roughness of sur-

faces [Li10, SBD11], which, however, plays only a minor role in most tolerancing consider-

ations. Regarding the deformation of nominal models based on physical phenomena, mesh

deformation and morphing methods have been developed for non-rigid part tolerance ana-

lysis using free form deformation approaches [FGP11] and FEA methods [LH97, CS97]. In

contrast to the mesh morphing approaches, decomposition methods use signal processing the-

ories and spectral methods, such as Direct Cosine Transfom, Discrete Fourier Transform, and

Discrete Modal Decomposition to represent form deviations and errors as the respective vari-

ation modes [Tau95, HC02b, SF06, FS07, VL08, HLC+14].

Beside these two classes of approaches for modelling geometrical deviations, variability

analysis and reduction techniques such as the Principal Component Analysis (PCA) have been

used to establish descriptive models and to express and generate surface errors and form devi-

ations [HW92, CHM04, CP07, LLAS13]. In this regard, Statistical Shape Analysis (SSA) tech-

niques have been used to represent different kinds of geometrical deviations from observations

and measurements of manufacturing processes and simulations [MCHR10, dC11].

7ese approaches for shape and deviation modelling can be applied to a single part fea-

ture or to a group of part features. Furthermore, aqer the approaches for deviation modelling

have been applied to all relevant part features, Skin Model Shapes can be obtained by collect-

ing these features. By employing this procedure to several workpieces, also whole assembly
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Figure 4.6: Overview of Methods for the Modelling of Geometrical Surface Errors and Form
Deviations

groups can be modelled. In this regard, the scalability is an important property of Skin Model

Shapes. Different shape and deviation modelling approaches can be applied to the whole Skin

Model Shape or just to local features. In this manner, various kinds of geometrical deviations

can be captured. However, depending on the shape or deviation modelling approach, points

on the edges have to be smoothed in order to limit their deviations when collecting the in-

dependently modelled features. For this purpose, for example Laplacian Smoothing can be

employed [OBB01].

4.3.2 Overall Framework

As mentioned above, the operationalisation of the Skin Model concept by Skin Model Shapes

employing a discrete geometry representation is highly based on the generation of realistic

representatives of the workpieces considering observable geometrical deviations. 7ese gen-

erated Skin Model Shapes can then be used in various engineering simulations, such as as-

sembly analysis or tolerance simulations, for predicting the later product behaviour. Hence,

approaches for the generation of Skin Model Shapes should incorporate all available inform-

ation about the actual shape and dimensions as well as the expectable geometrical deviations

of the workpiece. 7us, it is appropriate to split the process of generating Skin Model Shapes

in two phases depending on the current status in product development and to develop a Skin

Model Shape simulation approach for each of these two stages:

• In early stages of product design, geometrical deviations of the relevant parts and their

features are not yet observed. 7erefore, assumptions on systematic and random devi-

ations need to be considered for predicting Skin Model Shapes. Consequently, this stage

is referred to as the prediction stage.

• During later design stages, manufacturing process simulations and even physical part

prototypes are available. 7us, these observations should be taken into account and pos-

sible outcomes of the production process based on few sample parts should be simulated.

7is stage is hence referred to as the observation stage.

7e required information for both Skin Model Shape generation approaches during the pre-

diction and the observation stage can be seen from Figure 4.7.
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4.3.3 Skin Model Shape Generation in the Prediction Stage

In general, the generation of Skin Model Shapes in early design stages builds up on the nom-

inal model (e. g. modelled in solid modellers and CAD systems) and is based on the deviation

of each point in the nominal model along the direction of the corresponding vertex normal in

order to avoid shape discontinuities. 7e nominal model is firstly enhanced with information

about the systematic deviations, which are likely to occur as a consequence of a certain man-

ufacturing processes. Following that, random deviations are added to the Skin Model Shapes.

7e highlighted shape modelling techniques from subsection 4.3.1 are employed for model-

ling both systematic and random deviations. 7e Skin Model Shape generation approach in

the prediction stage is illustrated in Figure 4.8.

In this regard, similarities and differences between the Skin Model Shape generation ap-

proach during the prediction stage and the generation of reference data sets for acceptance

and reverification tests of coordinate measurement machine soqware as standardized in the

ASME and ISO standards [ASM00, ISO10360-6] can be observed. 7ese standards propose the

generation of reference data sets by adding form deviations to the nominal range of a refer-

ence feature using Fourier series with random parameters. 7ereaqer, nominal points within

the nominal feature range are sampled and projected onto the deformed feature. Finally, the

resulting form deviations are scaled according to reference values and Gaussian white noise is

added to the sample points in order to consider scanning errors. As can be seen, similarly to

the SkinModel Shape generation approach during the prediction stage, geometrical deviations

are added to the nominal model even if this is performed by continuous Fourier series methods

and not employing shape modelling approaches for discrete geometry representations. How-

ever, no differentiation is made between systematic deviations and random deviations, since

only random deviations are considered for the acceptance and reverification tests. Further-

more, the measurement uncertainties due to scanning errors are respected by Gaussian white

noise, but are not considered in the Skin Model Shape generation.

Modelling Systematic Deviations Among the highlighted approaches for modelling sys-

tematic deviations in subsection 4.3.1, quadric shapes (also depicted as quadrics or second

Prediction
Stage

Observation
Stage

Skin Model Shapes

Nominal ModelAssumptions
and Experience

Process
Simulations

Measurement
Data

Applications in
Product Design Applications in

Manufacturing

Applications in
Inspection

Figure 4.7: Comprehensive Framework for the Generation of Skin Model Shapes
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Figure 4.8: 7e Skin Model Shape Simulation Process in the Prediction Stage

order shapes) seem adequate. 7is is because most observable systematic deviations can be

explained by a combination of quadric surfaces [ZAMZ11]. Second-order algebraic surfaces

are described by the following general equation [Zwi11]:

0 = ax2 + by2 + cz2 + 2fyz + 2gzx + 2hxy + 2px + 2qy + 2rz + d. (4.1)

Beside this, also Fourier series can be used to express systematic deviations of certain man-

ufacturing processes, which leave periodic manufacturing errors on the workpiece surface

[HSB+99, Bau15]. However, the procedure of describing systematic deviations by second or-

der shapes for the generation of Skin Model Shapes is as follows:

• Choose a second order shape, an interference of second order shapes, an adequate Four-

ier series, or an analytical expression, that represent the expected systematic deviations.

• Based on this expression, the systematic deviation hi needs to be computed for every

point xi of the Skin Model Shape or a specific feature. 7is may be performed by re-

formulating the general equation for quadric surfaces or by evaluating the Fourier series

or analytical expression.

• 7e point coordinates of the Skin Model Shape with systematic deviations x̃i are then

obtained by adding the point-wise systematic deviations hi to the nominal coordinates

along the direction of the vertex normal nnom,i:

x̃i = xnom,i + hi · nnom,i. (4.2)

In order to illustrate this approach, several different systematic deviations for a plane feature

and a cylindrical feature can be seen from Figure 4.9.

However, in early product design stages, themanufacturing process may not even be known

or decided. In such cases, no sufficient and solid assumptions about the expected systematic

deviations can be made. 7us, the step of modelling systematic geometrical deviations has

to be skipped in the procedure of Skin Model Shape generation, which results in Skin Model

Shapes, that only comprise random deviations, which in turn may be generated employing

the following approaches.

Modelling Random Deviations Different approaches for modelling random deviations

can be found in the literature, such as the 1D and the Multi-Gaussian method [ZAS+13] as
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(a) Cone (b) Cylinder (c) Sphere

(d) Paraboloid (e) Ellipsoid (f) Fourier

(g) Taper (h) Convex (i) Concave (j) Banana (k) Fourier

Figure 4.9: Different systematic Deviations for Planar and Cylindrical Features

well as random fields [SK00, CGC07, Buc09]. In this regard, particularly the random field the-

ory has become increasingly popular in many research areas over the past decades [AT07,

Buc09, MZ11], because it offers a framework for the expression and representation of spatial

random processes. In this context, random fields are for example used in structural mechanics

for the modelling of environmental loads and random geometrical deviations [Buc09]. Adler

[AT07] defines a random field as follows. Given a parameter space T , a stochastic (or random)

process f over T is a collection of random variables

{f (t) : t ∈ T}. (4.3)

If T is a set of dimensionN , and the random variables f (t) are all vector valued of dimension

d, then the vector valued random field f is called a (N , d) random field. 7us, a random field is

a generalization of a stochastic process in this spirit, that the input variables are not unidimen-

sional (e. g. over time) but multidimensional (e. g. point coordinates in the three-dimensional

space).

Random fields can be described by their finite-dimensional distributions [AT07]. In particu-

lar, Gaussian random fields are determined by their mean µ(t) and covariance C(s, t) functions

and are called isotropic if their covariance function is a function of the Euclidean distance ζs,t
of s and t only [AT07]. In general, the covariance function can be expressed as:

C(i, j) = ρ(i, j) · sd(i) · sd(j), (4.4)

where ρ(i, j) is the correlation function and sd(i) and sd(j) are the standard deviations of two
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points ti ∈ T and tj ∈ T , respectively. Frequently used correlation functions for isotropic

random fields are the exponential correlation function (ρexp) and the squared exponential cor-

relation function (ρexp
2
) [SK00]::

ρexp(ζi,j) = exp

(

–
ζi,j

lρ

)

; ρexp
2
(ζi,j) = exp

(

–
ζ2i,j

l2ρ

)

. (4.5)

7e correlation length lρ is a characteristic parameter, that varies the impact of one ran-

dom variable on the neighbouring random variables [SK00] and can be generally expressed by

[Buc09]:

lρ =

∫∞
0 ζ · |ρ(ζ)|dζ
∫∞
0 |ρ(ζ)|dζ . (4.6)

7erefore, when employing Gaussian random fields, spatially correlated random variables

can be generated by defining a mean function µ(i), a correlation function ρ(ζi,j) with correla-

tion length lρ, and standard deviations sd(i) for all ti ∈ T .

In many applications, a discretisation, i. e. a transformation of a continuous to a discrete

model, of the random field has to be performed. Hence, the continuous function of the ran-

dom field f (t) needs to be approximated by a vector f (t) at certain discrete points in T . A

straightforward approach to perform this is to employ the Cholesky decomposition of the

covariance matrix to convert a set of uncorrelated random variables into a set of correlated

random variables, which requires a random variable for each discrete point in T . In contrast

to that, various other discretisation methods for random fields can be found, such as point dis-

cretisation methods, average discretisation methods, and the series expansion method, which

exactly represents the random field as a series involving random variables and deterministic

spatial functions and approximates the random field by a truncation of the series [SK00]. 7e

series expansion method is an efficient method for the discretisation of random fields, since

only a comparative small number of random variables is required. However, solving the arising

eigenvalue problem can be problematic and can not be performed analytically for all autocor-

relation functions. Indeed, there are approaches to convert the underlying eigenvalue problem

in a matrix eigenvalue problem, in which the eigenvalues and eigenvectors of the autocorrel-

ation matrix ρ are determined and the largest eigenvalues are used for the approximation of

the random field [LK93, CGC07].

Consequently, based on the theory of randomfields, the procedure for the generation of Skin

Model Shapes with random geometrical deviations is based on a deviation of the points in the

Skin Model Shape along the direction of their vertex normals, with the amount of deviation

for the points being defined by a collection of spatially correlated random variables χ(t), t ∈ T ,

which are in turn defined by a spatial random process. It can be summarized as follows:

• Calculate a covariance matrix C following equation (4.4) based on an assumed correla-

tion function ρ and correlation length lρ, which is a parameter that varies the impact of

one random variable on its neighbouring random variables, as well as based on estimated

point standard deviations sd(i).
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• Determine the vector of random deviations χ, where χi is the random deviation for a

specific point in the Skin Model Shape xi. 7is may either be performed by a Cholesky

decomposition, i. e.:

χ = µ +
√
C ·ψ, (4.7)

where µ is the mean vector of the random field (i. e. µi is the mean deviation of point

xi, which is usually assumed zero), C is the covariance matrix (i. e. the (i, j)th element

of C is the covariance between the deviation of point xi and point xj), and ψ is a vector,

which contains standard normally distributed random variables for each point in the

Skin Model Shape (∼ N (µ = 0, σ = 1)), or by employing a series expansion of the

random field:

χ = µ + A ξ, (4.8)

where µ is again the mean vector of the random field, A = V
√
D with D is a diagonal

matrix with the M largest eigenvalues of C on the principal diagonal and V a matrix

containing the corresponding eigenvectors, and ξ is a vector ofM independent Gaussian

random variables.

• Add the random deviations to the model with systematic deviations along the directions

of the vertex normals to obtain the point coordinates of the Skin Model Shape with

systematic and random deviations x̌i:

x̌i = x̃i + χi · nnom,i. (4.9)

In the following, a mean of µ(i) = 0 is chosen for all points xi in the Skin Model Shape, since

themean deviation of each point xi is expected to be zero. Furthermore, ρ is supposed to follow

the squared exponential correlation function with correlation length lρ = 2cm, and sd(i) =

0.01cm. Both the correlation length and the standard deviation are characteristic parameters

of manufacturing processes. For the industrial application, these parameter values can be

estimated from part measurements or can be chosen based on experience.

Exemplary realizations of random fields and Skin Model Shapes with random deviations

with different correlation lengths are illustrated in Figure 4.10.

4.3.4 Skin Model Shape Generation in the Observation Stage

In contrast to early design stages, at least few observations of part deviations frommanufactur-

ing process simulations or even measurement data of physical part prototypes are available in

later design stages. 7us, the information about such systematic and random geometrical part

deviations is to be used for the generation of Skin Model Shapes. Consequently, the approach

for the generation of Skin Model Shapes in such later observation stages aims at exploiting

such available data.
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(a) lρ = 1 (b) lρ = 5 (c) lρ = 10 (d) lρ = 20

(e) Nominal Cube with
Vertex Normals

(f) lρ = 5 (g) lρ = 10 (h) lρ = 20 (i) lρ = 50

Figure 4.10: Illustrative Realizations of Random Fields and Skin Model Shapes with random
Deviations and different Correlation Lengths

General Procedure 7e main idea behind the Skin Model Shape generation approach dur-

ing the observation stage is to reproduce Skin Model Shapes based on a limited training set of

observations gathered from manufacturing process simulations or measurement data. 7ese

observations comprise systematic and random geometrical deviations, which are likely to oc-

cur through certainmanufacturing or assembly processes. For this purpose, methods of Statist-

ical Shape Analysis (SSA) known from computer vision and image interpretation are applied,

which are based on adoptions of the Point Distribution Model (PDM) [CTCG95] such as the

Kernel Density Estimate/Point Distribution Model (KDE/PDM) [Mat08, MCHR10]. Generat-

ing new Skin Model Shapes by employing these approaches is based on the procedure of the

Statistical Shape Analysis and comprises the following steps [SG02]:

• Acquire a training set of observations frommanufacturing process simulations or meas-

urement data.

• Determine the correspondence between the training set [DM98, CT04, NLS07].

• Align the training set and correct differences in terms of rotation, scale, and location if

necessary. For this purpose, e. g. Procrustes Analysis, Generalized Procrustes Analysis,

and Tangent Space Projection are suitable methods [SG02].

• Establish a Statistical Shape Model as for example the point distribution model or an

extension of the PDM such as the Kernel Density Estimate/Point Distribution Model

[MCHR10].

• Generate Skin Model Shapes based on the employed statistical shape model.

In this context, the basic idea behind the PDM is to express each shape X i in the training

set as a combination of the mean shape X , which can be computed easily by:

X =
1

n

n∑

i=1

X i (4.10)
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and the variation of the shape around the mean shape along the main modes of variation:

X i ≈ X +Φbi. (4.11)

7e main modes of variation Φ are identified by applying a Principal Component Analysis

(PCA) or a non-linear extension of the PCA such as the Kernel PCA (KPCA) or approaches

employing autoassiociative neural networks to the training set. 7e scores b can then be

found as random variables, which distributions can be estimated by a multivariate Gaussian

or using the kernel density estimation (KDE) [CT04, MCHR10]. SkinModel Shapes can then be

generated by sampling new scores b̃ from these score distributions via the inverse transform

sampling. For this purpose, uniformly distributed random values in the interval [0; 1] are

generated and set into the inverse cumulative distribution functions (ICDFs) of the estimated

score distributions. 7e Skin Model Shapes themselves can be obtained by transforming these

random score values b̃ by employing equation (4.11):

X̃ = X +Φb̃. (4.12)

X = X +Φ b

Training Set

PCA

KDE

Uniform Samples

ICDF

X̃ = X +Φ b̃

Skin Model Shapes

Figure 4.11: Statistical Shape Analysis for the
Generation of Skin Model Shapes

7e procedure of the Skin Model Shape

generation by Statistical Shape Analysis is il-

lustrated in Figure 4.11. It should be men-

tioned, that this procedure also reflects sys-

tematic and random geometrical deviations

of shapes, since the systematic deviations are

implicitly included in the mean shape X and

the random deviations are expressed by the

mainmodes of variationΦ. Furthermore, the

representation of the training set in equation

(4.11) is related to the series expansion rep-

resentation of randomfields. 7e overall pro-

cedure for the Skin Model Shape Simulation

during the observation stage is illustrated in

Figure 4.12.

Nominal
Model

Training
Set

SSA and
Sampling

Skin Model
Shapes

X = X +Φ b

Training Set

PCA

KDE

Uniform Samples

ICDF

X̃ = X +Φ b̃

Figure 4.12: Skin Model Shape Simulation Process in the Observation Stage
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Parameter Estimation for the Prediction Phase Information about the random and sys-

tematic deviations within the training set can also be extracted to help creating future Skin

Model Shapes in early design stages, in which predictions and assumptions about the sys-

tematic deviations and the correlation structure of the random deviations have to be made.

In this regard, the systematic deviations can be approximated by fi@ing quadratic surfaces to

the mean shape X employing various approaches, such as least squares fi@ing [YWLY12] or

type-specific fi@ing methods [AS14]. With respect to random deviations, several parameters

have to be identified, such as the correlation length lρ, the mean µ and the standard deviation

σ of the random field. 7ese parameters can also be identified by different approaches for the

fi@ing of random fields to spatial data, such as presented in [RT02, CV08].

Required Sample Shapes in the Training Set 7e results of the Skin Model Shape gener-

ation approach during the observation phase depend on the ability of the training set to reflect

the variability of part deviations in the population. However, few research works deal with

the question of finding an “optimal” training set size, which balances the trade-off between

closeness to reality on the one hand and the costs for the training set acquisition on the other

hand.

However, as mentioned earlier, in most cases the training set consists either of measurement

data or manufacturing process simulation results. In the first case, it is helpful to know when

the adding of new training set samples is no longer expected to increase the captured variabil-

ity as every new training set sample requires additional measurement costs. In the la@er case,

the training set size is usually determined by an experimental design, which depends on the

considered factors of the manufacturing process. Even so, the size of the used training set may

be increased if it is assumed that the available training samples lead to insufficient results.

However, when performing the PCA as a part of the Skin Model Shape generation process

in the observation stage, the sum of all eigenvalues of the covariance matrix is a measure for

the variability comprised in the training set. For every new training shape, the growth of

variability can therefore be computed. If the growth of variability is expected to lie below a

certain threshold for every new training shape, then the training set seems to be adequate and

no further training shape has to be added.

4.3.5 Comparison of the Approaches for the Generation of Skin Model Shapes

7ehighlighted approaches for the generation of non-ideal workpiece representatives employ-

ing discrete geometry representation schemes in both the prediction and the observation stage

enable design teams to generate plausible Skin Model Shapes based on assumptions, manu-

facturing process simulations, or measurement data. However, the methods in the prediction

and the observation stage differ in terms of applicability and required previous knowledge.

For the analysis of methodical similarities and differences of the introduced approaches,

firstly the basic equations for both methods, (4.9) and (4.12), are given:

• 7e equation for the Skin Model Shape generation approach in the prediction phase is
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(4.9):

x̌i = xnom,i + hi · nnom,i
︸ ︷︷ ︸

x̃i

+χi · nnom,i. (4.13)

It can be seen, that this approach adds random geometrical deviations to the nominal

point coordinates with systematic deviations. 7ese expected systematic deviations ap-

ply to every workpiece. Hence, the nominal model with systematic deviations can be

referred to as a mean model X i.

• For the generation of Skin Model Shapes in the observation phase, the basic equation is

(4.12):

X̃ i = X +Φbi. (4.14)

7is method also adds random geometrical deviations to a mean model based on given

observations. Hence, the mean model of the prediction approach x̃i should reproduce

the mean model gathered from observations X .

However, the modus operandi differs in both approaches. During the prediction phase,

assumptions about the expected systematic and random deviations have to be made. Fur-

thermore, parameter values for the geometrical deviations have to be chosen. 7ough these

deviations can be estimated from earlier observations of similar parts and workpieces, these

estimates may be uncertain and hence it is not always easy to make realistic assumptions

about the deviations that can be observed later during manufacturing. 7us, this approach

requires good knowledge of the underlying mathematical methods, the workpiece itself, and

the manufacturing processes.

In contrast to that, the procedure of the observation phase approach is straightforward.

Based on the observations gathered from manufacturing process simulations or measurement

data, the Skin Model Shapes can be generated without further assumptions or parameter set-

tings. Hence, no deeper expertise or knowledge of the mathematical background of this ap-

proach is necessary. 7us, this approach may be referred to as more robust, since the obtained

results do not depend on the user or the designer and their knowledge. However, the quality

of the results highly depends on the training set. If the training set is gathered from a poor

manufacturing process simulation or from bad measurement data, then, though the general

procedure is quite robust, this approach may lead to implausible results.

Both approaches for the Skin Model Shape generation can be applied to uniformly or non-

uniformly distributed shape discretisations. Even the results of the Skin Model Shape gen-

eration approach in the observation stage do not depend on the mesh density and are not

adulterated by an inhomogeneous point distribution. Furthermore, the obtained Skin Model

Shapes do not depend on the grid size of the nominal model or the training shapes. 7us,

different restrictions on the point distribution and the grid size from engineering design, man-

ufacturing, and inspection can be considered. For example, in virtual metrology, the obtain-

able results for different dimension and form deviation measurements depend on the point

sampling strategy and measurement point distribution. 7ese aspects can be considered in
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the prediction stage by employing adequate tessellation techniques on the nominal model and

in the observation stage by following these restrictions when acquiring the training set. 7ere-

fore, both approaches for the generation of Skin Model Shapes allow a coherent geometrical

variations management process.

4.4 Applications and Perspectives for Skin Model Shapes in

Mechanical Engineering

Many activities in geometrical variations management are supported by computer-aided tools.

To avoid uncertainties due to lacking variation integration and suboptimal data exchange

between these tools, a product geometry representation is required, which is conform to a

coherent and complete language for the geometrical product specification.

In this regard, the concept of Skin Model Shapes enables a versatile geometrical product

representation, which considers all kinds of geometrical variations and accompanies all stages

and relations in the product life-cycle, since it is based on the Skin Model as a basic concept in

GeoSpelling, which serves as an univocal language for all activities in geometrical variations

management. Furthermore, this concept supports the relations between all different activities

related to controlling geometrical variations. 7us, in the following, main applications of the

concept of Skin Model Shapes in geometrical variations management, particularly in the areas

of engineering design, manufacturing, and inspection, are highlighted.

Applications in Engineering Design and Computer-Aided Tolerancing In order to

ensure the product function during use, limits for geometrical deviations of workpieces and

assembly groups have to be specified during product design. However, this task is not trivial

and requires a lot of knowledge and experience. In this regard, the operationalisation of the

Skin Model by the concept of Skin Model Shapes supports product design teams by visualizing

geometrical deviations and their effects on product key characteristics. 7e Skin Model Shape

visualisation helps to understand and to appraise possible effects of geometrical variations on

the product quality, which may lead to more suitable functional requirements as well as geo-

metrical specifications. For instance, the application of virtual and augmented reality systems

in design reviews can be enhanced by considering geometrical workpiece deviations [SSW11],

which facilitates the definition of functional requirements aswell as geometrical specifications.

Moreover, the interpretation of geometrical specifications recorded in technical drawings can

be supported by soqware tools for the visualisation on the basis of Skin Model Shapes. 7is

can be performed even in early design stages by feature-based Skin Model Shapes obtained

from skeleton models.

Furthermore, a tolerance analysis framework based on Skin Model Shapes offers vast po-

tentials for the realistic prediction of the effects of geometrical part deviations on product key

characteristics considering the various issues in geometrical variations management. Since

tolerancing decisions are highly based on tolerance analysis results, the application of a Skin

Model Shape based tolerance analysis framework bears great opportunities for cost savings.

7us, a tolerance analysis theory employing the concept of Skin Model Shapes is proposed in

the following.
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Applications in Manufacturing and Assembly 7e number of rejected parts, i. e. parts

out of specification, is of high interest in the context of manufacturing process design. In this

regard, e. g. the process capability index cpk is a valuable measure for the extent in which

a process meets its specification [ISO22514-2]. 7e determination of the process capability

index based on manufacturing process simulations or measurement data can be performed by

Skin Model Shapes, that have been generated in the observation stage. For this purpose, the

Skin Model Shapes can be analysed with respect to specified tolerance requirements. Based

on the gathered results, manufacturing engineers can gain valuable information and insights

about the effects of process parameter variations on geometrical deviations as well as about

the expected process capability. Furthermore, based on the early information about the impact

of manufacturing process parameter variation on geometrical deviations, the tolerance values

can be revised, the manufacturing process can be optimized, and manufacturing costs can be

saved.

Applications in Inspection Tight tolerance requirements lead to increasing costs not only

because of cost-intensive manufacturing but also due to additional inspection routines. 7e

optimization of measuring processes is therefore yet another trigger for costs reductions. In

this regard, the concept of Skin Model Shapes supports the identification of critical workpiece

features, for which the inspection should be intensified, as well as features, which are minor

relevant for the product function and quality. For this purpose, the Skin Model Shapes created

during the observation stage can be used to identify workpiece features with a high variability

by analysing the statistics of observed geometrical deviations. Moreover, the results gained

from measurements can be returned to product design to adjust the parameters for the Skin

Model Shape generation in the prediction stage and to validate the tolerance analysis and other

computer-aided engineering tools.
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5 A comprehensive Framework for the Computer-Aided

Tolerance Analysis based on Skin Model Shapes

7e concept of Skin Model Shapes is a response to the shortcomings of established computer-

aided models and representations of non-ideal part geometry considering inevitable geomet-

rical deviations. It is based on the Skin Model, which is a fundamental concept of modern

standards for the geometrical product specification and which can be regarded as a model of

the physical interface between a part and its environment. Since the Skin Model is an infinite

model in order to allow the consideration of all different kinds of geometrical deviations at

an abstract level, it can neither be identified nor simulated. In contrast to that, Skin Model

Shapes are specific outcomes of the Skin Model employing discrete geometry representation

schemes, such as point clouds and surface meshes, which can hence serve as part represent-

atives in simulations and virtual mock-ups. 7us, the concept of Skin Model Shapes is a novel

paradigm for modelling geometrical variations throughout the product life-cycle and enables

the representation of various kinds of geometrical deviations, that are inevitably introduced in

manufacturing, assembly, and use. Since it enables the representation of parts and assemblies

considering deviations at different levels, such as macro, micro, or nano, it can be used for

many applications in the context of virtual product realisation. However, as tolerance ana-

lysis is a key tool for supporting the tolerancing activities in design, the following sections

are dedicated to providing a comprehensive tolerance analysis theory based on the concept of

Skin Model Shapes. In the following, the main procedure for the tolerance analysis based on

Skin Model Shapes is highlighted and every stage of this procedure is detailed.

5.1 Framework for the Tolerance Analysis based on Skin Model

Shapes

7e general framework for the tolerance analysis based on Skin Model Shapes reflects the de-

signers native view on the product origination process and enables the consideration of all

sources of geometrical deviations. It can be divided in a pre-processing, a processing, and a

post-processing stage as can be seen from Figure 5.1. In the pre-processing stage, Skin Model

Shapes of single parts are generated employing the approaches highlighted in section 4.3 and

they are scaled to conform to the pre-defined tolerancing scheme. 7e Skin Model Shapes

at the part level are then processed to compute the assembly positions and the motion be-

haviour in the processing stage. For this purpose, approaches for the assembly simulation

as well as for the contact and mobility simulation are used. Finally, in the post-processing

stage, the functional key characteristics are measured from the resulting assemblies in order

to perform a comparison for conformance. Moreover, the assemblies are evaluated regarding

the contact quality, and the results are visualised and interpreted. 7us, the tolerance ana-

lysis procedure employing Skin Model Shapes reflects the reality in this sense that possible

outcomes of the workpieces are successively generated, inspected, and assembled. 7ereaqer,

a functional check is performed whether or not the product fulfils the requirements. By ad-
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Stages in Product Design

Tolerance Analysis based
on Skin Model Shapes

Task Clarification

Conceptual Design

Embodiment Design

Detail Design

Generation
& Scaling

Pre-Processing

Assembly
Simulation

Processing

Contact & Mobility
Simulation

Comparison for
Conformance

Post-Processing

Figure 5.1: Procedure for the Tolerance Analysis based on Skin Model Shapes

justing the tolerances, the functional behaviour and the quality of the product can hence be

virtually influenced.

In the following, the different steps of this general procedure are explained in detail and

highlighted by applying it on a tolerance analysis case study, which has been presented by the

author in [SAMW16]. 7e case study comprises three parts as can be seen from Figure 5.2,

in which a beam is positioned on a base part according to a 3-2-1 positioning scheme (three-

point move in negative z-direction, two-point move in negative x-direction, and one-point

move in positive y-direction), and a pin is assembled to the beam with “best-fit” condition.

7e single parts are specified by different tolerances, while the functional key characteristic

of the assembly is the position deviation pos of the pin with reference to the datum system

spanned by the base part.

5.2 Scaling of Skin Model Shapes

7e concept of Skin Model Shapes allows the representation of part geometry considering

all different kinds of geometrical deviations. 7e approaches for the generation of Skin Model

Shapes highlighted in section 4.3 allow the modelling and reproduction of such different kinds

of part defects, with mathematical approaches for the modelling of geometrical deviations

being used in early design stages, whereas results of manufacturing process simulations or

measurement data from part prototypes being employed in later design stages. However, these

approaches do not allow the generation of Skin Model Shapes, which fit pre-defined tolerance

specifications.
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Figure 5.2: Accompanying Example for the Tolerance Analysis based on Skin Model Shapes

Figure 5.3: Initial Skin Model Shape (leq)
and Skin Model Shape aqer Scaling with re-
duced Form and introduced Orientation De-
fects (right)

7e aim of the following section is thus

to provide a comprehensive approach for

the generation of variational part represent-

atives with pre-defined tolerance values in

discrete geometry for the use in computer-

aided tolerance analysis (see Figure 5.3). For

this purpose, algorithms for the evaluation of

geometrical tolerances are developed, which

are then used for the scaling of discrete geo-

metry workpiece representatives to fit user-

defined tolerance specifications. 7ese ap-

proaches have also been discussed by the au-

thor in [SW15b].

7e section is structured as follows. Firstly, a brief overview of related work regarding the

tolerance verification based on algorithms for the computational metrology is provided. 7ere-

aqer, algorithms for the evaluation of geometrical tolerances from point clouds are developed,

which are subsequently used for the adjustment of variational part representatives in discrete

geometry to fit pre-defined tolerance specifications. 7ereaqer, the approaches are applied to

the accompanying case study.

5.2.1 Related Work

7e tolerance verification of physical workpieces is nowadays widely performed by algorithms

for the computational metrology, that evaluate point sets, which have been obtained from the

workpiece by optical and tactile measuring systems [BBM91]. In this regard, various works

dealing with the verification of different kinds of dimensional and geometrical tolerances have

been proposed, that allow the computation of minimum zone elements or the establishment

of datums and datum systems by fi@ing operations. For example, tests for computational met-
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rology algorithms used in coordinate measurement machines have been discussed in [Dia95],

reference algorithms for Chebyshev and one-sided data fi@ing have been presented in [SC04],

and a library of feature fi@ing algorithms for the tolerance verification has been presented in

[MHSD15]. Furthermore, a review on mathematics for modern precision engineering is given

in [SF12]. More specifically, the least-squares paradigm has been used in [YM96] for the best-

fit of geometrical features and the assessment of dimensional part deviations and its role in

coordinate metrology has been discussed in [SSM11]. Beside this, methods for the compu-

tation of minimum circumscribed circles [XJ14], for the identification of minimum zones for

circles and cylinders [LC96], as well as for the determination of minimum zones in general

[MP08] have been proposed. Furthermore, the straightness and flatness tolerance verifica-

tion based on minimum zone elements has been investigated in [ZD02, Lee09, CK12], whereas

the roundness evaluation has been discussed in [Gad10] based on convex hull methods, in

[RABL11] based on genetic optimization algorithms, in [SZ12] using four different methods

for the roundness assessment, and in [NB14] based on the small displacement screw. Moreover,

Gaussian processes have been used for the form error assessment in [XDW08], form errors

of spheres, cylinders, and cones have been treated in [ZJF+13], the evaluation of geometrical

deviations for sculptured surfaces and other kinds of free-form surfaces have been proposed in

[BEK07, PW10, FZW+13, HZS15], and the form assessment in coordinate metrology has been

discussed in [FM11]. 7e accurate size evaluation for cylinders has furthermore been dis-

cussed in [RA10] and constraint substitute elements for the geometrical tolerance verification

have been derived in [ITK97]. Moreover, the tolerance verification of orientation tolerances

has been performed based on constrained optimization in [GCWL98]. Beside this, also the

evaluation of geometrical deviations for sculptured surfaces [BEK07] and other kinds of free-

form surfaces have been proposed [PW10, FZW+13, HZS15]. In contrast to that, approaches

for the identification of systematic geometrical deviations for cylinders have been proposed in

[HSB+99] and optimal point sample sets for such systematic deviations of cylinders have been

derived in [SHB+02]. Additionally, systematic errors in layeredmanufacturing have been iden-

tified and assessed in [LLK98a, LLK98b] and methods for the identification and compensation

of errors in additive manufacturing have been presented in [GFLH13]. Beside this, the geomet-

rical error measurement and compensation for machines has been investigated in [SKH+08].

Regarding surface errors, the surface roughness has been evaluated based on fractal theory in

[Li10] and a surface texture information system has been proposed in [QSJL14].

7us, a wide variety of algorithms and approaches for the assessment of point sets regarding

the verification of dimensional and geometrical tolerances has been proposed. However, none

of these approaches allows the generation or scaling of deviated workpiece representatives,

so that they conform to pre-defined tolerance values. Nevertheless, these algorithms serve as

a basis for the development of such scaling algorithms in the following.

5.2.2 Scaling Sequence based on the Relationship between different Tolerances

Different geometrical tolerances limit different kinds of geometrical feature characteristics,

such as form tolerances, which limit intrinsic characteristics (e. g. the flatness of a plane),

whereas orientation tolerances and location tolerances limit situation characteristics (e. g. the

parallelism or the position of a plane with reference to a datum plane) [DBM08]. In this con-
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Toleranced Feature

Assoc. Datum Feature

Flatness Tolerance Zone

(a) 7e Flatness Tolerance Zone limits feature-intrinsic Characteristics

Toleranced Feature

Assoc. Datum Feature

Parallelism Tolerance Zone

(b) 7e Parallelism Tolerance Zone limits situation Characteristics considering rota-
tional Feature Defects

Toleranced Feature

Assoc. Datum Feature

Position Tolerance Zone
7eo. Measure

(c) 7e Position Tolerance Zone limits situation Characteristics considering rotational
and translational Feature Defects

Toleranced Feature

Assoc. Datum Feature

Flatness Tolerance Zone

Position Tolerance Zone

Parallelism Tolerance Zone

7eo. Measure

(d) All Tolerance Zones combined

Figure 5.4: Tolerance Zones implied by different Tolerance Specifications
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text, the concept of tolerance zones is oqen used to express and to illustrate the geometrical

“boundaries” for toleranced features, which are implied by certain tolerance specifications.

Based on this concept, it can be seen, that form tolerances build tolerances zones, which are

not limited regarding their orientation and location. In contrast to this, the tolerance zones

of orientation tolerances, such as parallelism and perpendicularity, are limited regarding their

orientation with reference to datum features. Location tolerance zones are furthermore lim-

ited with regard to their absolute location by datum features or datum systems in combination

with theoretical measures. As a consequence, form tolerance zones are in general covered by

orientation tolerance zones, which are in turn covered by location tolerance zones. Moreover,

it can be found, that form tolerance zones limit only feature-intrinsic parameters, whereas

orientation tolerances limit additional rotational feature defects and location tolerances limit

intrinsic, rotational, and translational feature defects with reference to datum features. 7ese

relationships between form, orientation, and location tolerances are also covered by inter-

national standards for the geometrical product specification [ISO1101] and are illustrated in

Figure 5.4. Beside this, depending on the tolerancing principle, there exist also relationships

between dimensional and form tolerances, in case when the envelope requirement or material

modifiers are added to dimensional tolerances.

As a consequence, these relationships are to be respected by the evaluation and scaling se-

quence. 7us, firstly the dimensional tolerances without envelope requirement or material

modifier have to be considered, thereaqer the form tolerances, then dimensional tolerances

with envelope requirement or material modifier, followed by the orientation tolerances, and

finally the location tolerances are evaluated and scaled. Regarding the orientation and location

tolerances, additionally the datum precedence has to be considered in the scaling sequence.

Aqer the scaling, depending on the scaling methods, smoothing operations can be performed

to ensure the topological continuity of the resulting (scaled) SkinModel Shapes [OBB01]. Con-

sequently, the order of the following subsections, which cover dimensional, form, orientation,

location, and run-out tolerances, takes this into account.

5.2.3 Dimensional Tolerances

5.2.3.1 Definition and Computation of Dimensional Tolerances

Feature 1

Feature 2

Figure 5.5: Computation of the linear size
between two planar Features

Dimensional tolerances or fits are specified in or-

der to ensure, that the actual size of a feature of

size or the distance between two part features is

within two limiting dimensions. 7e need for de-

fining limiting sizes and fits has emerged from

the requirement of part interchangeability con-

joined with the axiom of manufacturing impre-

cision [ISO14405-1]. Whereas past standards for

the geometrical product specification used the en-

velope requirement for the definition of sizes, cur-

rent standards employ two-point-sizes as the de-

fault specification criterion [ISO14405-1]. In the
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Toleranced Feature

Least Squares Cylinder

d/2

Toleranced Feature

Maximum Inscribed
Cylinder

Toleranced Feature

Minimum Circumscribed
Cylinder

Figure 5.6: 7e size of a cylindrical Feature is computed as the diameter of its associated
Least-Squares Cylinder (leq) or the maximum inscribed (middle) or minimum circumscribed
Cylinder (right) in Case of Material Modifiers.

following, the least-squares size as a global linear dimension following [ISO14405-1] is used

for the computation of linear sizes. In this regard, the dimension between two planar features

d
p
dim is defined as the mean of the distances between the associated least-squares plane of

one planar feature and the corresponding second planar feature in the default case, whereas

one-sided fi@ing operations have to be employed to obtain the associated planes when the

envelope requirement or material modifier are added to the dimensional tolerance specific-

ation (see Figure 5.5). Obviously, this reflects only one viewpoint on the definition of “size”

[MS13b]. 7e size of a cylindrical feature dcdim is defined as the diameter of its associated

least-squares cylinder (LSC) in the default case. In contrast to that, the size of the cylindrical

feature is defined as the diameter of the associated maximum inscribed (MIC) or minimum

circumscribed cylinder (MCC) when the envelope requirement or material modifier are added

to the dimensional tolerance. 7is can be seen from Figure 5.6.

5.2.3.2 Scaling of Dimensional Tolerance Specifications

In order to ensure, that two planar features of a given Skin Model Shape comply to a specified

dimension, the second feature is shiqed along the normal of the associated least-squares plane

of the first feature until the specified dimension is reached. Regarding a cylindrical feature,

the points of the initial feature are firstly mapped onto the axis of the associated least-squares

cylinder (or the maximum inscribed or minimum circumscribed cylinder, respectively).

For this purpose, the radial distances dri between the cylinder axis and the points are de-

termined:

dri =
|(xfi – a)× b|

|b| , (5.1)

where a is a point on the axis of the associated cylinder (LSC, MIC, or MCC) and b is the dir-

ection of the cylinder axis. 7e footpoints xi of the feature points on the axis of the associated
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Feature 1

Feature 2

Scaled

Feature

(a) Planar Features

Scaled Feature

(b) Cylindrical Feature

Figure 5.7: Results of the Scaling of Dimensional Tolerances

cylinder result to:

xfi = a +

√
∣
∣
∣a – xfi

∣
∣
∣

2
– (dri )

2 · b. (5.2)

7ereaqer, the scaling is performed byweighting the initial distances between the cylinder axis

and the feature points considering the specified cylinder size, with the new point coordinates

x̃f of the scaled feature X̃
f
resulting with the specified cylinder size t

spec
dim to:

x̃fi = xfi +
(
t
spec
dim + (dri – r)

)
· (x

f
i – xfi)

|xfi – xfi|
, (5.3)

where r is the radius of the associated cylinder. By doing so, the cylindricity deviation of the

initial cylindrical feature stays unaffected. However, the scaling for dimensional tolerances

with envelope requirement or material modifier has to be performed aqer the form tolerance

scaling, since the diameter of the MIC and MCC obviously depends on the magnitude of the

form deviations. 7e result of the scaling procedure for the dimensions can be seen from Figure

5.7.

5.2.4 Form Tolerances

5.2.4.1 Flatness Tolerance

tflat

tflat

Figure 5.8: Flatness Tolerance Specification
and corresponding Tolerance Zone

Definition and Computation of Flat-

ness Tolerance Specifications 7e flat-

ness tolerance limits deviations of sur-

face planes or center planes as well as

the straightness of lines on even planes

[ISO1101]. 7e definition of the tolerance

zone can be seen from Figure 5.8 and is given as follows:
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Definition 1– Flatness Tolerance [ISO1101]

7e tolerance zone is limited by two parallel planes with distance tflat. 7e measured surface

is to lie between these two parallel planes with distance tflat.

7e orientation of these parallel planes has to be chosen in such a manner that their distance

is at a minimum. In order to compute the flatness tolerance zone for a plane feature, the convex

hull of the plane is computed [Roy95], e. g. employing the `ickHull algorithm [BDH96].

Following that, the maximum distance between the feature points and the facet are computed

for each facet of the convex hull. Finally, the facet of the convex hull with the minimum

greatest distance leads to the tolerance zone and the corresponding distance can be interpreted

as the flatness deviation [Roy95]. 7is is illustrated in Figure 5.9. 7us, the flatness deviation

dflat can be found as:

dflat = min
j

(

max
i

d(xfi , fj)

)

, with i = 1, . . . , n; j = 1, . . . , F , (5.4)

where F is the number of facets of the convex hull around X f and d(xfi , fj) is the (normal)

distance between the plane spanned by the facet fj and the point xfi of the feature. 7e cor-

responding facet of the convex hull, which defines the direction of the flatness tolerance zone,

can be found as fj∗ , where:

j∗ = argmin
j

(

max
i

d(xfi , fj)

)

, with i = 1, . . . , n; j = 1, . . . , F , (5.5)

and its normal vector is denoted by nfj∗ . In contrast to other approaches for the flatness

tolerance zone computation, which employ associated plane features, the proposed method

evaluates the minimum flatness deviation and is thus conform to international GD&T stand-

ards.

Scaling of Flatness Tolerance Specifications 7e scaling of flatness tolerance specifica-

tions is performed by a scalar weighting of the point-wise deviations ǫf ∈ Rn×3 of the feature

compared to the nominal points, which can be found as:

ǫf = X f – X f
nom, (5.6)

in the direction of the relevant facet for the flatness computation fj∗ . 7us, the new point

coordinates of the scaled feature X̃
f
result with the specified flatness tolerance value tflat to:

X̃
f
= X f

nom +
tflat
dflat

· nfj∗ · ǫf. (5.7)

By doing so, the characteristic of the initial form deviations is not modified, only their amp-

litude with respect to the flatness tolerance zone is adjusted. 7e procedure can be seen from

Figure 5.10.
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(a) Deviated Plane Feature of the initial Skin Model Shape

(b) Convex Hull of the Plane Feature

(c) Convex Hull Facet with minimum greatest Point Distance

(d) Flatness Tolerance Zone

Figure 5.9: Flatness Tolerance Zone Computation for a Plane Feature: the Flatness Deviation
can be found as the minimum of the maximal Distances between the Feature Points and the
Facets of the Feature Convex Hull

(a) Flatness Tolerance Zone of the initial Plane Feature

(b) Initial and Scaled Plane Feature

(c) Flatness Tolerance Zone of the scaled Plane Feature

Figure 5.10: Flatness Tolerance Scaling of a Plane Feature
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5.2.4.2 Cylindricity Tolerance

tcylind
tcylind

Figure 5.11: Cylindricity Tolerance Specifica-
tion and corresponding Tolerance Zone

Definition and Computation of Cyl-

indricity Tolerance Specifications 7e

cylindricity tolerance limits form deviations

of cylinder surfaces and the corresponding

tolerance zone can be described as follows

(see also Figure 5.11):

Definition 2– Cylindricity Tolerance [ISO1101]

7e tolerance zone is limited by two coaxial cylinders with radial distance tcylind. 7e meas-

ured cylinder surface is to lie between these two coaxial cylinders with radial distance tcylind.

All points of the toleranced cylinder feature are to lie between these two coaxial cylinders

with radial distance tcylind, with the orientation of the coaxial cylinders not being limited by

the cylindricity tolerance. In order to compute the cylindricity tolerance zone, aminimum zone

cylinder (MZC) is associated to the cylindrical Skin Model Shape feature. 7ereaqer, the radial

distance between each point of the feature and the axis of the associated cylinder is evaluated.

7e cylindricity deviation can then be found as the difference between the maximum radial

distance and the minimum radial distance between any point of the feature and the MZC axis:

dcylind =

(

max
i

dr (x
f
i ,Cls)

)

–

(

min
i

dr (x
f
i ,Cls)

)

, with i = 1, . . . , n, (5.8)

where dr (x
f
i ,Cls) is the radial distance between the point xfi of the feature and the axis of the

MZC Cls of the feature. 7is is illustrated in Figure 5.12 (a).

Scaling of Cylindricity Tolerance Specifications 7e scaling of cylindricity tolerances

is performed by a scalar weighting of the radial distances between the feature points and the

axis of the associated minimum zone cylinder of the cylindrical feature similarly to the size

scaling for cylindrical features.

Toleranced Feature

Tolerance Zone

min dr

max dr

(a) Toleranced Feature and Tolerance Zone

Toleranced Feature

Scaled Feature

(b) Toleranced Feature and Scaled Feature

Figure 5.12: Cylindricity Tolerance Computation: the Cylindricity Tolerance can be found
as the difference between the minimum and maximum radial Distance between the Feature
Points and the Center of the Associated Minimum Zone Cylinder
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In this regard, firstly the feature points are mapped on the axis of the MZC. 7ereaqer, the

points are shiqed back considering a scalar weighting. 7e new point coordinates x̃f of the

scaled feature X̃
f
result with the specified cylindricity tolerance value tcylind to:

x̃fi = xfi +

(

r +

(

tcylind

dcylind
· (dri – r)

))

· (x
f
i – xfi)

|xfi – xfi|
, (5.9)

where r is the radius of the associated cylinder. 7e result of the scaling procedure for the

cylindricity tolerance can be seen from Figure 5.12 (b).

5.2.5 Orientation Tolerances

5.2.5.1 Parallelism Tolerance

tpar A

A

Assoc.
Plane

tpar

Figure 5.13: Parallelism Tolerance Specifica-
tion and corresponding Tolerance Zone

Definition and Computation of Paral-

lelism Tolerance Specifications Paral-

lelism tolerances apply to straight lines

or planes and are defined with reference

to straight lines, planes or datum frames

[ISO1101]. In the context of this work, the

parallelism tolerance of two planes is of in-

terest. 7erefore, the tolerance zone can be

described as follows and is illustrated in Fig-

ure 5.13:

Definition 3– Parallelism Tolerance of a Plane to a Datum Plane [ISO1101]

7e tolerance zone is limited by two planes with distance tpar both parallel to the datum plane.

7e measured surface is to lie between these two parallel planes with distance tpar.

7e computation of the parallelism tolerance zone starts with the determination of an as-

sociated plane for the datum point cloud. According to [ISO5459], the associated features,

which are used to establish the datum or datum systems, simulate the contact with the real

integral features in a way ensuring that the associated feature is outside the material of the

non-ideal feature. If this procedure is ambiguous, then the associated feature has to be used,

which minimizes the orthogonal maximal distance to the non-ideal feature. In order to respect

this, the plane spanned by fj∗ , which is the relevant facet of the flatness tolerance zone of the

datum feature, is used for the associated datum plane, since it minimizes the maximal distance

to the non-ideal feature. However, in some cases this plane may lie inside the part material. In

this case, the plane is shiqed in the direction of its normal vector nfj∗ along the flatness value.

By doing so, a plane is identified, which ensures contact with the real integral feature and

minimizes the orthogonal maximal distance to the non-ideal feature even for convex datums.

However, an alternative approach for the association of the datum plane is highlighted in sec-

tion 5.2.8.1, which identifies the contact plane with a measurement fixture and thus leads to a

plane, which also simulates the contact with the real integral feature, but does not minimize

the orthogonal maximal distance.
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Datum
Plane

Toleranced
Feature

(a) Toleranced Feature, associated
Datum Plane and extremal Dis-
tances

Datum
Plane

Tolerance
Zone

Datum
Plane

Toleranced
Feature

(b) Tolerance Zone (shiqed Datum Planes)

Figure 5.14:Computation of the Parallelism Tolerance Zone: 7e ParallelismDeviation can be
found as the Difference of the maximal and minimal Distance between the toleranced Feature
and the associated Plane of the Datum Feature.

Aqer the association of the datum plane, the minimum and maximum distance of the tol-

eranced point cloud to the associated datum plane are determined. 7e minimum distance

is then subtracted from the maximum distance. 7e result is the parallelism deviation of the

point cloud with reference to the datum point cloud. 7us, the parallelism deviation dpar can

be found as:

dpar = max
i

d(xfi , p
f-ref) – min

i
d(xfi , p

f-ref), with i = 1, . . . , n, (5.10)

where pf-ref is the associated plane of the datum feature and d(xfi , p
f-ref) is the (normal) distance

between this associated plane of the datum feature and the point xfi of the toleranced feature.

7e procedure can be seen from Figure 5.14.

From the tolerance definition, it can be found, that feature form deviations are implicitly

covered by the parallelism tolerance. 7us, the parallelism tolerance zone is of the same size as

the flatness tolerance zone only if the normal vector of the flatness tolerance zone nfj∗ is equal

to the normal of the associated plane of the datum feature. In this case, the form deviations

are oriented according to the datum feature. In any other case, in which orientation defects

of the toleranced feature are observed, the parallelism deviation is greater than the flatness

deviation.

Furthermore, for a toleranced feature with form deviations, there is a piece-wise linear re-

lationship between the orientation defects (rotations) of the toleranced feature and the size

of the parallelism tolerance zone. 7is piece-wise linear relationship converges to a straight

linear relationship as soon as the parallelism tolerance is solely influenced by the relative posi-

tion of the feature edges. 7is can be seen from Figure 5.15 (a), where the resulting parallelism

tolerance zones for different rotations of the toleranced feature are shown. It can be seen, that

the parallelism tolerance zone is spanned by different feature points for different rotations,

which are denoted to as control points [RL99], since they “control” the size of the tolerance
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Toleranced Feature

Reference Feature
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(a) Resulting Parallelism Tolerance Zones for ro-
tated Features and corresponding Control Points
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(b) Piece-Wise linear Relationship between the Feature Ro-
tations and the Parallelism Tolerance

Figure 5.15: Effects of Feature Rotations on the Parallelism Tolerance

zone. It can be found, that these control points are the edges of the feature convex hull. 7is

results in a piece-wise linear relationship between the feature rotation rot and the parallelism

deviation par in Figure 5.15 (b), since a linear relationship between the rotation and the paral-

lelism deviation can be observed for each control point, until the next control point is reached

due to the increased feature rotation. In general, the control points move from feature-intrinsic

points to the “edges” of the toleranced plane feature with increasing rotation and consequently

increasing parallelism tolerance.

Scaling of Parallelism Tolerance Specifications 7e parallelism tolerance limits orient-

ation defects of the toleranced feature with reference to the datum feature. However, the loc-

ation of the tolerance zone is not restricted. 7erefore, two rotational degrees of freedom are

limited by the parallelism tolerance in case of a toleranced plane feature. However, since the

parallelism tolerance implicitly also covers form deviations, there is only a piece-wise linear

relationship between the parallelism deviation and the orientation of the toleranced feature.

7erefore, an optimization approach is used to evaluate the admissible rotations for a specified

parallelism tolerance:

r∗ = argmin
r

∣
∣
∣dpar(X

f, r) – tpar

∣
∣
∣ , (5.11)

where dpar(X
f, r) returns the parallelism tolerance of the rotated feature as defined in eq. (5.10).

For the expression of the rotations r , instantaneous kinematics are employed as can be found

in [PLH02, PLH04]. In doing so, the rigid body motion α is expressed as α(X f) ≈ m(X f) =

X f + v(X f), where:

v(X f) = t + r × X f. (5.12)

In this context, t represents the velocity vector of the origin and r is the vector of angular

velocity (Darboux vector) [PLH02]. Since this linearization results in an affine transforma-

tion, but not necessarily in a rigid body transformation, the resulting velocity vector field is

projected to the corresponding helical motion (see [PLH02, PLH04] for further detail). Aqer

the optimization, the helical motion of the resulting rotations r∗ is applied to the Skin Model
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Shape feature. It should be mentioned, that the Skin Model Shape feature is centred at the

coordinate origin prior to the optimization, i. e. the following translation is performed:

X f = X f – x̂. (5.13)

Aqer the helical motion has been applied to the feature, it is translated to its initial position.

For plane features, two rotations are limited by the parallelism tolerance and hence r ∈ R2.

As a consequence, the optimization problem is of dimension two and solved employing an

active-set algorithm. However, since the approaches for the scaling of Skin Model Shapes

are to be used in statistical tolerance simulations, it must be ensured that the results of the

optimization problem as given in eq. (5.11) do not lead to systematic effects with regard to the

rotations r∗. To ensure this, random values are used as starting points for the optimization.

Some exemplary results for the resulting rotations for a given parallelism tolerance t
spec
par

are shown in Figure 5.16. It can be seen, that the rotations form a deviation domain [GSP07]

as expected. Each point on the rhombus or circle (see Figure 5.16 (a) and (b), respectively) is

a possible combination of rotations for a specified parallelism tolerance, whereas points on

the inside correspond to combinations for smaller parallelism deviation values. Furthermore,

it can be found, that the deviation domains for the nominal feature build a regular rhombus

(or circle), whereas the edges of the deviation domain for a plane feature with form deviations

are cropped. 7is can be explained by the fact, that the control points for a feature with form

deviations not necessarily lie on the edges of the feature but on the inside, similarly to the 2D

case explained in Figure 5.15. Furthermore, the resulting deviation domains for features with

form deviations are smaller than for the nominal features, since the parallelism tolerance zone

is party filled by the form deviations and thus the allowable feature rotations are limited by

the form deviations (see Figure 5.4). Another finding is, that the facets of the deviation domain

are evenly filled and therefore no systematic effects of the parallelism scaling approach can be

observed. 7us, the approach is suitable for worst-case and statistical tolerance analyses.
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(a) Rotations for a quadratic Feature
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(b) Rotations for a cylindrical Feature

Figure 5.16: Rotations for given Parallelism Tolerance Specifications of Plane Features (∗ in-
dicates a Feature with Form Deviations)
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5.2.5.2 Perpendicularity Tolerance

tper A

A

Assoc.
Planetper

Figure 5.17: Perpendicularity Tolerance Zone

Definition and Computation of Per-

pendicularity Tolerance Specifications

Perpendicularity tolerances also apply to

straight lines or planes and are defined with

reference to straight lines, planes, or datum

frames [ISO1101]. 7e corresponding toler-

ance zone of perpendicularity tolerances on

plane features is illustrated in Figure 5.17 and

defined as follows:

Definition 4– Perpendicularity Tolerance of a Plane to a Datum Plane [ISO1101]

7e tolerance zone is limited by two parallel planes, which are perpendicular to the datum

plane and have the distance tper. 7e measured surface is to lie between these two parallel

planes with distance tper.

For the computation of the perpendicularity tolerance zone, first of all, the associated plane

of the datum feature according to the procedure explained in section 5.2.5.1 is performed.

7ereaqer, the points of the toleranced feature are (orthogonally) projected onto this associ-

ated datum plane. 7en, the convex hull of these projections is computed and, similar to the

flatness deviation computation, the perpendicularity deviation dper can be found as:

dper = min
j

(

max
i

d(x̃fi , fj)

)

, with i = 1, . . . , n; j = 1, . . . , F , (5.14)

where F is the number of facets of the convex hull around the projections of X f onto the

associated datum feature and d(x̃fi , fj) is the (normal) distance between the plane spanned by

the facet fj and the projected point x̃fi of the toleranced feature. 7e procedure can be seen

from Figure 5.18.

Scaling of Perpendicularity Tolerance Specifications 7e perpendicularity tolerance

limits orientation defects of the toleranced feature with reference to the datum feature. Sim-

ilar to the parallelism tolerance, the location of the tolerance zone is not limited. However,

for the perpendicularity tolerance of plane features, only one rotational degree of freedom is

relevant and limited. An optimization approach is used to evaluate the admissible rotation for

a perpendicularity specification similarly to the parallelism tolerance:

r∗ = argmin
r

∣
∣
∣dper(X

f, r) – tper

∣
∣
∣ , (5.15)

where dper(X
f, r) returns the perpendicularity tolerance of the rotated feature as defined in eq.

(5.14).
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Datum
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Toleranced
Feature &
Projections

(a) Toleranced Feature, associated
Datum Plane, and Convex Hull of
the Projections

Datum
Plane

Tolerance
Zone

Datum

Plane

Tolerance

Zone

(b) Tolerance Zone (shiqed Perpendicular Planes)

Figure 5.18: Computation of the Perpendicularity Tolerance Zone: 7e Perpendicularity De-
viation can be found as the minimum of the maximal Distances between the projected Feature
Points onto the associated Datum Feature and the Facets of their Convex Hull.

5.2.5.3 Angularity Tolerance

α

tang A

A

α

tang

Figure 5.19: Angularity Tolerance Zone

Definition andComputation ofAngular-

ity Tolerance Specifications Angularity

tolerances apply to straight lines or planes

and are defined with reference to straight

lines, planes or datum frames [ISO1101]. 7e

corresponding tolerance zone of angularity

tolerances on plane features is defined as fol-

lows and illustrated in Figure 5.19:

Definition 5– Angularity Tolerance of a Plane to a Datum Plane [ISO1101]

7e tolerance zone is limited by two by the specified angle with reference to the datum plane

inclined planes with distance tang. 7e measured surface is to lie between these two parallel

planes with distance tang, which are inclined by the theoretical angle with reference to the

datum plane.

For the computation of the angularity tolerance zone, a procedure analogue to the parallel-

ism deviation computation is employed. For this purpose, firstly the associated datum plane is

computed. 7ereaqer, the associated datum plane is inclined by the specified theoretical angle.

Finally, the (normal) distances between the points of the toleranced feature and the inclined

associated datum plane are computed. 7e angularity deviation dang can then be found as:

dang = max
i

d(xfi , p̃
f-ref) – min

i
d(xfi , p̃

f-ref), with i = 1, . . . , n, (5.16)

where p̃f-ref is the inclined associated plane of the datum feature and d(xfi , p̃
f-ref) is the (normal)

distance between this inclined associated plane of the datum feature and the point xfi of the

toleranced feature. 7e procedure can be seen from Figure 5.20.
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(b) Tolerance Zone (shiqed inclined Datum Planes)

Figure 5.20:Computation of the Angularity Tolerance Zone: 7e Angularity Deviation can be
found as the Difference of the maximal and minimal Distance between the toleranced Feature
and the inclined associated Plane of the Datum Feature.

Scaling of Angularity Tolerance Specifications Similar to the parallelism and perpen-

dicularity tolerance, the angularity tolerance limits orientation defects, whereas the location of

the tolerance zone is not limited. 7us, similarly to these tolerances, an optimization approach

is used to evaluate the admissible rotation for an angularity specification tang:

r∗ = argmin
r

∣
∣
∣dang(X

f, r) – tang

∣
∣
∣ , (5.17)

where dang(X
f, r) returns the angularity tolerance of the rotated feature as defined in eq. (5.16).

5.2.6 Location Tolerances

5.2.6.1 Coaxiality Tolerance

A

tcoax A

tcoax

Figure 5.21: Coaxiality Tolerance Zone

Definition and Computation of Coaxial-

ity Tolerance Specifications 7ecoaxial-

ity tolerance limits deviations of axes with

reference to datum axes and the tolerance

zone is defined as follows and can be seen

from Figure 5.21:

Definition 6– Coaxiality Tolerance [ISO1101]

7e tolerance zone is a cylinder with diameter tcoax, which axis is given by the axis of the

datum cylinder. 7e axis of the measured cylinder is to lie within this cylinder with diameter

tcoax.

7e computation of the coaxiality deviation is performed by firstly mapping all points of
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the toleranced Skin Model Shape feature xfi on the axis of its least squares cylinder xf-ai :

xf-ai = a +

√
∣
∣
∣a – xfi

∣
∣
∣

2
– (dri )

2 · b, (5.18)

where a is a point on the axis of the least squares cylinder, b is the direction of the least squares

cylinder, and dri is the radial distance of the point xfi to the cylinder axis. In this context,

according to [ISO5459], the associated datum cylinder has to be chosen in a manner, so that

it is outside the material of the non-ideal cylindrical datum feature, i. e. maximum inscribed

or minimum circumscribed cylinders have to be identified. 7ereaqer, the distances between

these points and the axis of the associated cylinder of the datum feature are determined, with

the coaxiality deviation resulting as the maximum radial distance:

dcoax = max
i

∣
∣
∣dr (x

f-a
i ,Als-ref)

∣
∣
∣ , i = 1, . . . , n, (5.19)

where dr (x
f-a
i ,Als-ref) is the (radial) distance between the mapped points on the toleranced

cylinder axis xf-ai and the axis of the associated cylinder of the datum feature Als-ref. 7e

procedure can be seen from Figure 5.22.

Toleranced Feature

Datum Feature

Tolerance Zone

aaaaaaaaaaaeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeFFeFeeFeeFeFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFFdddddddddddddddddddddddddddddddddddddddddddddedddedddeeeeeeeeeeeeeeeeeeeeeeeeeceeeeccccccc

Figure 5.22: Coaxiality Tolerance Com-
putation

Scaling of Coaxiality Tolerance Specifica-

tions Since the coaxiality tolerance limits the

location of the toleranced axis with reference to

the datum axis, the scaling of the coaxiality toler-

ance has to consider not only rotational degrees

of freedom, but also translational degrees of free-

dom. 7us, the optimization formulation for the

scaling can be found as:

r∗, t∗ = argmin
r ,t

∣
∣
∣dcoax(X

f, r , t) – tcoax

∣
∣
∣ , (5.20)

where dcoax(X
f, r , t) returns the coaxiality tolerance of the rotated and translated feature.

5.2.6.2 Position Tolerance

Definition and Computation of Position Tolerance Specifications Position tolerances

are specified to control the location of features with reference to datum features employing

theoretical measures. In this work, the position tolerance of a line (such as an axis) as well

as the position tolerance of a plane are considered, with the position tolerance zone of a line

being defined as follows and can be seen from Figure 5.23:

Definition 7– Position Tolerance of a Line [ISO1101]

7e tolerance zone is limited by a cylinder with diameter tpos, if the ø-symbol is prefixed.

7e axis of the tolerance zone cylinder is defined by theoretical measures to the datums. 7e

associated axis is to lie within this cylinder with diameter tpos.
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Figure 5.23: Position Tolerance Zone for an Axis

Similarly to the coaxiality tolerance, the tolerance zone is defined by a cylinder as illustrated

in Figure 5.23, which is to contain the associated axis of the toleranced cylinder. 7erefore, the

procedure of the coaxiality tolerance evaluation and scaling can be applied (see section 5.2.6.1),

with the datum axis being set as the axis defined by the theoretical measures and datums.

In contrast to this, the position tolerance zone for a plane feature is defined as follows (see

Figure 5.24):

Definition 8– Position Tolerance of an even Plane or a Center Plane [ISO1101]

7e tolerance zone is limited by two parallel planes, which lie symmetrically around the the-

oretical exact position and have the distance tpos. 7e theoretical exact position is defined

by theoretical measures and datums. 7e measured plane is to lie between these two parallel

planes with distance tpos.

a

tpos A

A

a

Assoc.
Plane

tpos

Figure 5.24: Position Tolerance Zone for
a Plane Feature

7e position tolerance zone for a plane feature

is limited by two parallel planes, which are po-

sitioned symmetrically around the theoretically

exact position of the plane feature. 7is theoret-

ically exact position is in turn defined by datum

features and theoretical measures. In this section,

a focus is laid upon the position tolerance for one

datum feature, whereas multiple datum features

are discussed in section 5.2.8.2. For the computation of the position tolerance zone of a plane

feature with reference to a datum plane feature, the theoretically exact position of the tol-

eranced plane feature is determined by a translation of the associated datum plane by the

theoretical measure. 7e position tolerance zone is then limited by two planes, which lie

symmetrically around the translated associated datum plane. 7eir distance is determined by

calculating the maximum point distance for each point of the Skin Model Shape feature and

the symmetry plane. 7us, the position deviation is defined as:

dpos = 2 ·max
i

∣
∣
∣d(xfi , p

f-ref) – dtheo

∣
∣
∣ , i = 1, . . . , n, (5.21)

where pf-ref is the associated plane of the datum feature, d(xfi , p
f-ref) is the (normal) distance

between this associated plane of the datum feature and the point xfi of the toleranced fea-
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Datum Plane, and Shiqed Datum
Plane along the theo. Measure

Datum
Plane

Tolerance
Zone

7eoretical
Measure

Datum
Plane

Tolerance
Zone

7eoretical
Measure

(b) Tolerance Zone (shiqed Datum Planes)

Figure 5.25: Evaluation of the Position Tolerance Zone: 7e Position Deviation with one
Datum can be found as twice the maximal Distance between the toleranced Feature and the
Plane parallel to the associated Plane of the Datum Feature and shiqed along the theoretical
Measure.

ture, and dtheo is the theoretical measure. 7e procedure for the computation of the position

tolerance zone is illustrated in Figure 5.25.

From the definitions of the parallelism tolerance and the position tolerance, it can be seen,

that the position deviation is always greater or equal to the parallelism deviation, since its

tolerance zone is dependent on the theoretical exact position of the toleranced feature in con-

trast to the parallelism deviation. Furthermore, the position tolerance zone lies symmetrically

around the shiqed associated datum plane and is not “fi@ed” to the toleranced plane feature

as for the parallelism tolerance zone.

Scaling of Position Tolerance Specifications 7e position tolerance limits location de-

fects of the toleranced feature with reference to one or multiple datum features. 7erefore,

the scaling of position tolerances considers not only rotational degrees of freedom, but also

additional translational degrees of freedom. 7us, the optimization is formulated as follows:

r∗, t∗ = argmin
r ,t

∣
∣
∣dpos(X

f, r , t) – tpos

∣
∣
∣ , (5.22)

where dpos(X
f, r , t) returns the position tolerance of the rotated and translated feature. 7e

optimization problem is formulated in analogy to the parallelism tolerance scaling. However,

if the feature rotations r are already limited by orientation tolerances (e. g. by a parallelism

tolerance), lower lb and upper bounds ub for the rotations as lb = ub = 0 are specified as

constraints in the optimization. Similarly to the optimization problem given in eq. (5.11),

random values are used as initial starting points for the active-set algorithm.

Some exemplary results for the resulting rotations and translations for a given position

tolerance are shown in Figure 5.26. It can be seen, that the deviation domain of the rotations
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ry and rz is filled in contrast to the deviation domain for the parallelism tolerance scaling in

Figure 5.16, since this space is covered by an additional translation tz .
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Figure 5.26: Resulting Rotations and Translations for a given Position Tolerance of a Plane
Feature with one Datum

5.2.6.3 Runout Tolerance

Definition and Computation of Runout Tolerance Specifications Runout tolerances

limit location defects of cylinder surfaces and the tolerance zone can be found as (see also

Figure 5.27):

Definition 9– Runout Tolerance [ISO1101]

7e tolerance zone is limited by two coaxial cylinders with radial distance trun, which axis is

identical to the datum axis. 7e measured cylinder surface is to lie between these two coaxial

cylinders with radial distance trun.

A

B

trun A – B
trun

Figure 5.27: Total Runout Tolerance Zone

7e computation of the total runout toler-

ance deviation can be performed similar to

the cylindricity tolerance, with the axis of

the least-squares cylinder being replaced by

the datum axis. 7us, the radial distances

between the datum axis and the points of the

toleranced Skin Model Shape feature have to be evaluated and eq. (5.8) can be applied, with

Cls being replaced by the datum axis.

Scaling of Runout Tolerance Specifications 7e scaling of runout tolerances is also per-

formed in analogy to the scaling of cylindricity tolerance specifications. 7us, eq. (5.9) can be

applied, with the axis of the associated cylinder Cls being replaced by the datum axis.

5.2.7 Profile and Runout Tolerances

Profile tolerances limit line or surface profiles, where the real part surface is to lie between

two surfaces with identical distance, which enfold spheres with diameter tprofile and which

centres lie on the surface with theoretically exact form [ISO1101]. In this regard, the projec-

tion of measured points onto the vertex normals of the nominal surface is current practice

e. g. for the measurement of flank profile deviations of gears [Gue11]. An approach for the
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profile tolerance measurement based on vertex normal projections is proposed in [SW14]. In

analogy to this, the scaling of profile tolerances can be performed by shiqing the points of the

toleranced Skin Model Shape feature in the direction of their corresponding vertex normals

along the weighted profile deviation.

5.2.8 Alternative Tolerance Specifications

5.2.8.1 Parallelism Tolerance revisited

In section 5.2.5.1, the parallelism deviation evaluation based on an associated datum plane was

highlighted. However, an alternative measurement approach of the parallelism tolerance can

tpar A

A

tpar

Figure 5.28: Alternative Parallelism Toler-
ance Measurement and corresponding Toler-
ance Zone

be seen from Figure 5.28, where the toler-

anced part is placed on a measurement fix-

ture, which also serves as the datum feature.

7erefore, the plane of the measurement fix-

ture serves as the datum plane pf-ref in the

parallelism tolerance computation as given

in eq. (5.10). In order to evaluate the parallel-

ism tolerance of the toleranced plane feature,

the part is to be placed on ameasurement fix-

ture, which is performed employing relative

positioning approaches (see Figure 5.29 and

section 5.3). However, the determination of the parallelism deviation as well as the scaling

approach stay unaffected.

In order to illustrate possible differences regarding the resulting rotations between the par-

allelism deviation evaluated based on the associated datum plane and the datum plane of the

measurement fixture, respectively, a parallelism tolerance is specified on the top plane of a

cube with reference to the cube’s bo@om plane as illustrated in Figure 5.13 and Figure 5.28.

For the parallelism deviation evaluation based on the associated datum plane, the procedure as

illustrated in Figure 5.14 is pursued, whereas the cube is assembled on a measurement fixture

employing relative positioning approaches for the parallelism deviation evaluation based on

the fixture datum plane as can be seen from Figure 5.29.

Measurement
Fixture

Toleranced
Feature

Measurement
Fixture

Toleranced
Feature

(a) Part positioned in theMeasurement Fixture employ-
ing Relative Positioning Approaches

Measurement
Fixture

Toleranced
Feature

Measurement
Fixture

Toleranced
Feature

(b) Distances between the Toleranced Feature and the
Measurement Fixture

Figure 5.29: Tolerance Zone Evaluation for a Parallelism Tolerance employing Relative Posi-
tioning Approaches: 7e Parallelism Deviation can be found as the Difference of the maximal
and minimal Distance between the toleranced Feature and the Measurement Fixture.
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Figure 5.30: Resulting Rotations for the Paral-
lelism Tolerance Scaling

7e differences for the resulting rotations

for the scaling of parallelism specifications

between the two approaches for the paral-

lelism tolerance evaluation are shown for a

single SkinModel Shape in Figure 5.30. It can

be seen that there is a shiq of the deviation

domain, which results from the different ori-

entations of the measurement fixture plane

and the associated plane of the datum fea-

ture. 7is effect is highlighted in Figure 5.31, where the relevant facet fj∗ for the association of

the datum plane as explained in section 5.2.5.1 as well as the resulting facet fRelPos of the rel-

ative positioning on the measurement fixture are shown. It can be seen, that both approaches

lead to planes, which ensure the contact with the integral non-ideal feature. However, the as-

sociated plane based on fj∗ minimizes the orthogonal maximal distance to the non-ideal feature

and can be computed even for convex non-ideal features, whereas the plane fRelPos ensures

the contact with the measurement fixture, but does not minimize the orthogonal distance. In

this context, it should be mentioned, that the alternative computation of associated datums for

planar features employing relative positioning approaches is also possible for other tolerances

of orientation and location.

5.2.8.2 Position Tolerances with multiple Datum Features

In many applications, the location of features is to be specified with reference not only to a

single but to multiple other part features. In such cases, the datum features build a datum

system, which comprises the order of features to be respected for the measurement of the spe-

cified location tolerance. As a typical example, the position tolerance for a plane feature with

reference to two datum features and the corresponding tolerance zone is shown in Figure 5.32.

It can be found, that the measurement of the position deviation requires the consideration of

measurement fixtures. In order to consider the datum system, the toleranced part is placed in

a measurement fixture employing relative positioning approaches, with the part being posi-

tioned is such a manner, that there result three contact points between the part and the first

datum A and two contact points between the part and the datum B, i. e. the first two steps of

a 3-2-1 positioning scheme [JS00] are simulated.

fRelPos

fj∗

Associated Plane

Measurement Fixture

Figure 5.31: Difference between the associated Plane based on fj∗ and based on the relative
Positioning on a Measurement Fixture fRelPos: 7e associated Plane (dashed Line) is computed
based on the relevant facet of the flatness tolerance zone fj∗ , whereas the positioning on the
measurement fixture leads to a different contact facet fRelPos.
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tpos A B

A

B

a

tpos

a

Figure 5.32: Tolerance Zone for a Position Tol-
erance with two Datums measured employing
a Measurement Fixture

7e evaluation of the position deviation is

then performed according to equation (5.21),

with the required reference plane pf-ref being

given by the datum B plane of the measure-

ment fixture. 7e procedure can be seen from

Figure 5.33. However, similarly to the scaling

of the parallelism tolerance, the general ap-

proach for the position deviation evaluation

and scaling is not influenced by the change

of the relevant datum planes.

Datum A

Datum B

Datum A

Datum B

(a) Part positioned in the Measurement Fixture

Datum A

Datum B

Toleranced
Feature

Datum A

Datum B

Toleranced
Feature

(b) Distances between the Toleranced Feature and the
Measurement Fixture

Figure 5.33: Tolerance Zone Evaluation for a Position Tolerance with two Datums: 7e Po-
sition Deviation can be found as double the maximum absolute Difference of the theoretical
Measure and the Distances between the Measurement Fixture and the toleranced Feature.

5.2.9 Results for the Example Case Study

In order to perform a tolerance analysis for the example case study illustrated in Figure 5.2,

firstly SkinModel Shapes have to be generated. 7is has been performed bymodelling random

geometrical deviations using the random field approach as described in section 4.3.
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0
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P
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b
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it
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en
si
ty

Form Tol.

Orientation Tol.

Location Tol.

Figure 5.34: Input Probability Densities of the
different Tolerances for the Statistical Analysis

However, as this approach for the gen-

eration of Skin Model Shapes does not ne-

cessarily lead to part representatives, which

conform to specified tolerances, the obtained

Skin Model Shapes have to be “scaled”. 7is

has been performed using the presented

algorithms for the scaling of Skin Model

Shapes, which allow the manipulation of the

single Skin Model Shapes, so that they con-

form to pre-defined tolerance specifications.

In this regard, worst-case and statistical tol-

erance analyses for the case study have been

conducted with and without consideration of form tolerances, respectively. For the worst-

case analyses, the parts conform to the (maximum) specified tolerances but are randomly as-
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sembled, whereas Gaussian input probability densities for the tolerances as can be seen from

Figure 5.34 have been assumed for the statistical analyses.

In order to illustrate the results of the part scaling, the parallelism tolerance of the base part

(∗) in Figure 5.2 is considered. Figure 5.35 shows the introduced orientation defects around the
x- and y-axis as components of the Small Displacement Torsor rx and ry for the toleranced

plane feature. It can be seen, that a regular rhombus is obtained for the worst-case when

the form deviations of the feature are nil, whereas an irregular rhombus results when form

deviations are considered. 7is is because the parallelism tolerance zone comprises the form

deviations according to GPS standards. 7us, the allowed orientation defects (i. e. feature

rotations) are decreased by the form deviations of the plane feature. Furthermore, irregular

rhombi are obtained when considering Gaussian input probabilities for the tolerances for the

analysis with as well as without form tolerance considerations, respectively. Again, it can be

seen, that the rhombus for the case when form deviations are considered is slightly smaller

than for the case when the form deviations are nil, since the form deviations decrease the

allowed orientation defects.
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r y

No Form Devs. With Form Devs.
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No Form Devs. (G) With Form Devs. (G)

Figure 5.35: IntroducedOrientationDefects for the ParallelismTolerance (∗) with andwithout
consideration of Form Tolerances (leq shows the Worst-Case, right the Statistical Analysis).

5.3 Relative Positioning and Assembly Simulation of Skin Model

Shapes

Assembly modelling as one of the most important steps in the product development process

relies more and more on the extensive use of CAD systems. Digital mock-ups enable vir-

tual assembly and testing without building physical artefacts while reducing time and costs

in product development and increasing product quality. 7e modelling of geometrical inter-

faces between the components of the assembly is of central importance in the simulation of

mechanical assemblies. Over the past decades, many researchers have devoted their efforts to

establish theories and systems covering assembly modelling. Although the product form or

shape have been extensively investigated considering the nominal CAD geometry, inevitable

limitations can be reported. Computer-aided tolerancing systems provide simulation tools for

modelling the effects of tolerances on the assembly and product function and also allow the

integration of manufacturing simulations and physical modelling into tolerance analysis, but

still lack of form deviation considerations.

7e concept of Skin Model Shapes aims at overcoming these shortcomings, but, however,

the application of the concept of Skin Model Shapes to the computer-aided tolerance analysis
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requires models for the simulation of their relative positioning and assembly considering dif-

ferent kinds of geometrical part deviations. In this context, the term “relative positioning”

describes the positioning55 of a digital part representative relative to others in an assembly

[LR01]. 7e need for such models gives rise for this section, which introduces approaches for

the relative positioning and assembly simulation of Skin Model Shapes. 7ese methods have

a strong geometrical component and are therefore closely linked to the subject of Industrial

Geometry [PLH+05].

It is structured as follows. In the following section, existing approaches for the assembly

simulation of non-ideal workpiece representatives are briefly reviewed. Following this, a

framework for the assembly simulation of Skin Model Shapes is proposed and then applied

to the example case study. 7is framework has been discussed by the author in [SW15a].

5.3.1 Related Work

Various models for the assembly simulation in computer-aided tolerancing tools have been

proposed, from simple 1D and 2D tolerance stack-ups [She30, FG86] to vectorial tolerancing

and the DLM method [Wir88, GCM98] and to approaches for the assembly constraint model-

ling and solving for variational part geometry [LR01, OBJ06, FGP10]. It can be found, that these

approaches differ in the formulation and derivation of assembly constraints and the proposed

solution techniques. However, a main similarity is that they hardly allow the consideration of

form deviations and are not capable of dealing with discrete geometry part representatives.

In contrast to that, local registration techniques, such as the Iterative Closest Point (ICP)

framework [BM92] and adaptions of it [RL01], are widely used for the registration of 3D data

point clouds to model shapes. Furthermore, alternative concepts, such as constrained regis-

tration approaches, have been developed to match broken objects [HFG+06] and to fit point

clouds to surfaces in the presence of obstacles [Flö09, FH10]. In these works, the constraint

modelling is mainly based on local vertex normal distance computations, whereas Pierce and

Rosen [PR07b] convert the constrained optimization to an unconstrained optimization prob-

lem employing penalty functions. A similar approach for the relative positioning of surface

meshes is presented in [SWM+10a, SWHP07, SWM09], where the objective function for the op-

timization is defined as the sum of projected point-to-point distances and the non-penetration

requirement is checked by collision detection algorithms, which also trigger penalty terms in

the objective function. However, these registration-based approaches for the matching and

relative positioning of point clouds seldom allow the consideration of assembly process char-

acteristics, such asmultiple assembly stepswith different assembly directions, assembly forces,

gravitational forces, or assembly constraints. 7is hinders their application to computer-aided

tolerance analysis.

Unlike these methods, Samper et al. [SAFP09] present an approach for the assembly mod-

elling, which is based on the difference surface computation of mating surfaces by modal

analysis. Due to this modal surface decomposition for the difference surface computation em-

55Positioning can be defined as “the act of pu@ing a part in a certain place with the right orientation; placing
or aligning in the appropriate location one component relatively to another” [Pag14]. It can be performed
“manually or automatically by a manipulation system, e. g. linear or rotation axis, robot, and pick-and-place
system” [Pag14].
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ploying the finite-element analysis (FEA), each two mating features have to share the same

discretization, which is a strong drawback in many situations. 7ough, the algorithm allows

the computation of the “deterministic” contact points between each two discretized variant

part representations.

Hence, it can be found, that none of these approaches allows the assembly simulation of

Skin Model Shapes with arbitrary geometrical deviations for the tolerance analysis consid-

ering different positioning schemes. In order to overcome this shortcoming, two classes of

approaches for the relative positioning of discrete geometry Skin Model Shapes for the ap-

plication in computer-aided tolerance analysis are introduced, discussed, and compared in the

following, namely adapted registration techniques and an algorithm based on the feature dif-

ference surface. 7ese approaches are introduced and discussed, as well as applied to two case

studies in the field of computer-aided tolerance analysis.

5.3.2 Relative Positioning of Skin Model Shapes

In order to analyse the effects of geometrical part deviations on product requirements, the

resulting assembly positions of parts with deviations in the assembly have to be investigated.

Since the resulting assembly configurations for deviated parts are far more complicated than

for nominal assemblies [LR01], the computation of the resulting part positions requires al-

gorithms, with [PR07b] defining three requirements for such an algorithm:

R1: 7e algorithm should minimize the distances between any point on one feature and the

corresponding closest point of the other feature.

R2: 7e algorithm should avoid interference of parts.

R3: In the case when the form deviations are nil, the algorithm should converge to the nom-

inal assembly position.

7e second requirement R2 is related to the physical properties of rigid mechanical parts,

which not tend to interfere in real assembly processes, whereas the third requirement R3 is

somehow related to robustness issues of the algorithm (a robust algorithm is expected to con-

verge to the nominal assembly position for nominal parts). In contrast to that, the first re-

quirement R1 is not primarily a general requirement for any algorithm but rather expresses

one approach to the relative positioning problem. As it will be shown, there exist algorithms,

which fulfil R2 and R3, though they not minimize point-to-point distances. However, these

three requirements may serve as first indications for the choice of adequate relative position-

ing algorithms in the following.

5.3.2.1 Constrained Registration

Introduction and Formulation of the Optimization Problem An intensively discussed

registration problem is the “fi@ing” of a 3D data point cloud to a given model shape. 7e idea

of the Iterative Closest Point (ICP) framework as a well-known approach to this registration

problem is the minimization of an error metric, that is defined on pairs of points each one

consisting of a point from the model shape, which stays unaffected, and a corresponding point

from a data shape, which is translated and rotated to fit the reference shape [BM92, RL01].

In the context of relative positioning, a slightly different registration problem occurs, since

a 3D data point cloud of a part feature (plane, cylinder, etc.) has to be “fi@ed” to the 3D point
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cloud of another parts’ feature. For this purpose, the ICP framework has been generalized in

this regard, that the objective function for the minimization is not necessarily defined between

pairs of points, but allows more general formulations [SWHP07]. 7is generalized framework

can be employed for the contact simulation of Skin Model Shapes and is extended to the as-

sembly simulation considering multiple assembly steps in the following. However, firstly, the

mathematical foundation is introduced.

Let Y = {yi ∈ R3 : i = 1, …,M} be the point cloud of the data shape feature and X = {xi ∈
R
3 : i = 1,…,N} the point cloud of the reference shape feature. 7en, the adjusted position of

the data shape feature Y can be obtained by minimizing an objective function f (·), which is a

function of both point clouds X and Y and the rigid body transformation of the data shape α:

min f (α;X ,Y ). (5.23)

7us, the unknown rigid body transformation α of Y is identified by minimizing an ob-

jective function f (α;X ,Y ). Similarly to alternative solutions to this generalised registration

problem [HFG+06, FH10, PLH02, PLH04] and the approaches for the part scaling considering

orientation and location tolerances, instantaneous kinematics are employed for the expression

of the rigid body motion α with α(Y ) ≈ m(Y ) = Y + v(Y ) in the following, where:

v(Y ) = t + r × Y . (5.24)

In this regard, t represents the velocity vector of the origin and r is the vector of angular ve-

locity [PLH02]. Since this linearization results in an affine transformation, but not necessarily

in a rigid body transformation, the resulting velocity vector field is projected to the corres-

ponding helical motion aqer the optimization (see [PLH02, PLH04] for further detail). With

t, r ∈ R3, the optimization problem is of dimension six [FH10]:

min
t,r

f (m;X ,Y ). (5.25)

5.3.2.2 Objective Functions for the Optimization

Many objective functions for the optimization problem given in eq. 5.25 have been proposed,

e. g. the sum of squared distances and the Hausdorff distance in [SWHP07], approximations

of the unsigned distance function (l1-norm) in [Flö10], and projected distances and the convex

hull volume in [SAMW15]. Some of these functions are phrased as least-squares problems and

are theoretically backed by the Gauss-Markov theorem [Flö10], some of them may result in

non-smooth optimization problems. However, as a result of trials and systematic experiments,

a focus is set on signed and absolute projected distance functions as well as convex hull volume

computations in the following.

Since assembly processes are usually performed along predominant directions, the distance-

based objective functions should consider these directions w in the evaluation of part feature

distances. 7us, the vector w ∈ R
3 is defined as the assembly direction, being the main

direction for the assembly step in the global coordinate system. It is typically determined by

the invariant translations of the contact features and can be obtained from CAD by exporting
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Figure 5.36: Determination of the Point Correspondences

the assembly constraints. For example, if we consider a contact of two x-y-planes, then the

feature assembly is performed in z-direction and w yields to w = (0 0 1). Furthermore, the

distance functions are determined for every point of the moving part Y and its corresponding

point in the fixed partX similarly to the ICP algorithm. For this purpose, the nearest neighbour

(sometimes called foot-point) xyi for every point of the data shape feature yi in X is computed

by maximizing an adapted projected point-to-point distance aj , which will be discussed in eq.

(5.36) [AS05]:

xyi = xj∗ , where j∗ = argmax
j

(
aj
)
. (5.26)

In contrast to the ICP approach, these correspondences are not determined iteratively, but

based on a pre-assembly position. 7erefore, we deal with a registration problem for known

point correspondences. 7e determination of the point correspondences is illustrated in Figure

5.36 for two plane features (without loss of generality, the 3D problem is reduced to 2D for the

sake of improved comprehensibility).

7e discussed objective functions for the optimization problem in eq. (5.25) are illustrated

in Figure 5.37 for the assembly of two plane features in 2D:

• Signed projected distance: 7e distances between the adjusted points m(yi) and their

correspondences xyi are projected along the assembly directionw. Hence, the projected

distance is defined as:

dPS
(
m(yi), xyi ,w

)
=
(
m(yi) – xyi

)
· w′. (5.27)

7e objective function is then the sum of these absolute projected distances:

fPS(·) =
M∑

i=1

|dPS
(
m(yi), xyi ,w

)
|. (5.28)

Due to the formulation of the optimization problem as a minimization task, the use of

the absolute values |dPS| is required to avoid negative values of the objective function,

which may lead to implausible part positions.

• Signed Normal Distance: With some similarity to Flöry et al. [FH10], the directions for
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Figure 5.37:7e Objective Functions for the Constrained Optimization

the signed projected distance can also be defined individually for every point pair as

the vertex normals of the data points wi := nyi , which results in a distance-to-tangent

measure:

dPSN

(

m(yi), xyi ,nxyi

)

=
(
m(yi) – xyi

)
· n′yi . (5.29)

For the objective function, again the absolute value of the projected distance metric is

used:

fPSN(·) =
M∑

i=1

∣
∣dPSN

(
m(yi), xyi ,nyi

)∣
∣ . (5.30)

• Convex Hull Volume: In contrast to the previous ones, the idea behind this objective

function is the minimization of the volume between the part features. For this purpose,

the volume of the convex hull of the data shape feature points and their correspondences

in X , being XY , is computed, e. g. employing the `ickHull algorithm [BDH96], and

minimized. In this regard, the objective functions yields to:

fHull(·) = CV (XY ∪m(Y )), (5.31)

where CV (·) returns the volume of the convex hull. It is worth mentioning, that the res-

ults of this objective function are not influenced by inhomogeneous point cloud densities

in contrast to the previously introduced point-distance based objective functions.
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In real assembly processes, certain degrees of freedom are kept invariant by assembly fix-

tures. In order to consider this issue, constraints for specific components of t and r can be

added in the formulation of the optimization problem, e. g. for a straight plane-to-plane as-

sembly in z-direction with three degrees of freedom (tz , rx , ry), the remaining translations

along the x- and y- direction as well as the rotation around the z-direction are constrained:

min
t,r

f (m;X ,Y ),

subject to tx = 0, ty = 0, rz = 0. (5.32)

Moreover, the adding of non-linear constraints has been used to respect the non-interference

requirement R2 [Flö09, PR07b]. For example, the signed normal distance function can be ad-

ded to constrain the minimization problem. Expressively spoken, the signed normal distance

between any of the reference points and their correspondences is not to take a negative value,

since this indicates interfering part positions. In this regard, the minimization problem in eq.

(5.25) yields to:

min
t,r

f<·>(·)

subject to dPSN
(
m(yi), xyi ,w

)
≤ 0, ∀yi∈Y . (5.33)

In analogy, the signed projected distances dPS can be added as constraints, though signed

normal distances dPSN are more representative for part interference. However, dPS does not

require the computation of point normals. 7ese point-based constraints can also be used in

combination with the convex hull volume based objective function fHull.

7e numerical solution of this constrained optimization problem is performed employing

active set methods. Illustrative results for the relative positioning of two plane features and

various objective functions with non-linear constraints are shown in Figure 5.38. It can be

seen, that the adding of constraints based on signed projected distances and signed normal

distances leads to realistic part positions.

It is worth mentioning, that there are approaches to discard the non-linear constraints and

to convert the constrained optimization problem to an unconstrained optimization problem

by adding penalty functions in case of part interference to the objective functions (i. e. in the

case of dPSN
(
m(yi), xyi ,w

)
> 0, ∀yi∈Y ) [PR07b, SWHP07]. However, no instructions for the

choice of the required penalty terms in case of constraint violations is given, which hinders the

application of this adoption to the constrained registration in the context of computer-aided

tolerancing.

5.3.2.3 Positioning based on the Difference Surface

In contrast to approaches for the registration of point clouds, Samper et al. [SAFP09] present

a method for the assembly modelling based on the computation of the difference surface. 7e

difference surface is defined to comprise the deviations between the model and the data shape.

In doing so, the relative positioning problem between the model and the data shape is con-

verted to a relative positioning problem between the difference surface and a perfect surface.
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(a) fPS (con. by dPS) with w = (0 – 1)
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(c) fHull (unconstrained)
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(d) fHull (con. by dPS with w = (0 – 1))

Figure 5.38: Exemplary Results of the Relative Positioning with various Objective Functions

Since the approach of Samper et al. [SAFP09] is part of a modal tolerancing approach [FS07],

the difference surface is computed based on a modal decomposition of both shapes in their

work. For this purpose, bothmating surfaces are identically discretized to compute their eigen-

shapes (modes) employing the Finite Element Analysis (FEA). 7ereaqer, the modes are fi@ed

to measured surfaces based on a projection operator to obtain the modal spectrum of both

mating surfaces. 7e difference surface between these mating surfaces is then easily com-

puted as the difference between their modal spectra. Once the difference surface is computed,

the contact points between the mating surfaces can be found as the intersection of the mating

force vector (e. g. assembly or inertial force) and the convex hull of the difference surface. A

detailed explanation is given in the following. However, as can be seen, a main drawback of

this procedure is the computation of the difference surface based on modal shapes, since it

does not allow for different discretizations of the mating surfaces. In the context of virtual

product development, where the available surface discretization for each part is oqen depend-

ent on precision requirements in structural analysis or manufacturing process simulations,

this hinders the application of the approach to the integrated computer-aided tolerance ana-

lysis. 7erefore, in the following, the approach is expanded to overcome this shortcoming

and to allow the positioning of parts with different surface discretizations by applying and

integrating ray tracing approaches for both point cloud- and surface mesh-based models.

As mentioned before, assembly processes are usually performed along predefined assembly

directions and under the presence of inertial forces. In the last preceding subsection, regis-

tration techniques have been adapted in order to fit the data shape to the model shape along

these directions by using projected distance functions. According to the difference surface

approach for the relative positioning, the point-related distances between the data shape and

the model shape along the assembly direction w ∈ R3 are computed employing a ray trace

algorithm for point clouds, which has been introduced as the directed projection algorithm

[AS05, Aza04, LPY+06]. 7e algorithm finds the directed projection y′i = yi + diw, di ∈ R of a
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point yi of the data shape onto the reference shapeX in a predefined directionw byminimizing

the sum of projected squared point-to-point distances [AS05, Aza04]: min
∑N

j=1 aj||y′i – xj||2.
It has been shown, that the solution to this problem can be given as [AS05]:

di =
λ – yi · w
||w||2 , (5.34)

where:

λ =
c1wx + c2wy + c3wz

c0
, (5.35)

with c0 =
∑N

j=1 aj , c1 =
∑N

j=1 ajx
x
j , c2 =

∑N
j=1 ajx

y
j , and c3 =

∑N
j=1 ajx

z
j . As it has been pointed

out by [AS05], the definition of the weights aj has huge effects on the computation of the

projection y′i. In the following, the weight function of [AS05] is slightly adapted as follows:

aj =
1

||xj – yi||2||(xj – yi)× w||2 . (5.36)

In order to increase the accuracy of the projection, insignificant points in X are gradually

removed by an iterative procedure. Further detail of this algorithm can be found in [AS05].

Alternatively, when employing a surface mesh representation of deviated workpiece repres-

entatives, ray-triangle intersection algorithms as for example presented in [HH10] are used to

compute the point-related distances di. In order to establish the difference surface for the gen-

eral case when w = wz = (0 0 1), these distances di are used to replace the point z-coordinates

of the data shape. Moreover, also the distances d∗i between model shape and the data shape

in the negative assembly direction x′i = xi – d∗i w, d∗i ∈ R can be added to the difference

surface in order to avoid inadequate part positions. For any case, when w ;= wz , a coordinate

transformation is performed prior to the relative positioning leading to w = wz , i. e. the part

positions are adapted so that the assembly is performed in z-direction. Consequently, the dif-

ference surface S = {si ∈ R3 : i = 1,…,M} is obtained as the x- and y-coordinates of the data

shape (Y x and Y y , respectively) and the distances d in the z-coordinate direction:

S = (Y x Y y d). (5.37)

7ereaqer, the convex hull of the difference surface is computed using e. g. the `ickHull

algorithm [BDH96] and intersected with the force slope F = P + λw,λ ∈ R consisting of

the force application point P and the assembly direction w as illustrated in Figure 5.39 (b).

Since this usually results in two intersecting points, the minimal of both with regard to the

distances di is chosen and marks the relevant segment (2D) or triangle (3D) of the convex hull.

7e vertices of the relevant segment or triangle in Y are then fi@ed to their projections on the

model shape Y ′ = {y′i ∈ R3 : i = 1,…,M}, with y′i = yi –di ·w, to obtain the final part position

(see Figure 5.39 (c)). For this purpose, for example the absolute orientation approach [Hor87]

can be used.
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Figure 5.39: Procedure for the Relative Positioning based on the Difference Surface

In this context, the force application point P of the assembly force has a huge effect on

the resulting part position as can be seen from Figure 5.40, where the shiqing of the force

application point in x-direction leads to a liqing of the data shape. In order to consider inertial

forces, the force application point is set to the center of gravity in the following.

5.3.3 Assembly Simulation for Skin Model Shapes

In the previous section, two kinds of approaches for the relative positioning of discrete geo-

metry workpiece representatives have been proposed, namely constrained registration ap-

proaches and an algorithm based on the computation of the difference surface between mating

part features. Furthermore, they have been applied to the part positioning in consideration of

single mating features. In this section, these approaches are applied to the relative positioning

considering multiple features, as a primary problem in assembly simulations in the context of

computer-aided design and computer-aided tolerancing.
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Figure 5.40: Influence of the Force Application Point on the resulting Part Position

5.3.3.1 3-2-1 Positioning of Planar Parts

In industrial applications, 3-2-1 locating schemes (sometimes also called positioning or fix-

ture layouts), as can be seen from Figure 2.15, are oqen used to locate parts in assemblies and

consequently to lock their six degrees of freedom (dof) [SJ99, SLC06a]. In the following, the

simulation of such a 3-2-1 positioning of planar parts with form deviations is performed simul-

taneously employing the constrained registration and, in contrast to that, sequentially with the

difference surface approach. For this purpose, a cube is assembled with a block as illustrated

in Figure 5.41. As a pre-processing step, the relevant plane features of both the cube and the

block are obtained employing GeoSpelling partition operations [DBM08] as can be seen from

Figure 5.41 (b).

Registration for 3-2-1 Positioning 7e assembly simulation of a 3-2-1 positioning con-

sidering form deviations is a non-trivial task and an ongoing challenge for research in the

fields of tolerancing, CAD, and computational geometry, since every single assembly step has

an effect on the part’s assembly environment. 7is is illustrated in Figure 5.42, where the 2-1

assembly of two rectangular plane features with form deviations is shown. It can be seen,

that the first assembly step w2 (see Figure 5.42 (b)) leads to two contact points in y-direction

between the blue and the grey part, whereas the sequential execution of the second assembly

stepw1 in Figure 5.42 (c) leads to one contact point in x-direction and the dissolving of the two

contact points in y-direction (only one contact point remains). However, the expected final

part position is illustrated in Figure 5.42 (d) with two contact points in y-direction and one in

x-direction.

A straightforward idea to solve the assembly simulation problem for a 3-2-1 locating scheme

employing constrained registration methods is to perform the assembly steps iteratively.
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(a) Nominal Parts of the Example

ψ = 3

ψ = 2
ψ = 1

(b) Partition of the relevant Plane Features

Figure 5.41: Illustrative Example for the 3-2-1 Positioning of Planar Parts (Surface Mesh Rep-
resentation)
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Figure 5.42: Dependence of the Part Position on the Assembly Step for a 2-1 Positioning
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Table 5.1: Objective Function for the Constrained Registration of a 3-2-1 Positioning

fΣ = 0; Y = α(Y );
for ψ = {3; 2; 1} do
Yψ = Partition(Y , ψ);
Xψ = Partition(X , ψ);
XYψ

= DetermineFootPoints(Xψ , Yψ , wψ);

dψ =
ωψ
Mψ

fW (Yψ ,XYψ
,wψ);

fΣ = fΣ + ωψ · dψ ;
end for

7ough, since the constrained registration approaches result in best-fit positions for every

assembly step, the part position of the preceding assembly step is dissolved. 7erefore, a

combined formulation of the optimization problem is required and the constrained registration

approach based on the absolute projected distance is adapted as follows, with the assembly

steps being subscripted according to the number of locked dofs in the following (i. e. the first

assembly step of a 3-2-1 positioning is depicted as ψ = 3):

• 7e part features for the assembly steps (Yψ andXψ ,ψ = 1, 2, 3) are obtained by partition

operations, where Yψ ⊆ Y , Xψ ⊆ X and Mψ = |Yψ| (alternatively Mψ = #Yψ) for

ψ = 1, 2, 3.

• 7e objective function is the sum of weighted average absolute projected distances:

fΣ =

3∑

ψ=1

ωψ

Mψ
fPS(Yψ ,Xψ ,wψ), (5.38)

where wψ is the assembly direction of the respective assembly step, e. g. w3 = (0 0 – 1).

In this regard, the weights for the average point distances are chosen to respect the as-

sembly steps as ω = {3; 2; 1} in analogy to [SWM+10a], where non-averaged objective

functions are employed for unconstrained optimization formulations. 7is means, that

the point-to-point distances, which are relevant for the first assembly step, are weighted

three-times the point-to-point distances of the last assembly step. However, an adapt-

ive weighting of the assembly steps could also be performed to consider different form

deviations of the contact surfaces. 7e point-wise averaging of the unsigned projected

distance function is used to avoid influences of different cardinal numbersMi (otherwise

features with many points would have a stronger contribution to fΣ than features with

less points).

7e registration itself is performed byminimizing the objective function fΣ, where a pseudo-

code of the objective function fΣ for the 3-2-1 positioning is given in Table 5.1. In this context,

non-linear constraints based on the signed projected distance dPS are added for every part

feature Yψ according to the respective assembly directions wψ in order to avoid part interfer-

ence.

Difference Surface Computation for 3-2-1 Positioning In contrast to the constrained

registration approach, which solves the 3-2-1 positioning problem simultaneously, the dif-
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ψ = 3

(a) 3-Point Move in z-Direction

ψ = 2

(b) 2-Point Move in y-Direction

ψ = 1

(c) 1-Point Move in x-Direction

Figure 5.43: 3-2-1 Positioning employing the Difference Surface Approach

ference surface method is employed to solve the three assembly steps sequentially. For this

purpose, the part position aqer the first assembly step is computed based on the 3D differ-

ence surface approach for the translation in z-direction as can be seen from Figure 5.43 (a).

7ereaqer, the second assembly step is performed employing the 2D adaption of the difference

surface algorithm (Figure 5.43 (b)). 7e last assembly step is then a simple translation along

the x-direction (Figure 5.43 (c)), in which the amount of translation dx is given by:

dx = min(di), i = 1,…,M . (5.39)

For perfectly planar parts, the sequential execution of the three assembly steps seems ad-

missible, since the data shape can be freely moved along the mating planes of the model shape.

However, this does not hold when considering form deviations, since they prevent free move-

ments along the remaining coordinate directions, which may lead to improper part positions

aqer the positioning. 7is can be seen from Figure 5.44 (a), where intersections (red areas)

of the part surface meshes are computed employing a mesh generator (tetgen) for illustra-

tion aqer the sequential execution of the three assembly steps. In order to solve this problem,

similarly to the ICP, an iterative execution of the three assembly steps is performed until the

change of the part position falls below a critical value crit or the algorithm reaches a pre-

defined number of iterations imax. A pseudo-code of this procedure is given in Table 5.2. 7e

change of the part position can for example be computed as the Euclidean distance between a

reference point in the data shape before and aqer the positioning iteration. 7e iterative pro-

cedure avoids inadmissible part positions and ensures, that the relative positioning represents

the part behaviour according to the given assembly sequence (see Figure 5.44 (b)).

Results of the Approaches for the 3-2-1 Positioning 7e final assembly position for the

two different approaches for the 3-2-1 positioning of planar parts are shown in Figure 5.45,

in which part interferences are highlighted in red. As can be seen, both approaches lead to

slight interference in the contact points as expected, with the part interference at the bo@om

features being more distinct for the constrained registration than for the difference surface

approach. 7ough, both approaches conform to requirement R2. Furthermore, both methods
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Table 5.2: Algorithm of the Relative Positioning with multiple Assembly Steps

dev = Inf; i = 0; Y ∗
0 = Y ;

while dev > crit and i < imax do
Y ∗
i+1 = 3DdiffSurf(Y ∗

i );
Y ∗
i+1 = 2DdiffSurf(Y ∗

i+1);
Y ∗
i+1 = 1DdiffSurf(Y ∗

i+1);
dev = getPartDev(Y ∗

i+1, Y
∗
i );

i = i + 1;
end while

(a) Part Position aqer one Iteration (b) Part Position aqer fiqeen Iterations

Figure 5.44: Part Positions of planar Parts with Form Deviations for the Difference Surface
Approach: Inadmissible Part Interferences (red Areas) can be observed aqer one Iteration,
whereas corresponding Contact Points result aqer fiqeen Iterations.

converge to the nominal assembly position for nominal parts and therefore fulfil requirement

R3.

However, in order to compare the resulting part positions of both approaches, the point

projections of Y in X according to eq. (5.34) of the relevant part features are compared. 7e

directed distances di between each mating features yi and y∗i for each of the three assembly

steps can be seen from Figure 5.46, where it can be found, that both approaches lead to com-

parable results for this example. However, it can be seen from the histograms of di that the

distances for the side features (ψ = 1, 2) differ considerably between the methods. 7is is influ-

enced by the weighting vector ω in the constrained registration approach. 7ough, the choice

of adequate weights ω is a non-trivial problem and a drawback of this method for the 3-2-1

positioning of planar features.

5.3.3.2 Positioning of Cylindrical Features

Beside planar features, the positioning of cylindrical fits, such as pin-and-hole connections, is

of high importance in the assembly of mechanical products. In this context, a typical classific-

ation of such pin-and-hole connections is based on the clearance between the parts aqer the

positioning. In this regard, it can generally be distinguished between loose and tight fits. 7e

assembly processes of these fits differ in terms of the exerted assembly force, since tight fits

require a higher mating force due to small elastic part deformations. As a consequence, these
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(a) Constrained Registration for deviated Parts (b) Difference Surface for deviated Parts

Figure 5.45: Exemplary Results of the 3-2-1 Positioning

types of fit require different strategies from a computational point of view:

• Mating forces introduce small elastic part deformations in the assembly of tight fits.

7erefore, slight part interference is allowed in the relative positioning of rigid parts

and requirement R2 is dropped. 7us, the ICP or unconstrained registration approaches

can be used to simulate the behaviour of tight fits.

• Clearances between the parts result in the assembly of parts with loose fit. Consequently,

no part interference should occur, which is conform to R2. Hence, constrained regis-

tration approaches or the difference surface approach should be used for the relative

positioning of loose fits.

In the following, the positioning of cylindrical features with loose fit is illustrated by a

pin-hole assembly as illustrated in Figure 5.47 and a two-pin-two-hole assembly as can be

seen from Figure 5.51, which refer to typical study cases in the context of computer aided

tolerancing [DQ09].

ConstrainedRegistration forCylindrical Feature Positioning 7egeneral formulation

of the constrained registration problem allows the distinction between relevant part features

for the minimization and for the constraint formulation. In this regard, the contacting plane

of the pin head (Opt. Feature in Figure 5.47) is used for the minimization of the objective

function, whereas a feature composed of the optimization feature, two cylinders, and the back

of the cylinder (Con. Feature in Figure 5.47) is used for the constraint formulation as can also

be seen from Figure 5.48. In doing so, the pin is positioned to obtain a minimal gap between

the pin head and the hole considering the non-interference requirement for the whole pin.

Difference Surface Computation for Cylindrical Feature Positioning 7e assembly

simulation based on the difference surface approach requires the definition of an assembly

direction. For the presented example, a straightforward idea is to choose this direction ac-

cording to the predominant direction of the pin. However, this may lead to implausible part

positions in the final assembly depending on the part deviations of the pin head and the hole

opening, since part interference may occur between the pin body and the hole as can be seen

from Figure 5.49.
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Figure 5.46:Distances between the Points of Y and their Projections inX a er the Positioning
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Figure 5.47: Pin-Hole Example for the Positioning of Cylindrical Features
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Figure 5.48: Pin in the Hole (leq) as well as Optimization Feature (red) and Constraint Feature
(blue) of the Pin (right)

Assembly Direction Assembly Position

Figure 5.49: Deviated Pin in the Hole: 7e
nominal Assembly Direction may lead to im-
plausible Part Positions

In order to solve this issue, the assembly

direction should be adjusted. 7ough, so far,

there is no adequate algorithm to perform

this efficiently. 7us, the choice of the “op-

timal” assembly direction holds some diffi-

culties. 7erefore, this approach may lead to

implausible assembly positions, which can be

regarded as a drawback of the difference sur-

face approach in the positioning of cylindrical features.

Results of the Approaches for the Positioning of Cylindrical Features In analogy to

the result presentation for the 3-2-1 positioning, the assembly positions as well as the point

distances between the optimization feature are shown in Figure 5.50 for both relative position-

ing approaches. It can be seen, that the difference surface approach leads to a slightly tighter

assembly position than the constrained registration method. However, it does not necessarily

ensure the non-interference requirement for the complete pin, since only the planar contact

between the pin head and the hole is considered.
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Figure 5.50:Distances between the Points of Y and their Projections inX aqer the Positioning
for Cylindrical Features
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Assembly Direction Constraint Feature Optimization Feature

Figure 5.51: Over-constrained Assembly for the second Case Study

(a) Skin Model Shape obtained from an Injection
Molding Simulation with magnified Deviations

(b) Result of the Assembly Simulation

Figure 5.52: Skin Model Shape and resulting Assembly

Over-constrained Assemblies Particularly, the constrained registration approach for the

assembly simulation of Skin Model Shapes can also be applied to the simulation of the part

behaviour in over-constrained assemblies. In this regard, an over-constrained assembly sim-

ilarly to the examples studied in [BPM08, DBM08, BGDD13] is analysed. It consists of a part

with two tied cylinders and their corresponding holes in the second part as shown in Figure

5.51. 7e relevant constraint and optimization features are chosen in analogy to the example

presented in section 5.3.3.2. For this example, a focus is set on the assemblability evaluation

based on Skin Model Shapes, which are gathered from an injection molding simulation as can

be seen from Figure 5.52 (a) with magnified deviations. For the assembly simulation, the con-

strained registration approach based on the absolute projected distance function fPS with the

assembly direction as projection vector and the signed normal distances dPSN as constraints

are employed. Regarding the part assemblability, it can be found, that the assembly is feasible,

if the constrained optimization converges and results in an adequate part position. 7e results

of the assembly simulation based on the constrained optimization approach for the case study

can be seen from Figure 5.52 (b), where it can be found that the assembly is feasible though

the presence of part deviations as a consequence of shrinkage and warpage.

5.3.3.3 Discussion of the Approaches for the Relative Positioning

Both presented approaches for the relative positioning of point-based Skin Model Shapes en-

able the assembly simulation of non-ideal part representatives. Main similarities between

these approaches can be found in the fact, that they require the specification of assembly

characteristics, that they converge to the nominal part position for nominal parts (R3) and

that they prevent assembly positions causing part interference (R2). However, major differ-

ences between both approaches can be found as follows:

• In contrast to the constrained registration method, the difference surface approach aims

not at minimizing the distances between any point pair of the features employing op-

timization algorithms, but computes deterministic contact points based on point-wise

feature distances. 7erefore, it does not fulfil R1 in a strict sense. However, as men-
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tioned before, this requirement is not relevant for realistic assemblies.

• 7e constrained registration approach with (point) distance based objective functions

is prone to inhomogeneous point densities, i. e. feature areas with a high point density

contribute more to the objective function than sparely occupied areas. 7is may lead to

implausible assembly positions. In order to avoid this, volume based objective functions

combined with point based constraints can be employed. However, these problems do

not arise in the difference surface approach.

Based on these similarities and differences as well as on the presented studies, it can be

found, that the difference surface approach is well suited for simulating the assembly of parts

along predominant assembly directions, such as for example planar contacts, whereas the

constrained registration method should be considered for assembly processes with “best-fit”

requirements, such as cylindrical joints and complex mating surfaces. However, it can be

concluded, that a careful choice of relative positioning algorithms is required for different

assembly processes.

5.3.4 Application to the Example Case Study

Beam

Base Part

Distances dz

Contact Points

x

z

Figure 5.53: Relative Positioning for the Ex-
ample Case Study: Positioning of the Beam em-
ploying the Difference Surface Approach

Aqer the Skin Model Shapes for the example

case study have been generated and scaled,

they have to be assembled according to the

positioning scheme. In order to perform this,

two approaches have been developed, with

the first one formulating the relative pos-

itioning problem as a constrained registra-

tion problem, which is solved using math-

ematical optimization approaches, whereas

the second approach employing the differ-

ence surface between two mating parts to

calculate the contact points in a specified as-

sembly direction.

7e relative positioning approach based on the difference surface identifies the contact

points between two parts from their difference surface (see Figure 5.53) and enables the as-

sembly simulation for a 3-2-1 positioning scheme by iteratively repeating the single assembly

steps.

Figure 5.54: Relative Positioning for the Ex-
ample Case Study: Correspondences of the Pin
in the Beam for the Constrained Registration

In contrast to that, the constrained regis-

tration approach uses mathematical optimiz-

ation methods to minimize the sum of pro-

jected (signed) distances between the set of

points in the moving part and their corres-

pondences in the mating part (see Figure

5.54), such that these projected distances do

not take negative values.
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Figure 5.55: Resulting Assembly of the Case
Study with magnified Form Deviations.

7is approach is well suited for the as-

sembly simulation of best-fit conditions, as

for example loose fits. In the studied ex-

ample, the 3-2-1 positioning of the beam onto

the base part is simulated using the difference

surface approach, whereas the assembly of

the pin in the beam is performed employing

the constrained registration approach. A res-

ulting assembly of the case study considering

form tolerances can be seen from Figure 5.55.

7e proposed approaches for the assembly

simulation of Skin Model Shapes can be applied for the tolerance analysis of static assemblies,

but can also be used for the motion tolerancing by quasi-statically repeating the assembly

simulation with varying initial part positions, which will be discussed in the next but one

section.

5.4 Gap Hull Estimation for Skin Model Shapes

7e embodiment of mechanical joints is both a highly demanding as well as responsible activ-

ity in the design of physical artefacts. In this regard, clearances play an important role in the

behaviour of mechanical joints and thus influence the behaviour of the final product during

use [RA96]. In order to predict these effects, models for the estimation of the gap hull, which is

the domain of physically feasible rigid body transformations of a mechanical joint with clear-

ance, are required. In the following section, an approach for the estimation of the gap hull,

i. e. the set of all physically feasible positions of a part in a mechanical joint with clearance, by

means of difference surface computations is highlighted and illustrated in two case studies.

5.4.1 Related Work

7e consideration of joint clearance in the design and dimensioning of mechanical interfaces

is a steady research issue. In this context, for example the effects of joint clearances on the

position and orientation deviation of linkages have been studied in [TZW00, FSPB11], a kin-

ematic sensitivity analysis of linkages with joint clearance has been performed in [TL04], and

a clearance influence analysis is described in [PCV05]. Moreover, a comparison of revolute

joint clearance models is provided in [SMM02], whereas computer models for the dynamic

analysis of multibody systems with joint clearance is presented in [FA04], and a robust tol-

erance design for mechanism with joint clearance is presented in [HZ10]. Beside this, the

concept of the clearance space [GDTA92] has been proposed to describe and represent clear-

ances in mechanical assemblies.

Indeed, fewworks consider form deviations of the mating parts in the analysis of joint clear-

ance. However, form defects of a single pair of mating surfaces in a planar joint have been ana-

lysed in [LLB14] employing the concepts of the gap hull and the difference surface [SAFP09].

Moreover, a bijective relationship between these concepts has been derived. 7ough, these
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Figure 5.56: Considered Joint Configurations (top) and corresponding Cross-Sections

works only allow the consideration of a single pair of surfaces in the analysis of a mechanical

joint with clearance. In order to allow the consideration of all joint surfaces, that may possibly

be in contact, in the analysis of mechanical joints, a method for the estimation of the gap hull

based on the concept of the difference surface is presented in the following.

5.4.2 Problem Description and General Approach

Due to clearance, a part under consideration in a mechanical joint may take various different

positions during use. 7e gap hull can be considered as the domain of all physically feasible

rigid body transformations (space of relative displacements) of a relevant part in a mechanical

joint with clearance (perfect or imperfect geometry) [LLB14]. An approach for the estimation

of the gap hull by means of difference surface computations is explained in the following

starting from a joint with a single pair of mating surfaces, which is then extended to multiple

pairs of mating surfaces, which constrain multiple degrees of freedom (see Figure 5.56). 7is

approach is based on a bijective relationship between the gap hull and the difference surface

as developed and exploited in [LLB14] and can be summarized as follows:

• Difference Surface Computation: calculate the difference surfaces for every pair of mating

surfaces to obtain all possible part positions for each pair of mating surfaces.

• Constrained Difference Surfaces: perform the collision detection by line-line or plane-

triangle intersections to obtain all feasible direct contact positions.

• Extension of constrained Difference Surfaces: connect the free edges of the resulting dif-

ference surfaces to obtain the part positions with maximal part rotations.

• Estimating the Gap Hull: estimate the gap hull as the convex hull of the single part

positions.

Difference Surface Computation 7e concept of the difference surface has been used for

the relative positioning and assembly simulation of Skin Model Shapes in section 5.3.2.3. It is

an approach to simplify the positioning problem of a variant part in a variant assembly sur-

rounding to a geometrical perfect part in a variant surrounding by projecting the part devi-

ations onto the assembly surrounding. 7e projection is performed along predefined assembly

directions or inertial forces. 7e difference surface of the first considered joint configuration
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y

z

(a) Computation of the Difference Surface by Point Pro-
jections along the negative z-Direction

Part Representation

d
z

1 2 3

(b) Difference Surface and possible Part Positions

Figure 5.57: Analysis of the first Joint Configuration: 7e Difference Surface ((b), top) is ob-
tained by projecting the mating surface of the Bar onto the Surface of the Base Part (a).

can be seen from Figure 5.57 and is obtained in analogy to Figure 5.39. From the difference

surface, the possible part positions of the bar can be obtained.

y

z

Figure 5.58: Positions of the first Configuration
lead to Collisions in the second Configuration

ConstrainedDifference Surfaces How-

ever, as can be seen from Figure 5.58, which

shows the second considered joint config-

uration, the convex difference surface of

one pair of mating surfaces may lead to

part positions, which result in part collisions

on other pairs of mating surfaces. 7ere-

fore, the difference surfaces have to be con-

strained in order to obtain the physically

feasible part positions, which do not lead to

part interferences.

In order to perform this, potential part

collisions need to be detected. In the differ-

ence surface space, this can be performed by intersecting the resulting contact lines (2D) or

planes (3D) of a pair of mating surfaces with the section-wise defined lines (2D) or triangles

(3D) of all other relevant pairs of mating surfaces (see Figure 5.59). In the three-dimensional

case, the intersection of contact planes and difference surface triangles can for example be

performed employing a tetrahedral mesh slicer [FB09]. 7e intersection for mating surfaces,

which do not lie in the same axis direction, is performed by applying a coordinate transform-

ation of the difference surface prior to the intersection as can be seen from Figure 5.60. By

doing so, the feasible part positions of the difference surfaces for all mating surface pairs can

be identified.

Every facet of a convex difference surface, that leads to part collisions at other pairs of
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mating surfaces, is removed from the difference surface. 7us, the difference surfaces from all

pairs of mating surfaces are constrained in order to respect the non-interference requirement.

y

z

(a) Difference Surface Computation

Part Representation

d
z

Part Representation

y

(b) “CollisionDetection” by Plane/Triangle Intersection

Figure 5.59: Difference Surface Computation and Detection of non-feasible Part Positions for
the second considered Joint Configuration

y

z

(a) Difference Surface Computation

Part Representation

y

d
z

(b) Part Representation in the Difference Surface Space
for the third considered Joint Configuration

Figure 5.60: Difference Surface Computation and Detection of non-feasible Part Positions for
the third considered Joint Configuration

Extension of Constrained Difference Surfaces In order to consider not only the con-

tact positions of parts between single mating surface pairs but also the extremal positions,

which result from contacts between mating surfaces of different mating surface pairs, the ex-

tremal points of the difference surfaces in similar axis directions are connected (see Figure

5.61 (a)). 7ese connecting lines or triangles can be regarded as new, constructed difference

surfaces. 7e resulting part positions for these constructed difference surfaces are then also

checked for part collisions in all mating surface pairs and non-feasible connections between

the constrained difference surfaces are deleted. As a result, all relevant facets of the difference
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(a) Free Edges of Difference Surfaces with similar Directions are connec-
ted to obtain the extended Difference Surfaces

Diff. Surfaces Relevant Facets

Non-feasible Facets
y

z

(b) Final Difference Surfaces

Figure 5.61: Extension of constrained Difference Surfaces and Final Difference Surfaces

surfaces, which refer to the extremal part positions in the joint, are obtained (see Figure 5.61

(b)).

Estimating the Gap Hull Each part position, that has been determined based on the con-

strained and extended difference surfaces, refers to a point in the six-dimensional space of

rigid body transformations (see Figure 5.63).
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Figure 5.62: Final Gap Hull of the third con-
sidered Joint Configuration

In order to finally estimate the gap hull of

the joint with clearance, the convex hull of

these different points in the clearance space

is calculated (see Figures 5.62 and 5.63). Each

point inside the estimated gap hull refers to

a part position, that is physically feasible,

whereas each point on the outside is con-

sidered as a non-feasible part position, that

may lead to part collisions. However, as

the estimation of the gap hull is based on

single difference surface computations and

the assumption, that there is a linear relation

between the single part positions, there may

also exist feasible part positions on the out-

side of the gap hull. 7us, the approach for the gap hull estimation offers a pessimistic predic-

tion of the feasible part positions.

5.4.3 Exemplary Application

Prismatic Joint 7e first application example is the third considered joint configuration of

Figure 5.56 in the three-dimensional case (see Figure 5.64 (leq)). It is a prismatic joint consisting

of a bar, which can be translated along the x-direction inside a base part. In order to allow the

relative movement of the bar in the prismatic joint, a gap between both parts is intended. 7is

gap leads to a set of possible part positions of the bar, which shall be analysed for two given

parts. In order to perform this, the proposed procedure for the estimation of the gap hull is

applied, with the difference surfaces for the joint in the y- and z-directions being shown in
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Figure 5.63: Each feasible Facet of theDifference Surfaces (top) corresponds to a point in Space
of Rigid Body Transformations (middle), which results in a certain Part Position (bo@om, the
numbers indicate the respective part positions). 7e final Gap Hull (middle, red) is obtained
by calculating the Convex Hull of these Points in the Space of Rigid Body Transformations.
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Figure 5.64: Application Examples: Prismatic Joint (leq) and Cylindrical Joint (right)

Figure 5.65: Initial Difference Surfaces: Prismatic Joint (leq) and Cylindrical Joint (right)

Figure 5.65 (leq). Finally, the estimated gap hull regarding the translations along the y- and

z-direction as well as the rotation around the x-axis is illustrated in Figure 5.66 (leq). It can be

seen, that the form deviations of the parts lead to various different possible part positions.

Cylindrical Joint 7e second considered example is a cylindrical joint as can be seen from

Figure 5.64 (right). It consists of a shaq, which is supported by two hubs. Similarly to the first

example, a gap between the hubs and the shaq is intended, which leads to possible translations

and rotations of the shaq. Again, the procedure for the gap hull estimation is applied, with

the initial difference surfaces in the y- and z-directions being shown in Figure 5.65 (right).

7e final gap hull regarding the y- and z-translations as well as the rotation around the z-axis

can be seen from Figure 5.66 (right). 7is example shows, that the procedure for the gap hull

estimation also is applicable for cylindrical joints with multiple pairs of contact surfaces.
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Figure 5.66: Final Gap Hulls: Prismatic Joint (leq) and Cylindrical Joint (right)
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5.5 Contact and Mobility Simulation for Gears and Rotating

Mechanism

Manufacturing imprecisions lead to geometrical part deviations, which decrease the function

and quality not only of static assemblies but also of mechanism and systems in motion. 7us,

these deviations have to be controlled and managed throughout the product life-cycle and

particularly the need for the design and manufacturing of high performance mechanism to

moderate costs leads to an inevitable need for geometrical variations management and the

increasing application of computer-aided tolerancing tools. However, up to now, such tools

have mainly been used for assembly-oriented tolerance analysis, but due to steadily increasing

requirements on the quality of technical products, there exists a growing interest in consid-

ering the functional behaviour and operating conditions in such tools to ensure the product

function during use. Moreover, the ability to specify motion tolerances is gaining growing

research interest [HK14, HK15].

In order to answer this trend, approaches for the contact and mobility simulation of Skin

Model Shapes are presented in the following, which allow the tolerance analysis and motion

tolerancing of mechanism with lower and higher kinematic pairs. Before these approaches

are introduced and applied to two case studies, a brief state of the art with regard to tolerance

analysis of mechanism is provided.

5.5.1 Related Work

During the last decades, various approaches for the tolerance analysis of mechanism based

on established tolerance representation schemes have been proposed. For example, the vector

loop approach has been employed for the dynamic analysis of linkages considering clearances

and cracks in [DB10] as well as for the tolerance analysis of mechanism with lower kinematic

pairs considering different kinds of geometrical deviations, such as manufacturing-inherent

deviations, deviations caused by elastic deformations and thermal expansion, and clearance

in linkages [SM09]. 7e approach has been extended with regard to the consideration of in-

teractions between these deviations [WSW13] and has also been used for the tolerance-cost

optimization of systems in motion [WW13]. Furthermore, vector loops have been employed

for the tolerance analysis of mechanism with higher kinematic pairs (bevel gears) utilizing a

numerical contact analysis approach [BDBM07] as well as for the tolerance allocation based on

discrete optimization [DBVB08]. 7is vector loop approach is based on a geometrical specific-

ation model for gears [DBBM07] and a Tooth Contact Analysis (TCA) approach as illustrated

in [LDP+00, LF04]. Moreover, a methodology for the tolerance specification of bevel gear based

on proprietary soqware tools is developed in [WBvdL13].

In contrast to that, a parametric tolerance analysis approach for planar mechanism is pro-

posed in [SJ97], an algorithm for worst-case kinematic tolerance analysis of general planar

mechanical systems in generalized configuration space, which can be used to study kinematic

variation, is introduced in [SJ98a], and the tolerance zone approach has been used for the

computation of the envelope of rotating parts in [LLS07]. 7e Direct Linearization Method

has been employed for the tolerance analysis of mechanism considering position errors in
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kinematic linkages [WCH04] and taking into account part flexibility in [IP09]. Apart from

this, a rich survey on multi-body systems with imperfect kinematic joints can be found in

[MKI11].

7ough, when dealing with various sources of geometrical deviations, which are to be con-

sidered in tolerance analysis, a drawback of most of the established models for geometrical

tolerance representation employed in the highlighted approaches for tolerance analysis of

mechanism becomes obvious. 7ese models make severe assumptions about geometrical de-

viations as they only consider rotational and translational feature defects and oqen somehow

parametrize the geometrical deviations, which hinders their identification e. g. based on part

measurements. As a consequence, it is difficult to consider results obtained from manufactur-

ing process simulations (see e. g. [VNA06]) and measurements [Goc03] in these models. 7us,

approaches for the tolerance analysis of mechanism based on discrete geometry representa-

tions of non-ideal parts are proposed. Since many computer-aided engineering tools employ a

discretization of workpieces, results obtained from such tools, such as manufacturing process

simulations or structural simulations based on the finite element method, can be considered

in the highlighted approaches. Hence, they enable the functional kinematic tolerance analysis

of mechanism considering various sources and kinds of geometrical deviations.

5.5.2 Approaches for the Contact and Mobility Simulation of Skin Model Shapes

In the following, approaches for the contact and mobility simulation of Skin Model Shapes

with lower and higher kinematic pairs are highlighted, with a focus being set on the simula-

tion models for the contact evaluation. For the sake of comprehension, these approaches are

applied to a study case of a disk cam mechanism, which is to transmit a circular motion into

a longitudinal motion, and a gear transmission of spur gears (see Figure 5.67). While the disk

cam mechanism has been discussed by the author in [SW15d], the tolerance analysis for spur

gears has been presented by the author in [SW14].

Bracket

Bolt

Disk

Axis

l r
el

h
b

α

(a) Disk Cam Mechanism for a Cam
Disk rotation of α = 0◦ (leq) and α =
90◦ (right)

x

y

(b) Gear Transmission

Figure 5.67: Application Examples for the Contact and Mobility Simulation Approaches
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5.5.2.1 Overall Procedure

Contact
Simulation
Model

Final Part
Position

Part
Positioning

Contact Modelling

Adapt
Initial Part

Position for ti

Save Part
Position for ti

Time
Discretization
ti = ti + ∆t

Mobility Modelling

Figure 5.68:Overall Procedure for the Contact
and Mobility Simulation of Skin Model Shapes

7e overall procedure for the contact and

mobility simulation of Skin Model Shapes

can be seen from Figure 5.68. In this regard,

firstly, the contact simulationmodel has to be

established. With the help of the contact sim-

ulation model, the parts of the mechanism

are then positioned relatively to each other

to obtain their final positions in contact.

7e mobility modelling is treated as a se-

quence of contact simulations for different initial part positions. Hence, a time discretization

is performed, i. e. the initial part positions for every time step ti + ∆t are adapted based on

the previous time step ti, with the distance between these time steps ∆t depending on the

discretization level. 7us, the contact simulation is performed for each relevant time step ti
of the motion cycle. As a result, the part positions for each of the time steps ti are obtained.

7ese part positions are stored and can then be used to determine the relevant functional key

characteristics for each motion step ti.

In the following, contact simulation models considering translational movements of mating

parts in the mechanism as well as for rotational motions are discussed and the contact and

mobility simulation is applied to the two case studies.

5.5.2.2 Motion Tolerance Analysis for a Disk Cam Mechanism

pD

pB

xdev

Figure 5.69:ConsideredDeviations of theDisk
Cam Mechanism

7e first case study is a disk cam mechanism

as an an irregular transmission, which is to

transmit a circular motion into a longitud-

inal motion (see Figure 5.67 (a)). It consists

of a disk, which is assembled on an axis, and

a bolt, which is guided in a bracket. 7e key

characteristic of the mechanism is the alti-

tude of the bolt hb. In the following, the tol-

erance analysis for the disk cam mechanism

based on Skin Model Shapes is highlighted,

with a particular focus being set on the con-

tact simulation model between the axis and

the disk as well as between the disk and the

bolt.

Generation and Measurement of Skin Model Shapes As it has been highlighted in sec-

tion 4.3, several approaches for the generation of Skin Model Shapes exist, such as modelling

of systematic and random deviations as well as employing results frommanufacturing process

simulations or real-life measurements of part prototypes. 7ese approaches allow the genera-

tion of SkinModel Shapes with different geometrical deviations, which have to be measured in
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(a) ICP-based Assembly for Cylindrical Features

lrel

(b) Modification for the Bolt Assembly

Figure 5.70: Assembly of the Cylinders by Registration

order to build a relationship between the different part deviations and the key characteristic.

For the sake of comprehension, geometrical form deviations of the cam disk and the bolt as

well as position deviations between the disk axis and the disk are evaluated. Since the projec-

tion of nominal points along their corresponding vertex normals onto the measured points is

common practice in the context of topography evaluations, this procedure is applied for the

form deviation determination of the bolt pB and the disk pD. 7e respective tolerance zones

can be seen from Figure 5.69. Furthermore, the position deviation of the disk in x-direction is

considered as xdev .

(a) Raytracing Ap-

proach

(b) Positions before (leq) and

aqer (right) the Ray Tracing

Figure 5.71: Raytracing for the Contact Ana-
lysis

Contact Simulation Model In order to

determine the relationship between the geo-

metrical part deviations and the key charac-

teristic of the mechanism, a contact simula-

tion model for the Skin Model Shapes has

to be evaluated. For the accompanying ex-

ample, this requires firstly the simulation of

tight cylindrical fits between the disk and

its axis as well as the bolt and its bracket,

respectively. For this purpose, the Iterative

Closest Point algorithm (ICP) [BM92] is used

to fit the cylinder of the disk and its axis as

can be seen from Figure 5.70 (a). 7is proced-

ure is adapted for the fit between the bolt and

its bracket, with the relevant points of the bolt for the registration by the ICP being selected

by GeoSpelling extraction operations according to the nominal bolt altitude lrel as illustrated

in Figure 5.70 (b). Since the ICP minimizes the sum of squared Euclidean distances between

the selected vertices of the bolt and the bracket, the selection of the relevant bolt vertices is

required in order to avoid adulterated results for the assembly fit.

Secondly, a simulation model for the contact between the disk and the bolt is required. 7is

is performed by a ray trace algorithm [HH10], which is employed to determine the height

between the pre-assembled bolt and the disk as illustrated in Figure 5.71 (a). In this regard,
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the vertices of the bolt are traced along the direction given by the cylinder axis of the bracket.

7e shortest distance between any of these vertices and the surface of the disk can then be

found as the contact constraint and is used to adapt the altitude of the bolt as can be seen from

Figure 5.71 (b).

Model for the System Behaviour 7emodel for the contact simulation of the mechanism

can be used to evaluate the system behaviour for selected positions of interest, for example

for a disk rotation angle of α = 0◦ or α = 90◦. However, in order to determine the behaviour

of the mechanism in motion, a time-discretization is performed, i. e. the rotation of the disk is

apportioned in discrete angle steps αi with distance ∆α. For each of these motion steps, the

system behaviour of the disk cam mechanism is analysed based on the assembly and contact

simulation models. For this purpose, the initial assembly positions of the parts are adapted

taking into account the disk rotation as well as the bolt revolution. 7us, the model for the

system behaviour is a sequence of contact simulation steps, with varying initial part posi-

tions. In this regard, the simulation of the different motion steps can be performed by parallel

computing, which decreases the required computing time.

Post-Processing: Result Visualization and Interpretation 7e interpretation of toler-

ance analysis results is an important step to finally derive proper tolerancing decisions. Par-

ticularly for systems in motion considering not only dimensional but also form deviations,

this task can become complex and requires user experience. 7us, in order to enable the result

interpretation and to ease the decision making process, adequate visualization methods have

to be employed. 7ese methods are to visualize and to reveal relationships between the geo-

metrical part deviations and the functional key characteristics. For this purpose, the parallel

coordinates plot [Ins09] is a suitable approach for the visualization of tolerance analysis res-

ults for time invariant key characteristics, in which all input and output parameters are shown

in one plot and highlighted as a connecting line. Such a parallel coordinates plot for the ac-

companying example of the disk cam can be seen from Figure 5.72 (a), where the functional

key characteristic is the maximum bolt altitude hb over the motion cycle. Based on the parallel

coordinates plot, also the effects of geometrical part specifications on the key characteristic

can be analysed. In this regard, Figure 5.72 (b) shows the effects of part tolerances of pD = 5,

pB = 2.5, and xdev = [0; 2.5] on the KC. It can be seen, that these requirements lead to values

of the FKC from 788.86 to 798.10.

7e parallel coordinates plot aims at revealing the relationship between the geometrical

deviations and one or more functional key characteristics. However, time variant key char-

acteristics can hardly be visualized by this approach. In order to overcome this problem, a

straightforward solution is to plot the KC over the motion cycle. 7is can be seen from Fig-

ure 5.72 (c), where the bolt altitude is plo@ed against the motion steps ti for a disk revolution

angle α from 0◦ to 360◦. 7e red line highlights the bolt altitude for nominal parts, whereas

the dark lines highlight the results for Skin Model Shapes, which conform to the tolerance re-

quirements as specified (pD = 5, pB = 2.5, xdev = [0; 2.5]). It can be seen, that the specification

of part tolerances results in a less volatile developing of the bolt altitude over the motion cycle,

which can be traced back to the profile tolerances.
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Figure 5.72: Result Visualization for the Tolerance Analysis of the Disk Cam Mechanism

Table 5.3: Gear Parameters of the Example

Parameter Pinion Gear

Number of Teeth z1 = 15 z2 = 20

Module m1 = 2cm m2 = 2cm

Headheight hh1 = m1 = 2cm hh2 = m2 = 2cm

Footheight h
f
2 = 1.25m1 = 2.5cm h

f
2 = 1.25m2 = 2.5cm

Pitch Circle Diameter d1 = z1m1 = 30cm d2 = z2m2 = 40cm

Profile Shiq Coefficient 0 0

Center Distance (z1 + z2)
m
2 = 35cm

Pressure Angle 20◦

5.5.2.3 Tolerance Analysis for a Gear Transmission

7e second example for the contact and mobility simulation for Skin Model Shapes is the

tolerance analysis for a gear transmission of spur gears as illustrated in Figure 5.67 (b). 7e

data of the accompanying illustrative example are given in Table 5.3.

Measurement of Skin Model Shapes and Evaluation of Gear Tolerances Similarly to

the first example of the disk cam mechanism, the geometrical deviations of the single Skin

Model Shapes, that have been generated using the approaches presented in section 4.3, have

to be measured in order to evaluate the effects of the modelled or observed geometrical part

deviations on the functional behaviour of the transmission. In this regard, various gear-specific

tolerances can be specified, such as profile tolerances, pitch tolerances, and runout tolerances

[DBBM07, Goc03, Gue11]. 7e measurement of these tolerances require algorithms for the

virtual metrology and measurement, which in turn are based on contact simulation models as

it will be shown in the following.
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v

(a) Raytracing of the Ball Vertices on the Gear

dr

(b) Probe Position for the Runout Measure-
ment

τr

(c) Runout Measurement of a non-ideal Gear
without consideration of Clamping Rotation

(d) Final Position of the Probe for the Runout
Measurement of a non-ideal Gear

Figure 5.73:7e Runout Measurement for Skin Model Shapes of Gears

Runout Tolerance 7e runout measurement is defined in [VDI2613] as the radial location

error of a specified probe, which is successively placed in all the tooth spaces in such a man-

ner, that simultaneous contact is made with both flanks of each tooth space. Fr is designated

as the greatest difference between the measured values for the radial probe position. As a

consequence, the measurement of the runout error for Skin Model Shapes of gears aims at

reproducing this measurement routine. For this purpose, similarly to the contact simulation

model of the disk cam mechanism, a raytrace algorithm is employed [HH10], which allows

the computation of the radial distance dr between the ball in the initial measurement position

and the tooth space (see Figure 5.73 (a, b)) along a predefined direction v. For this purpose,

the distances dj between the vertices of the probe ball mesh j ∈ J and the gear tooth space

are computed by the raytrace algorithm. Based thereon, the radial distance between the probe

ball and the tooth space can be found as the minimal distance between a vertex of the probe

ball mesh and the gear: dr = min dj . Since this algorithm disregards possible rotations of the

gear in the measurement position (see Figure 5.73 (c)), which is usually a centric clamping,

the raytrace algorithm is embedded in an optimization loop. 7us, the runout distance rd,i for
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each tooth space i is computed as the greatest radial distance between the probe ball in the

initial measurement position with respect to the gear rotation τr :

rd,i = max dr with respect to τr

For computational reasons, a constrained optimization procedure is employed, since the per-

mi@ed gear rotation is constrained by the number of teeth z as τr ± 360◦/4z. In this manner,

it is ensured, that the probe ball is in contact with both tooth flanks (see Figure 5.73 (d)).

7e runout error Fr is then calculated as the difference between themaximum andminimum

runout distance of all tooth spaces:

Fr = max rd – min rd (5.40)

Pitch Tolerance 7e pitch is defined as the arc length between all successive right or leq

flanks on a reference circle, which is typically a circle with the pitch diameter dp [VDI2613].

dplij

p

Figure 5.74: 7e Pitch Measurement for Skin
Model Shapes of Gears

7e measurement of the pitch deviation

of Skin Model Shapes of gears is performed

based on their mesh representation as fol-

lows and as illustrated in Figure 5.74. Firstly,

the surface mesh is cut employing a mesh

cross-section algorithm [FB09] at the pre-

defined measurement level. 7is can be seen

from Figure 5.76. As a result, a set of section-

wise defined straight lines is obtained, which

describe the gear surface at the predefined

measurement level (in Figure 5.76 the z-

direction). With the help of equation (5.48),

the points of intersection between these straight lines and the pitch circle are computed, which

result in the measurement points of the pitch measurement. 7e evaluation of the pitch meas-

urement points can then be performed following the measurement guidelines and with the

help of algorithms implemented in coordinate measurement machines. For this example, a

straightforward approach is implemented, with the measurement points being used to calcu-

late the arc lengths pi on the pitch circle:

pi = dp · arcsin(lij/dp), (5.41)

where lij is the distance between the measurement points i and j.

ProfileTolerance Similarly to [DBBM07], flank topography specifications are used to define

the profile tolerance. In this regard, the flank form tolerance tf is evaluated by calculating the

maximum difference between the nominal flank vertex coordinates and the flank vertex co-

ordinates of the deviated gear in the vertex normal direction. In this context, the projection of

themeasured point onto the normal direction of the corresponding nominal point is a common
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tf

Figure 5.75:7e Profile Tolerance Zone for Skin Model Shapes of Gears

method to calculate geometrical deviations of gears [Gue11]. 7us, the flank form tolerance

tf can be wri@en as:

tf = max
(
ζn(vi, ṽi)

)
– min

(
ζn(vj , ṽj)

)
, i, j = 1,…,N ; (5.42)

where ζn(vi, ṽi) is the vertex normal distance between the nominal vertex coordinates vi and

the deviated vertex coordinates ṽi of vertex i:

ζn(vi, ṽi) =
√

ζ(ṽi, vi)2 – ζ(ṽi,ni)2. (5.43)

with ζ(ṽi, vi) is the distance from ṽi to vi and ζ(ṽi,ni) is the distance between ṽi and the vertex

normal ni of vertex i:

ζ(ṽi,ni) =
‖(ṽi – vi)× ni‖

‖ni‖
. (5.44)

Hence, the resulting tolerance zone is an envelope between the nominal gear flank and the

gear flank deviated along the vertex normals of the nominal points as can be seen from Figure

5.75.

In the following, these gear tolerances (runout, pitch, profile) as well as radial positioning

errors of the gear and pinion are considered in the illustrative example (see Figure 5.67 (b)).

Tooth Contact Analysis Approach In order to determine the behaviour of the gear trans-

mission considering geometrical part deviations, a simulation model for processing the non-

ideal part representatives and reproducing their characteristics in use is necessary. 7us, a

model for the Tooth Contact Analysis (TCA) is required to evaluate the gear behaviour in

use. 7e aim of the TCA is to determine the contact points and based thereon the contact

paths on gear surfaces, the transmission errors as a source of vibrations and noise and the

bearing contact [LF04]. In the past, the well-known approach for the TCA [LDP+00, LF04]

has been extended and applied e. g. to investigate the undercu@ing and contact characteristics

of cylindrical gears under different assembly conditions [TT04, TT05], to study the effects of

misalignments on isostatic planetary gear trains [Vec06], to simulate mismatched spiral bevel

gears [Sim07], and to analyse face-hobbed hypoid gears [Vim07].

However, the established TCA approach is based on the continuous tangency of a pair of
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Cu@ing Plane

xy

z

Figure 5.76: Intersection of the Driven Gear Surface Mesh

surfaces, which usually rotate around one axis [Vec06]. In discrete geometry, these surfaces are

not expressed analytically but as a set of triangles. 7us, the established TCA cannot be applied

to determine the behaviour of the given gear representatives. 7erefore, a TCA-approach is

proposed, which is based on the surface mesh representation of non-ideal gear wheels. 7e

underlying idea is to compute the contact points between the gears in discrete motion angle

steps. 7ese contact points are evaluated as follows. For every vertex of the drive gear flank,

the surface mesh of the driven gear flank is intersected with the plane orthogonal to the drive

axis at the relevant vertex coordinates (see Figure 5.76) by employing a mesh cross-section

algorithm [FB09].

As a result, the edges of the driven gears surface mesh at the level of the relevant drive gear

vertex are obtained, which result to a set of sectionwise defined straight lines. Based thereon,

the contact point vi between each vertex vi of the drive gear with coordinates (xi, yi) and the

driven gear can be computed. For this purpose, the intersection between the surface mesh

edges and the circular path of the drive gear vertex has to be found. 7e contact point at the

driven gear vi referring to vertex vi can be calculated as follows. For every straight line n

of the driven gear’s surface mesh, the intersection between the circular path of the vertex vi
around the gear axis (xm, ym):

yvi = ym +
√

r2i – (x – xm)2 (5.45)

and the sectionwise defined straight line n given by:

yn = mn · x + tn, for x ∈ [xmin
n , xmax

n ] (5.46)
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(xm , ym)

yn = mn · x + tn
vi(xi , yi)

yvi = ym +
√

r2i – (x – xm)2

ri

Figure 5.77: Evaluation of possible Contact Points

has to be found:

yvi
!
= yn. (5.47)

7is results in two real-valued solutions depending on the relevant segment of the circular

path. In the following, the corresponding solution is given:

 xs =
1

m2
n + 1

[[

–x2mm
2
n + 2xmymmn – 2xmmnt – y2m + 2ymt +m2

nr
2 + r2 – t2

] 1
2

+ xm + ymmn –mnt

]

. (5.48)

Since the straight line is section-wise defined, xs has to satisfy x
min
n ≤ xs ≤ xmax

n . If this holds,

then the corresponding y-coordinate of the contact point for vertex vi results to:

ys = mn · xs + tn. (5.49)

Otherwise, the circular path of vi does not intersect the straight line in the relevant section

[xmin
n , xmax

n ]. 7erefore, there exists at most one contact point vi with coordinates (xs, ys) for

each vertex vi with coordinates (xi, yi). 7is is illustrated in Figure 5.77.

7e resulting contact angle αi can then be computed based on the vertex coordinates and

the contact point coordinates as illustrated in Figure 5.78 (a):

αi = arcsin

(
ys – ym

ri

)

– arcsin

(
yi – ym

ri

)

. (5.50)

As this is performed for every vertex vi of the gear flank surface, there exists a possible

contact angleαi for every vertex. Based on these possible contact angles, theminimum contact

angle finally results in the transmission error αE (see Figure 5.78 (b)):

αE = min(αi). (5.51)
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Figure 5.78: Computation of the Contact Angle and Evaluation of the Transmission Error
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Figure 5.79: Results of the TCA considering Positioning Errors

Discussion and Selected Results 7e proposed TCA approach is employed to calculate

the transmission errors of spur gears with data given in Table 5.3. 7e results for selected

positioning errors ex are shown in Figure 5.79. It can be seen, that the misalignment leads to

piecewise parabolic functions of the transmission error as expected [LZLH90]. However, the

results as well as the computing time of the approach depend on the density of the employed

surface mesh. 7is can be seen from Figure 5.80, where the TCA approach is performed for

a rough as well as for a finer surface mesh of the pinion and gear with nominal geometry.

In this context, an increased mesh density leads to more accurate results due to the be@er

surface approximation as illustrated in Figure 5.80, but also requires a higher computational

effort. 7us, the surface mesh generation should be treated with a@ention to avoid degen-

erated results. 7ough, even for the finer surface mesh, a small sca@er of the results for the

transmission error can be observed, which arises from the discrete surface approximation and

can be neglected for most applications.

However, the approach enables the tolerance analysis for rotating mechanism, which re-

quire a contact analysis algorithm, based on a discrete shape representation by surface meshes.

7ereby, the results of various computer aided engineering tools, such as manufacturing pro-
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Figure 5.80: Results of the TCA for two nominal Surface Meshes

cess simulations, can be employed for the tolerance analysis. Furthermore, elastic deforma-

tions due to operating forces gathered from soqware tools for the structural analysis can be

considered either by mapping the gathered results to the existing surface meshes or by directly

employing the meshes used in these tools (e. g. for finite element analysis) for the tolerance

analysis.

x

y

Figure 5.81: Application of the Contact Al-
gorithm for a Valve Gear

7is allows the consideration of vari-

ous sources of geometrical deviations, such

as manufacturing deviations and elastic

deformations, in the tolerance analysis.

Moreover, the developed algorithm for the

tooth contact analysis can also be used

for the contact simulation of other rotating

mechanism, such as valve gears (see Figure

5.81) or similar planar, spherical, and spatial

mechanism.

Statistical Tolerance Analysis for Spur Gears In the following, the proposed TCA ap-

proach is used for a statistical tolerance analysis of spur gears. For this purpose, the SkinModel

Shapes are generated randomly following the random field approach. Furthermore, also the

positioning errors are chosen randomly following the Latin Hypercube Sampling [MBC79] as-

suming a uniform distribution in the interval [–0.15; 0.05]cm. As a consequence, the obtained

results must be treated and evaluated statistically. However, it should be emphasized, that the

approach can also be used for worst-case tolerance analysis when generating the non-ideal

workpiece representatives deterministically and choosing constant values for the positioning

error.

7e results obtained by the Tooth Contact Analysis for non-ideal gears with positioning

errors and gear deviations are visualized by a parallel coordinates plot in Figure 5.82 with the
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Figure 5.82: Parallel Coordinates Plot of the TCA Results without and with Tolerance Spe-
cifications
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Figure 5.83: Transmission Error over the Drive Angle with and without Tolerance Specifica-
tions

superscript indicating pinion (p) and gear (g) tolerances (in cm). It can be seen, that there is

a relationship between the mean transmission error and the pitch and runout deviations as

well as the positioning error (see Figure 5.79). In contrast to that, no clear correspondence

between the transmission error and the profile deviations can be identified. 7is is because

the tooth form deviations are more likely to compensate each other, which does not hold for

the other deviations. 7ough, the form deviations contribute to the sca@er of the maximum

transmission error, which can be seen from Figure 5.83, where the transmission error is plo@ed

over the drive angle φ1, and should therefore be decreased to ensure smooth transmission.

In this context, it is known, that the involute gear is hardly sensitive to positioning errors.

Although apparently contradictory, the positioning error is amain contributor to the transmis-

sion error in this illustrative example. 7is can be explained by the broad range of ex compared

to the pitch, runout, and profile deviations. Furthermore, the level of the mean transmission

error is comparably high, which is owed to the considerable geometrical deviations in this

case study.

Based on the result visualization, required quality levels can be achieved by adjusting the

gear and positioning tolerances. In this regard, the effects of these tolerance specifications can

be appraised by the parallel coordinates plot and the plot of the transmission error over the
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drive angle. For example, in Figure 5.82, the parallel coordinates plot of the results with toler-

ance specifications for the positioning error as well as the gear deviations are shown, whereas

Figure 5.83 shows the resulting transmission errors for these specifications. It can be seen, that

these tolerance specifications help to improve the quality of the spur gears. 7is analysis based

on the parallel coordinates plot can also be performed, if the results of a sensitivity analysis

do not reveal explicit suggestions for tolerance improvements, as for example in [WBvdL13].

7e obtained results can also be employed to estimate a surrogate model, which in turn

can be used to quantify correlations between input and output parameters in a tolerance ana-

lysis and finally to optimize the tolerance specifications with regard to costs. For example, a

quadratic regression model with interactions as:

αE = β0 +

N∑

i=1

βifi +

N–1∑

i=1

N∑

j=i+1

βijfifj +

N∑

i=1

βiif
2
i + ε (5.52)

can be estimated from the obtained results for the mean (absolute) transmission error αE, e. g.

employing the least squares estimator, where the factors fi are the positioning error as well as

the gear deviations. Significant regression coefficients can then be identified by the analysis

of variance (ANOVA), t-tests or F-tests. 7is procedure can also be performed for the stand-

ard deviation of the transmission error sd(αE). In this regard, one can distinguish between

geometrical deviations, which correlate to the mean transmission error, and deviations, which

mainly affect the sca@er of the transmission error.

For the results of the example gear pair, a quadratic regression model for both the mean

transmission error and the standard deviation of the transmission error have been estimated.

7e coefficient of determination for the mean transmission error model is R2max = 90.70%,

which suggests that the model approximates the underlying relationship between the con-

sidered geometrical deviations and the transmission error quite well. 7e quadratic model

for the standard deviation of the transmission error achieves a coefficient of determination of

R2sd = 76.17%, which is low, but still acceptable. 7e comparison between the TCA simulation

results and the predictions of the surrogate models for 200 simulation runs can be seen from

Figure 5.84 for the mean transmission error and its standard deviation. 7e predictive quality

is comparable to the results presented in [WBvdL13]. Based on these models, an impression

of the influence of geometrical gear and positioning deviations to the mean transmission error

and its sca@er can be received.
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Figure 5.84: Comparison between the Simulation Results and the Surrogate Models
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5.6 Measurement of Key Characteristics and Result Visualization

7e last step in the tolerance analysis approach based on the concept of Skin Model Shapes is

the measurement of key characteristics from the simulated assemblies as well as the visualiza-

tion of the obtained results. In the following, these issues are briefly highlighted and methods

for the evaluation of key characteristics from the obtained Skin Model Shape assemblies as

well as selected visualization techniques are discussed.

5.6.1 Approaches for the Measurement of Key Characteristics

As the requirements onmechanical products continuously tighten, nowadays various geomet-

rical product characteristics have to be considered in tolerance analyses. 7e application of

the concept of Skin Model Shapes for the tolerance analysis employs point-based models and

thus enables the definition and evaluation of these various characteristics, such as for example

dimensional and geometrical tolerances, that have been specified on the assembly, minimal

and maximal clearances and gaps in the assembly, and the size and location of contact zones

between parts.

In order to evaluate such different assembly tolerance specifications, the approaches for the

tolerance evaluation, that have been introduced in section 5.2, can be employed. 7ey allow

the identification of various dimensional and geometrical deviations based on the definition of

different tolerances, such as tolerances of dimension, form, orientation, location, and runout,

from Skin Model Shape assemblies.

Regarding the identification of minimal and maximal gaps as well as the size and location of

contact zones between parts in the assembly, raytracing and point projection methods as de-

scribed in section 5.3 and 5.5 can be applied, which allow the determination of signed distances

between parts along pre-defined directions. Based on these signed distances, the contact situ-

ation between parts, i. e. floating, contact, or interpenetration, the contact quality, and the size

and location of contact zones can be assessed.

Beside this, the x-, y-, and z-coordinates of specific points on parts in the assembly are of

interest in certain applications, which can be easily obtained from the simulated assemblies.

5.6.2 Result Visualization Methods

Once the key characteristics are evaluated from the Skin Model Shape assemblies, these res-

ults have to be visualized in order to allow their proper and consistent interpretation as well

as the derivation of adequate tolerancing decisions. In this regard, various approaches for

the visualization of tolerance analysis results can be applied, for example statistical visualiz-

ation methods, such as parallel coordinates plots, histograms, and plots of the kernel density

estimates of the resulting characteristics. However, since the concept of Skin Model Shapes

enables the consideration of form deviations in tolerance analysis, which have manifold and

sometimes apparently contradictory effects on different key characteristics of assemblies, a

particular focus should be laid on the visualization of the resulting assemblies with form de-

viations. For this purpose, the visualization approaches for Skin Model Shapes as discussed in

section 4.2 can be applied, in which the colours can be chosen according to the part deviations
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or the accumulated deviations of the parts in the assembly compared to the nominal assembly

position. Moreover, the effects of feature deviations, that have been brought in during the

scaling of Skin Model Shapes, on the assembly characteristics can be visualized.

To illustrate this, a simple stack-up of two cubes as can be seen from Figure 5.85 is con-

sidered. Both cubes share the same simplified tolerancing scheme with two flatness toler-

ances applied to the bo@om and top feature of each cube, respectively, as well as a parallelism

tolerance of the top feature with reference to the bo@om feature.

A

A

0.50 A

0.25

0.25

0.50 A

0.25

0.25
xy

z

Top Feature

Figure 5.85: Stack-Up of two Cubes and sim-
plified Tolerance Specifications for both Cubes

As it has been shown in Figure 5.16, the

parallelism tolerance leads to a rhombic de-

viation domain of the top feature for each of

the two cubes in the casewhen the form devi-

ations are considered nil. 7ese deviation do-

mains for the two cubes are illustrated in Fig-

ure 5.86 and are plo@ed at different z-levels

(bo@om z-level refers to the bo@om cube,

middle z-level to the top cube). Moreover, the

resulting rotational defects of the top feature

of the top cube are plo@ed in the top z-level

in Figure 5.86. By connecting the introduced feature deviations for each cube and the resulting

observed deviation of the top feature for each of the 1,000 simulated Skin Model Shape assem-

blies, the effects of the single feature deviations on the assembly behaviour can be assessed

and the part-related sources of deviations in the final assembly can be traced back. 7is can

be seen from the Figure 5.86, where the sources of the maximal deviations of the top feature

regarding the rotations around the x- and y-axis are traced back to the feature deviations of

both cubes. Without considering form tolerances, this leads to straightforward results, since

the feature rotations simply add up to the final deviations of the top feature (see Figure 5.86

(a)). In contrast to that, the situation is more complicated when considering form deviations,

since the sources of the maximal deviations of the top feature are not necessarily located at

the corners of the feature deviation domains (see Figure 5.86 (b)). 7us, the visualization of

the introduced feature deviations and the resulting assembly deviations in the same plot can

help to identify the part-related sources of critical assembly deviations.

5.6.3 Application to the Example Case Study from Section 5.1

For the example case study (sec. 5.1), the evaluation of the key characteristics from the sim-

ulated assemblies is performed using approaches from computational geometry similarly to

the evaluation of geometrical deviations on the part level. 7e resulting kernel density estim-

ates of the functional key characteristic pos for the case study can be seen from Figure 5.87,

where it can be found that the consideration of form deviations leads to a slightly increased

position deviation pos in both the worst-case as well as the statistical analysis. 7is is because

the form deviations, in fact, lead to decreased orientation defects on the part level (see also

Figure 5.35), but to increased orientation defects on the assembly level due to irregular contact

points between the parts.
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Figure 5.86: Resulting Deviations of the Top Feature compared to the nominal Assembly
without and with Consideration of Form Tolerances

8 9 10 11 12 13 14
0

0.2

0.4

Position

P
ro
b
ab
il
it
y
D
en
si
ty

pos

pos∗

pos (G)

pos∗ (G)
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Analysis)

7is can also be seen from Figure 5.88,

where the positions of a selected node on the

bo@om surface of the pin are shown. 7e

consideration of form deviations leads to a

wider range of position deviations due to in-

creased orientation defects of the pin with

reference to the base part. 7e two clusters

of points for the worst-case analysis without

form deviations (Figure 5.88, top leq) result

from the two possible results of the part scal-

ing for the position tolerances of the base

part and the beam (i. e. minimum part length

vs. maximal part length). Moreover, Figure

5.88 reveals a large sca@er of the pin location in the y-direction, particularly in negative y-

direction. 7is is because the locating scheme of the beam, which is characterized by a com-

parably small contact zone for the two-point contact, is prone to feature defects regarding

the mating features of the two-point contact, since their deviations are amplified by the long

beam. 7us, small rotational defects of the two-point mating features of the base part and the

beam lead to a rotation of the beam and finally to large location deviations of the pin in the

y-direction. 7is effect is particularly significant in negative y-direction, since location errors

in the positive y-direction are limited by the features of the one-point contact.

7e deviations of the selected node on the bo@om surface of the pin compared to its nominal

position can also be traced back to the introduced location deviations of the features of the

base part. Figure 5.89 illustrates these dependencies for the case of Gaussian input probabilities

for the different tolerances under consideration of form deviations. It can be seen, that the

extremal positions of the pin regarding the x- and y-deviation can be roughly backtracked to
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Figure 5.88: Coordinates of a selected Node on the bo@om of the Pin in the global coordin-
ate system: Top shows the Results of the Worst-Case and bo@om of the Statistical Tolerance
Analysis (Colours indicate the Position Deviation pos of the respective Sample)

the introduced location deviations of the base part features. However, again, the effects of the

feature deviations are not as explicit as in the case when the form deviations are nil.

Moreover, the contact between the beam and the base part, which is determined using the

difference surface approach for the 3-2-1 assembly simulation, has been analysed employing

projected distances between the beam and the base part. 7e results can be seen from Figure

5.90 (a), where the mark colours in the sca@er plot highlight the distance between the beam

and the base part at the respective location in the direction of the corresponding assembly

direction. Beside this, the contact points between the beam and the base part are highlighted

as red dots. It can be found, that the assembly simulation leads to three contact points at

the bo@om surface, two contact points at the back surface, and one contact point on the side

surface of the base part. Furthermore, the histograms of the corresponding distances for the

three assembly steps (three-point, two-point, and one-point move) can be seen from Figure

5.90 (b), where it can be seen, that the three-point assembly step leads to a considerable tighter

contact than the two-point and the one-point assembly step, since the projected part distances

are smaller and the probability mass in the histogram is shiqed to the leq. Moreover, no part

collision is detected, since all projected part distances are greater than zero.

In this context, it has been shown, that the Skin Model Shape paradigm enables the facile

measurement of geometrical assembly characteristics as well as of physically relevant meas-

ures, such as minimal gaps or maximal distances. Furthermore, the contact quality can be

evaluated using point projection methods to obtain the projected distances between the parts.
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6 Prototype Implementation of a Tolerance Analysis Tool

based on Skin Model Shapes

7e aforementioned approaches for the generation, scaling, and assembly simulation of Skin

Model Shapes as well as a soqware prototype called tolSMS have been implemented in MAT-

LAB [Mat15] in order to demonstrate and validate this novel tolerance analysis approach in

multiple case studies. In the following, the implementation and the functionalities of this soq-

ware prototype are briefly highlighted, before the tolerance analysis results for multiple case

studies are discussed in the next chapter.

6.1 General Architecture and Workflow

7egeneral architecture of tolSMS comprises four modules, which will be briefly explained in

the following, namely a part import module, a tolerance specification and assembly definition

module, a tolerance simulation se@ing module, and a result visualization module. 7e overall

workflow using tolSMS is highlighted in Figure 6.1 and starts with the import of all relevant

parts of the assembly in the .stl file format. 7ereaqer, tolerance specifications as well as

the assembly sequence and moves can be added to the simulation model. Aqer that, relevant

parameters for the tolerance simulation have to be defined in the tolerance simulation se@ing
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Figure 6.1: Overall Workflow using tolSMS
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module. Based on the information about the tolerance specifications, the assembly sequence

and moves, the key characteristics, as well as the tolerance simulation se@ings, a simulation

script is automatically generated from tolSMS. 7is script may then be evaluated directly aqer

its generation or at a later point in time (e. g. overnight in batch-mode). Furthermore, the

simulation script may be edited, if custom measurements or complex assembly moves have to

be performed. Aqer the processing of the simulation script, the results can be visualized by

the result visualization module.

For each of the four main modules, graphical user interfaces (GUI) have been implemented,

which allow the easy preparation of tolerance simulation studies by few user inputs. 7e four

main modules of tolSMS are briefly explained in the following.

6.2 Part Import Module

7epart import module (see Figure 6.2) allows the import of mesh data in the .stl format, which

offers a suitable and robust data exchange format for the description of solid models by tri-

angle surface meshes [VWB+09]. 7e module allows the import of triangle surface meshes of

the nominal part geometry as well as of results of manufacturing process simulations compris-

ing part deviations. Right aqer the mesh import, an edge-based feature detection algorithm

automatically extracts the features of the part surface mesh. For this purpose, the edges of the

part are detected using the algorithm proposed in [PGK02, PKG03]56 and a growing neigh-

bourhood algorithm is applied to identify the different features, which are separated by the

identified edges. 7ese different part features can then be renamed or edited by the user to

ease the feature-based tolerance specification as well as the definition of assembly moves in

the following steps of the workflow.

Figure 6.2: Part Import Module of tolSMS with imported Part, Part Edges (green), and high-
lighted Part Feature (red)

56More works on feature extraction can also be found in [SPP+02, LPJC04, DVVR07, DD15].
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6.3 Tolerance Specification and Assembly Definition Module

Aqer the parts of the assembly have been imported and their features have been labelled, the

parts can be added to the assembly under consideration. Moreover, various tolerance specific-

ations, such as dimensional tolerances (also with material modifiers), tolerances of form, of

orientation, and of location, may be added to the features of the single parts of the assembly

(see Figure 6.3 (a)). Furthermore, the assembly sequence and different assembly moves, such

as the 3-2-1 positioning scheme or best-fit moves, can be defined (see Figure 6.3 (b)) by simply

picking the relevant mating features for each assembly step. Additionally, various key char-

acteristics may be defined, that are to be measured from the simulated assemblies.

(a) Graphical User Interface for the Specification of Part Tolerances

(b) Graphical User Interface for the Definition of Assembly Moves

Figure 6.3: tolSMS: GUIs for the Tolerance Specification and the Assembly Definition
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6.4 Tolerance Simulation Module

As soon as all tolerance specifications, the assembly moves, and the key characteristics have

been defined, the tolerance simulation se@ings can be specified. Among these se@ings are the

number of samples, that should be performed, and whether form deviations and form toler-

ances should be considered in the tolerance simulation. Beside this, statistical distributions,

such as uniform or Gaussian probability distributions, can be defined for the tolerances.

Once these parameters for the tolerance simulation are set, a simulation script is generated

from tolSMS, with the general structure of such a script being shown in Table 6.1. 7is simu-

lation script holds all relevant information and commands, that are necessary to perform the

tolerance simulation. It may be evaluated immediately aqer its generation or at a later point in

time (e. g. overnight) and may also be transferred to high-end workstations or servers to make

use of available computing capacity and to reduce the required computation time. Moreover,

the simulation script can be edited manually, if custom measurements or more complex as-

sembly moves have to be considered in the tolerance simulation. Aqer the processing of the

simulation script, the results of the tolerance simulation are saved in a workspace, which in

turn can be imported in tolSMS for the result visualization.

Table 6.1: General Structure of a Tolerance Simulation Script

Generate Skin Model Shapes {Depending on whether form deviations are considered}
Scale Skin Model Shapes {Ye scaling sequence depends on the relationship between the dif-

ferent tolerance types and datum precedence}
for each of the Samples do
Perform the assembly simulation {Ye order respects the assembly sequence}
Measure the KCs from the assemblies

end for
Save the results

6.5 Result Visualization and Export Module

In order to assess and interpret the tolerance simulation results, various visualization ap-

proaches have been implemented as parts of the result visualization module. In this context,

for example kernel density estimates of the input tolerance distributions as well as of the dis-

tributions of the measured key characteristics are available. Moreover, a parallel coordinates

plot (see Figure 6.4 (a)) and a multi-dimensional plot as described in 5.6.2 (see Figure 6.4 (b))

have been implemented. Furthermore, the resulting assemblies can be plo@ed (see Figure 6.4

(c)) and the contact quality can be assessed by visualizing the projected distances between

the parts (see Figure 6.4 (d)). 7ese various visualization approaches can be viewed directly

in tolSMS or may be opened as separate figure windows. Moreover, the tolerance simulation

results may be exported for documentation reasons or to perform the analysis using external

spreadsheet or data analysis tools.

6.6 Additional Functionalities

Beside the ability to perform three-dimensional tolerance analyses considering form devi-

ations in conformance to GPS standards based on the concept of Skin Model Shapes, the im-

plemented soqware prototype offers also additional functionalities.
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Figure 6.4: Result Visualization Approaches implemented in tolSMS

One of these additional functionalities is the simplified computation of the deviation domain

of a feature of interest by performing set operations (Minkowski sums) on the introduced fea-

ture defects (see Figure 6.5). In this regard, it has been highlighted in section 5.2, that the

scaling of Skin Model Shapes for orientation and location tolerances is performed by intro-

ducing rotational and translational defects to the toleranced features. 7ese feature defects

are automatically propagated by set operations according to the assembly sequence and the

assembly moves to obtain the (simplified) deviation domain of a feature of interest.

Moreover, two-dimensional tolerance simulations for certain cross-sections of the three-

dimensional tolerance simulation model can be generated. For this purpose, the part surface

meshes of the three-dimensional tolerance simulation model are cut along the defined analysis

plane to obtain the nominal part geometries for the two-dimensional simulation as can be seen

from Figure 6.6 (a). Furthermore, the tolerances, that have been specified on the relevant part
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Figure 6.5: GUI for the simplified Computation of Deviation Domains

features, are transferred to corresponding two-dimensional counterparts following some basic

rules (e. g. a flatness tolerance in the three-dimensional tolerance simulation model is trans-

ferred to a straightness tolerance for the two-dimensional tolerance simulation; see Figure 6.6

(b)). Similarly, the assembly moves are transferred. For this two-dimensional tolerance simu-

lation, again a simulation script is generated, which may then be solved. For this purpose, the

two-dimensional versions of the approaches and algorithms for the generation, scaling, and

assembly simulation of Skin Model Shapes are used. Figure 6.6 (c) highlights an exemplary

result of the two-dimensional tolerance simulation for the example case considering form de-

viations.

Analysis Plane
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(b) Resulting Two-Dimensional Tolerancing Scheme
(bo@om) for the Base Part (compare Figure 5.2)

(c) Resulting Two-dimensional nominal Part Geometries (leq) and exemplary resulting Assembly of the Two-
dimensional Tolerance Simulation (right)

Figure 6.6:Generation of a Two-dimensional Tolerance SimulationModel based on an initially
7ree-dimensional Tolerance Simulation Model

https://doi.org/10.51202/9783186438010 - Generiert durch IP 216.73.216.36, am 21.01.2026, 00:13:50. © Urheberrechtlich geschützter Inhalt. Ohne gesonderte
Erlaubnis ist jede urheberrechtliche Nutzung untersagt, insbesondere die Nutzung des Inhalts im Zusammenhang mit, für oder in KI-Systemen, KI-Modellen oder Generativen Sprachmodellen.

https://doi.org/10.51202/9783186438010


7 Application and Benchmark 163

7 Application and Benchmark of the Tolerance Analysis

Approach based on Skin Model Shapes

As it has been highlighted, tolerance analysis is a main issue in the discrete goods industry and

the studied tolerance analysis problems are consequently as manifold as the products being

produced. In this regard, tolerance analysis has been applied to a wide variety of products from

tiny components, such as contactors and relays [Abe15], to large assemblies, such as cars and

aircraqs [CS95, FTCM16], as well as from large production batches, such as roller bearings

[Röd15, AW16], to batch sizes of one, such as dental fits and implants [KSAL07, KSAL10].

Against this background, no single application example covers adequately all issues, that are

possibly relevant in tolerance analysis. 7us, the framework for the tolerance analysis based

on Skin Model Shapes is applied to multiple study cases in the following in order to provide a

comprehensive overview of the possibilities offered by this novel tolerance analysis paradigm.

7.1 Tolerance Stack-Ups

7e very basic and most oqen studied tolerance analysis examples in the literature are assem-

blies of simplified parts, that are vertically or horizontally stacked. 7us, as an introduction to

this section, five different tolerance stack-up cases with increasing complexity are discussed.

7.1.1 Tolerance Stack-Up of two Cubes

A

100

par A
pos A

(a) Assembly

A

50

0.50 A

0.25

1.00 A

0.25

(b) Tolerancing Scheme

Figure 7.1: Tolerance Stack-Up of two identic-
ally specified Cubes

7e first example is a tolerance stack of two

identically specified cubes, in which the first

cube is positioned on an ideally even plane

and the second cube is placed on top of the

first one, with three-point moves being em-

ployed for both assembly steps. 7e key

characteristics of the assembly are the par-

allelism and position deviation (par and pos,

respectively) of the top feature of the second

cube with reference to the ideally even plane.

Figure 7.1 highlights the study case and the

tolerancing scheme, which applies likewise

to both cubes.

In order to assess the influence of the dens-

ity of the surface meshes of mating features on the tolerance analysis results obtained by the

Skin Model Shape approach, the study case has been analysed using two different surface

meshes of the cubes, which can be seen from Figure 7.2. 7e coarse surface mesh is character-

ized by triangle sizes between 8.7mm2 and 48.9mm2 (mean triangle size 22.3mm2), whereas

the dense surface mesh has triangle sizes between 0.2mm2 and 1.3mm2 (mean triangle size

0.6mm2).
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(a) Coarse Surface Mesh (b) Dense Surface Mesh

Figure 7.2: Details of the Different Surface Meshes of the Mating Features
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Figure 7.3: Histograms of the Key Characteristics without Consideration of Form Deviations

Without Consideration of Form Deviations Under the assumption, that the form de-

viations are nil (i. e. the flatness tolerances of the cubes are of value zero), the worst-case

values of the key characteristics of the assembly can easily be obtained, since the admiss-

ible part deviations linearly accumulate through the assembly. Hence, the worst-case value

of the parallelism deviation par is the sum of the parallelism tolerances of both cubes, i. e.

max(par) = 2 · 0.50 = 1.00, and the worst-case value of the position deviation pos is the sum of

the position tolerances of both cubes, i. e. max(pos) = 2 · 1.00 = 2.00. 7eir respective minimal

values are zero, i. e. min(par) = min(pos) = 0.00, which refers to the situation when the part

defects of the bo@om and the top cube balance out. Moreover, values between the minimal

and maximal value for each key characteristic may be observed, when the part defects of the

cubes balance out only partially. 7is can be seen from the histograms of the key characterist-

ics for 1,000 simulated Skin Model Shape assemblies without form deviations, which are given

in Figure 7.3.

Moreover, without consideration of form deviations, the set of rotational and translational

feature defects for each top feature of both cubes forms a regular deviation domain, which

is illustrated in Figure 7.4. It can be seen, that a regular rhombus is obtained regarding the

feature rotations rx and ry , which size is dependent on the parallelism tolerance, whereas a

positive and a negative level for the feature translation tz due to the position tolerance can

be observed. Furthermore, no significant differences for the two different surface meshes can

be found. 7ese regular deviation domains may be “linearly” propagated by Minkowski sums

when the form deviations are nil. As a result, the set of observed deviations of the top feature

of the top cube with reference to the nominal assembly position is of twice the size of the

individual deviation domains of the cubes, which can be seen from Figure 7.5. Again, no

significant differences can be observed between the different surface meshes.
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Figure 7.4: Introduced rotational and translational Defects for the top Feature of the bo@om
Cube without Consideration of Form Deviations
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Figure 7.5: Observed Feature Defects of the top Feature of the top Cube aqer the Positioning
compared to the nominal Assembly without Consideration of Form Deviations

WithConsideration of FormDeviations In contrast to the case when the form deviations

are nil, the key characteristics of the assembly may take values greater than their aforemen-

tioned theoretical worst-case limits when considering form deviations, which can be seen from

the histograms of the key characteristics for 1,000 Skin Model Shape assemblies with form de-

viations (according to the flatness tolerances of 0.25) in Figure 7.6. 7is can be explained as

follows. Indeed, the form deviations of the mating features decrease the admissible rotational

feature defects, which can be seen from Figure 7.7, where the introduced rotational and trans-

lational feature defects of the top feature of the bo@om cube are illustrated considering form

deviations. It can be seen, that these introduced defects do not form regular deviation domains

as it has been explained in section 5.2.5.1. However, the form deviations lead to irregular con-

tact points between the parts and additional rotational and translational assembly deviations,

which manifest in the observed feature defects aqer the assembly as shown in Figure 7.8.
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Figure 7.6: Histograms of the Key Characteristics with Consideration of Form Deviations
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Figure 7.7: Introduced rotational and translational Defects for the top Feature of the bo@om
Cube with Consideration of Form Deviations
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Figure 7.8: Observed Feature Defects of the top Feature of the top Cube aqer the Positioning
compared to the nominal Assembly with Consideration of Form Deviations
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7.1.2 Tolerance Stack-Up of two Plates and a Cube

7e second study case has been described by Anselmetti and Mathieu in [AM01] and has

been particularly designed to assess the conformance of a tolerance analysis tool to toleran-

cing standards. It is a stack-up of two identical plates and a cube as can be seen from Figure

7.9, where the two plates are considered to be ideal, whereas geometrical tolerances are as-

signed to the cube. 7e cube is placed on the bo@om plate and top plate is placed on the cube

subsequently, with three-point moves being employed for both assembly steps. 7e key char-

acteristics of the assembly are the distances between the points A, B, …, G on the top surface

of the bo@om plate and their correspondences A’, B’, …,G’ on the bo@om surface of the top

plate. Moreover, two angles α and β are analysed, with α being the angle between the line

segments A’C’ and AC and β between the segments A’E’ and AE.

Both the theoretical limits of the point distances and of the angles as reported in [AM01] as

well as the results obtained from each 1,000 samples using the Skin Model Shape approach are

summarized in Table 7.1. In this regard, Table 7.1 (a) contains the results for the case without

consideration of form and orientation tolerances (i. e. the flatness tolerances of the cube are

of value zero and the parallelism tolerance is neglected). It can be seen, that no differences

between the SkinModel Shape approach and the theoretical values can be reported. In contrast

to that, Table 7.1 (b) highlights the results of the SkinModel Shape approachwith consideration

of form tolerances (but again without consideration of the orientation tolerance) for three

different correlation lengths lρ of the form deviations (see Figure 7.10). 7e results reveal,

that the effects of form deviations on the assembly behaviour depend on the characteristics

of the form deviations. In this regard, form deviations with comparably short correlation

lengths lead to clearly decreased part rotations of the top plate, which manifest in decreased

angles α and β as well as decreased point distances AA’ and EE’. In contrast to that, form

deviations with larger correlation lengths result in increased ranges of the angles α and β. 7is

effect can be understood from Figure 7.11, where a feature with form deviations of different

correlation lengths, its orientation tolerance zone (dashed lines), the maximum rotation of

a feature without form defects inside this tolerance zone (blue diagonal line), and the actual

rotation of an ideal mating feature corresponding to the featurewith form defects (red diagonal

line) is illustrated. It can be seen, that the maximum rotation of the ideal mating feature is

larger than the maximum rotations of the feature without form defects for large correlation
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(a) lρ = 1mm (b) lρ = 5mm (c) lρ = 10mm

Figure 7.10: SkinModel Shape Assemblies with Different FormDeviation Correlation Lengths
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Figure 7.11: Effect of the Characteristic of the Form Deviations on the Assembly Behaviour:
large Correlation Lengths of the Form Deviations lead to increased Part Rotations, whereas
small Correlation Lengths lead to decreased Part Rotations

lengths, but smaller for small correlation lengths. Beside this effect, the consideration of form

deviations generally results in increased point distances BB’, CC’, FF’, and GG’ due to irregular

contact points between the cube and the two plates.

Moreover, Table 7.1 (c) shows the theoretical values and the results of the tolerance analysis

based on Skin Model Shapes for the case when both the orientation and location tolerances are

considered (no consideration of form tolerances). Similarly to the situation without considera-

tion of orientation tolerances, no differences between the theoretical values and the tolerance

analysis based on Skin Model Shapes can be observed. Furthermore, the results for the Skin

Model Shape approach considering all specified tolerances of the cube are given in Table 7.1

(d). Again, it can be seen, that the consideration of form deviations with small correlation

lengths leads to decreased ranges of the angles α and β, whereas form deviations with larger

correlation lengths result in increased angle ranges.

Beside the worst-case computations, also statistical tolerance analyses considering all spe-

cified tolerances of the cube have been performed. In this context, truncated Gaussian prob-

ability distributions have been chosen for the tolerances, with their parameters, which relate

to six sigma intervals inside the respective tolerance ranges, being shown in Table 7.2. 7e
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Table 7.1:Maximal Differences between the nominal and the actual Point Distances and max-
imal Angles: 7eoretical Values according to [AM01] and results obtained by the Tolerance
Analysis Approach based on Skin Model Shapes

AA’ BB’ CC’ DD’ EE’ FF’ GG’ α β

[mrad] [mrad]

7eoretical Values 0.60 0.20 0.20 0.20 0.60 0.20 0.20 ± 5.00 ± 4.00

Skin Model Shapes 0.60 0.20 0.20 0.20 0.60 0.20 0.20 ± 5.00 ± 4.00

(a) Results without Consideration of Form and Orientation Tolerances

AA’ BB’ CC’ DD’ EE’ FF’ GG’ α β

[mrad] [mrad]

SMS (lρ = 1mm) 0.55 0.22 0.22 0.15 0.55 0.22 0.22 ± 4.52 ± 3.76

SMS (lρ = 5mm) 0.56 0.24 0.25 0.15 0.59 0.25 0.24 ± 4.65 ± 3.72

SMS (lρ = 10mm) 0.63 0.26 0.26 0.16 0.61 0.24 0.26 ± 5.10 ± 3.78

(b) Results with Consideration of Form Tolerances but without Consideration of Orientation Tolerances

AA’ BB’ CC’ DD’ EE’ FF’ GG’ α β

[mrad] [mrad]

7eoretical Values 0.40 0.20 0.20 0.20 0.40 0.20 0.20 ± 2.50 ± 2.00

Skin Model Shapes 0.40 0.20 0.20 0.20 0.40 0.20 0.20 ± 2.50 ± 2.00

(c) Results without Consideration of Form Tolerances but with Consideration of Orientation Tolerances

AA’ BB’ CC’ DD’ EE’ FF’ GG’ α β

[mrad] [mrad]

SMS (lρ = 1mm) 0.39 0.23 0.22 0.12 0.38 0.22 0.22 ± 2.30 ± 1.78

SMS (lρ = 5mm) 0.42 0.24 0.24 0.13 0.42 0.24 0.24 ± 2.81 ± 2.15

SMS (lρ = 10mm) 0.47 0.26 0.26 0.13 0.44 0.24 0.25 ± 3.03 ± 2.39

(d) Results with Consideration of Form and Orientation Tolerances for different Correlation Lengths

truncation of the probability distributions is necessary in order to ensure, that the pseudo-

random values are inside meaningful intervals, i. e. that the values are inside the specified

tolerance ranges and are non-negative. Figure 7.12 highlights the results of the statistical tol-

erance analysis based on Skin Model Shapes (lρ = 5) in comparison with results obtained by

the commercial tolerance simulation tool 3DCS® by Dimensional Control Systems, Inc. as re-

ported in [SAZ+14]. It can be seen, that the consideration of form deviations in conformance

to international GPS standards leads to a decreased sca@er of the point distances as well as the

tilt angles. Moreover, a slight shiq of the point distance distributions can be observed due to

the consideration of the form deviations of the cubes datum plane.

Table 7.2: Truncated Input Probability Distributions for the different Tolerance Specifications

Tolerance Type Mean µ St. Dev. σ Min. Max.

Flatness Gaussian 0.0250 0.0083 0.0000 0.0500

Parallelism Gaussian 0.0500 0.0167 0.0000 0.1000

Position Gaussian 0.1000 0.0333 0.0000 0.2000
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Figure 7.12: Comparison of the Results obtained by 3DCS® as reported in [SAZ+14] and the
Skin Model Shape Approach (SMS) for the statistical Tolerance Analysis

7.1.3 Tolerance Stack-Up of four Parts

7e third considered tolerance stack-up study case has been reported in [SW16] and can be

seen from Figure 7.13. It consists of four parts, with the cubes being subsequently assembled

on the clip employing a three-point-move in negative z-direction and a two-point-move in

negative x-direction, which results in three contact points between the respective cube and

the clip and two contact points between the respective cube and the previous cube or clip,

respectively. 7e key characteristics are the position variation pos of the feature of interest

with reference to the datums A and B on the clip and its parallelism variation par also with

reference to A and B.

For this study case, the results of worst-case and statistical tolerance analyses employing

different tolerance analysis approaches have been reported in [SW16], with Table 7.3 high-

lighting the considered tolerances in each approach.
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Figure 7.13: Tolerance Stack-Up of four Parts with geometrical Tolerances

In this regard, the worst-case results for the tolerance analysis employing tolerance stacks

have been reported as min(pos) = 0.00 and max(pos) = 4.00 [SW16]. Similarly to this, the

worst-case limits of the vector loop approach can be found as max(pos) = 4.00. In contrast

to that, the tolerance analysis based on Skin Model Shapes without consideration of form

deviations gives max(pos) = 4.26. 7is is because also the effect of the parallelism tolerance

(4) is considered, which leads to a rotation of the assembly around the y-axis and hence to an

increased position deviation of the feature of interest. In contrast to that, the consideration

of form deviations leads up to max(pos) = 5.35, which can be explained by irregular contact

points between the parts due to form deviations, that accumulate through the assembly leading

to additional position deviations of the feature of interest. Furthermore, based on the results of

the SDT approach for the worst possible feature rotations, the maximum parallelism deviation

can be calculated as max(par) = 2.07, whereas it results from the tolerance analysis based on

Skin Model Shapes as max(par) = 2.07 without and as max(par) = 1.76 with consideration of

form deviations.

Beside the worst-case analysis, statistical evaluations have been performed, in which Gaus-

sian input probability densities have been chosen with µ = 0.05, σ = 0.1/6 for the form toler-

ances, µ = 0.3, σ = 0.4/6 for the orientation tolerances, and µ = 0.75, σ = 0.5/6 for the location

tolerances. 7e results of the statistical tolerance analysis are shown in Figure 7.14 (a), with

pos∗G and par∗G denoting the results of the tolerance analysis based on Skin Model Shapes with

and posG and parG without consideration of form deviations, pos
†
G are the position deviations

calculated by tolerance stacks, and pos
‡
G using the vector loop approach. It can be found, that

Table 7.3: Considered Tolerances in the different Tolerance Analysis Approaches

Approach Tolerances Explanation

Stacks (3),(7) Conversion to Dim. Tolerances

Vector Loop (1)–(3),(5)–(7) Conversion to Gaps & Dim. Tolerances

SDT (1),(2),(4)–(6) Evaluation of Orientation Defects

SMS (1)–(7) (+ Form) With & without Form Tolerances
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Figure 7.14: Results for the Tolerance Stack-Up of four Parts with geometrical Tolerances

tolerance stacks underestimate the position deviation pos, since gaps between the parts as a

result of the orientation defects are not considered. Furthermore, it can be seen, that the con-

sideration of form deviations leads to a slight negative shiq of the probability densities for the

parallelism deviation par. 7is is because the form deviations decrease the possible feature

rotations and hence result in a decreased parallelism deviation of the feature of interest.

Moreover, the rotational defects around the y-axis (β) and around the z-axis (γ) of the fea-

ture of interest calculated by the approach based on SkinModel Shapes can be seen from Figure

7.14 (b), with WCSDT indicating the deviation domain calculated by the SDT approach, devWC

indicates the results of the worst-case analysis employing Skin Model Shapes, dev∗G the results

of the statistical tolerance analysis with, and devG without consideration of form deviations.

It can be seen, that the tolerance analysis based on Skin Model Shapes also allows the worst-

case analysis of orientation deviations. Beside this, it can be found, that the consideration of

form deviations in the statistical tolerance analysis leads to a slightly decreased spread of the

orientation defects of the feature of interest due to irregular contact points compared to the

case when the form deviations are nil.

Furthermore, the effect of different tolerancing schemes with regard to the orientation and

location tolerances has been analysed. For this purpose, the tolerancing schemes of the clip as

well as of the cubes have been revised regarding the datums for the parallelism and position

tolerances and the analysed key characteristic is the point-to-point distance between the cen-

ter point of the right cube and its correspondence on the very leq feature of the clip (see the

red boxes in Figure 7.15).

Figure 7.16 highlights the results of statistical tolerance analyses (sameGaussian input prob-

ability distributions as explained before) for the study case with revised tolerancing scheme,

with SMS† indicating the results of the Skin Model Shape approach considering the initial tol-

erancing scheme from Figure 7.13, whereas SMS marks the results of the Skin Model Shape

approach for the revised tolerancing scheme and VSA marks the results obtained by VSA® for

the revised tolerancing scheme. From the obtained results without consideration of form devi-

ations (Figure 7.16 (a)) it can be seen, that the initial tolerancing scheme (Figure 7.13) ensures

the nominal point-to-point distance of 160.0, whereas the revised tolerancing scheme leads to

a distinct mean shiq towards larger values for the point-to-point distance. 7us, the initial

tolerancing scheme is more suitable to ensure the functional requirement. 7is effect of the
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Figure 7.15: Tolerance Stack-Up of four Parts with revised Tolerancing Scheme

tolerancing scheme can also be seen from the results with consideration of form deviations in

Figure 7.16 (b). Moreover, it can be found, that the consideration of form deviations leads to a

mean shiq towards smaller values of the point-to-point distance for both tolerancing schemes,

which corresponds to the results discussed before. Beside this, it can be seen, that the results

obtained by VSA® underestimate the variation of the point-to-point distance. Furthermore,

it should be highlighted, that it was not possible to provide results by VSA® for the initial

tolerancing scheme, since the orientation and location tolerances could not be entered with

datums systems, though it is conform to tolerancing standards.
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Figure 7.16:Results for the Tolerance Stack-Up of four Parts with revised Tolerancing Scheme:
SMS† highlights the results of the Skin Model Shape approach for the initial Tolerancing
Scheme, SMS the results for the revised Tolerancing Scheme, and VSA highlights the results
obtained by VSA® for the revised Tolerancing Scheme
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7.1.4 Tolerance Stack-Up considering different Positioning Schemes

Similarly to the second case study, this example has been described in [AM01] and aims at

analysing the effects of different assembly sequences on the key characteristic. It consists

of two parts as illustrated in Figure 7.17 (a), which are assembled employing two different

positioning schemes. In this context, the first considered positioning scheme is based on a

primary contact between the datums A and C and a secondary contact between the datums B

and D, whereas the second positioning scheme leads to a primary contact between the datum

features B and D and a secondary contact between A and C (see Figure 7.17 (b) and (c)). 7e

aim of the case study is to analyse if these two positioning schemes lead to different worst-case

limits and distributions for the gap between the parts.

Similarly to the second considered study case, both the theoretical values and the results

obtained from the Skin Model Shape approach are given in Table 7.4. It can be seen from Table

7.4 (a), that the tolerance analysis approach based on Skin Model Shapes leads to the expected

worst-case limits for the gap in conformance to GPS standards when the form deviations are

considered nil. In contrast to that, from Table 7.4 (b), it can be found, that the consideration of

form deviations leads to slightly decreasedworst-case gap values for both positioning schemes.

Beside the worst-case computations, also statistical tolerance analyses have been performed

for this study case, in which the parameters for the tolerance distributions can be found in

Table 7.5. Similarly to the second study case, the results for the statistical tolerance analysis

obtained by the Skin Model Shape approach as well as the results obtained by 3DCS® as re-

ported in [SAZ+14] and results obtained by VSA® are shown in Figure 7.18.

7e results for the statistical tolerance analyses reveal li@le differences between the two con-

sidered positioning schemes using the commercial tolerance analysis tools. However, from the
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Figure 7.18: Comparison of the Results for the mean Gap obtained by 3DCS® as reported in
[SAZ+14], obtained by VSA®, and employing the Skin Model Shape Approach (SMS with form
deviations, SMS∗ without form deviations) for the statistical Tolerance Analysis

results of the Skin Model Shape approach, a mean shiq of the gap probability towards larger

mean gap values can be observed for the second positioning scheme. Moreover, the consid-

eration of form deviations in the Skin Model Shape approach leads to a mean shiq towards

smaller gap values.

7.1.5 Tolerance Stack-Up of four Parts considering 3-2-1 Positioning Schemes

7e last considered tolerance stack example is an extension of the third study case (see section

7.1.3) as a tolerance stack-up consisting of four parts with geometrical tolerances as can be seen

from Figure 7.19. In this extension, the part locations of the cubes are additionally locked by a

third one-point assembly move in the positive y-direction and the cubes are hence additionally

aligned on the back of the gray support.

In order to assess the effects of the mesh density on such a more complex study case, tol-

erance analyses with three different surface mesh densities (coarse, normal, and dense) of the

mating features have been performed. In this regard, the dense surface mesh is character-

ised by triangle sizes between 0.14mm2 and 1.32mm2 (mean triangle size of 0.61mm2), the

normal surface mesh by triangle sizes between 0.43mm2 and 3.77mm2 (mean triangle size

of 1.50mm2), and the coarse surface mesh by triangle sizes between 8.55mm2 and 51.12mm2

(mean triangle size of 21.93mm2). 7e results of the tolerance analyses with these three differ-

ent surface mesh densities for the key characteristics par and pos can be seen from Figure 7.20,

where it can be found, that the surface mesh density has no significant effect on the obtained
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Figure 7.19: Tolerance Stack-Up of four Parts considering 3-2-1 Positioning Schemes

results in this particular study case neither without nor with consideration of form deviations

(tolerance analysis considering a 3-2-1 positioning scheme of polyhedral parts). Tough, it can

be seen, that the consideration of form deviations leads to a slightly larger sca@er for the key

characteristic par and pos. 7e same situation be seen from Figure 7.21, where the observed

feature defects of the feature of interest are highlighted for the three analysed surface meshes.

Again, no significant influence of the surface mesh density on the obtained feature defects

can be constituted, but the consideration of form deviations leads to a larger sca@er of the

rotational defects of the feature of interest (compare Figure 7.21 (a, right) with (b, right)). Con-

sequently, for the following tolerance analyses, the normal surface mesh is employed, since

no significant accuracy improvements are expected when using the dense surface mesh.

With the aim to study the effects of the additional positioning step on the key characteristics,

statistical tolerance analysis with the distribution values described in section 7.1.3 have been

performed, with the results being shown in Figure 7.22 in comparison to the results of the

study case from section 7.1.3. It can be found, that the adding of the third assembly step in

positive y-direction has only minor effects on the key characteristics and on the rotational

defects of the feature of interest of the third cube, which can be explained by the comparably

small additional shiq of the parts, that only slightly alter the resulting part positions.

7.2 Product Assemblability Evaluation

Part deviations not only influence the positions of parts in assemblies and tolerance stacks, but

also affect the assemblability of parts in assembly groups. Consequently, assemblability eval-
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Figure 7.20: Results of the Key Characteristics for the Tolerance Analyses with different Sur-
face Mesh Densities for the Tolerance Stack-Up of four Parts considering 3-2-1 Positioning
Schemes

uations are to be performed in order to ensure the product assemblability despite geometrical

deviations of the mating parts. 7is section highlights two prominent assemblability analysis

problems in tolerancing research and demonstrates the capabilities of the tolerance analysis

approach based on Skin Model Shapes considering these specific problems.

7.2.1 Pin-Hole Assembly

Avery basic example of part assemblability in tolerancing is thewell-known pin-hole assembly

problem (see e. g. [AKC96, DQ09]). In order to study the effects of dimensional tolerances of

the pin and the hole on the assemblability of the pin, a study case as introduced in [AM01]

is analysed (see Figure 7.23). It consists of a pin, which is assembled in a support according

to “best-fit” and without application of mating forces. For the analysis, the diameter D of

the hole in the support is varied between 11.975 and 12.075, whereas the diameter d of the

cylindrical mating feature of the pin is varied between 11.925 and 12.025 (see Figures 7.24 (a)

and (b)). Hence, there is a critical area (light red areas in Figures 7.24 (a) and (b)) where the
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Figure 7.21: Observed Feature Defects of the Feature of Interest for the Tolerance Analyses
with different Surface Mesh Densities for the Tolerance Stack-Up of four Parts considering
3-2-1 Positioning Schemes: Translational Defects leq and Rotational Defects right
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Figure 7.22: Results of the extended Tolerance Stack-Up of four Parts: 2 highlights the Results
obtained for the Case Study in Figure 7.13, 3 highlights the Results for the current Extension
in Figure 7.19, * highlights Consideration of Form Deviations
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Figure 7.23: Pin-Hole Assembly and Part Specifications

assembly is not feasible, since the diameter D of the hole is smaller than the diameter d of the

pin. 7eoretically, this area corresponds to 12.5% of all considered diameter combinations.

In order to analyse this study case employing the tolerance analysis approach based on Skin

Model Shapes, the assembly of the pin in the hole is simulated using the constrained regis-

tration approach, which employs numerical optimization algorithms to solve the assembly

problem. Figure 7.24 (a) highlights the results of this analysis without consideration of form

deviations, with the blue dots highlighting diameter combinations, that led to feasible solu-

tions of the numerical optimization, whereas the red crosses imply diameter combinations,

for which the optimization algorithm could not find feasible solutions. It can be seen, that the

tolerance analysis based on Skin Model Shapes leads to reasonable results, even if the number

of non-feasible diameter combinations is slightly larger (14.0%) than for the theoretical consid-

eration. However, this effect could be reduced by using refined surface meshes of the mating

features in order to minimize the discretization error.

Beside this, also the effects of form deviations have been studied by adding cylindricity

tolerances of 0.05 to both the hole in the support and the cylindrical mating feature of the

pin. 7e results for this situation are illustrated in Figure 7.24 (b). It can be found, that the

number of non-feasible assemblies is distinctly smaller (8.8%) than for the case without form

deviations and now also diameter combinations in the light red area are found to be feasible.

7is is because the form deviations of the mating cylinders partially balance out and lead to

situations, where the diameter of the hull cylinder of the hole is smaller than the diameter of

the hull cylinder of the pin, but the assembly is still feasible. Furthermore, there are some non-

feasible diameter combinations in the light blue area, which can be traced back to discretization

errors, which worsen when considering form deviations.

7.2.2 Two-Pin-Two-Hole Assembly

Beside the single pin-hole assembly problem, the two-pin-two-hole (TPTH) assembly is a

prominent study case in tolerancing research (see e. g. [LY95, DBM08, BGDD13, DDG15,

PM15a]). In order to study such as problem, an example case as described in [AM01] is ana-

lysed in the following. It consists of a plate, which is positioned on a base part by two pin-hole

connections (see Figure 7.25), with the two pins and holes, respectively, being assigned with

dimensional tolerances with material modifier as well as with location tolerances. Due to hole
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Table 7.4: 7eoretical Values of the minimum and maximum Gap according to [AM01] and
results obtained by the Tolerance Analysis Approach based on Skin Model Shapes

First considered Positioning Scheme

Gap Value

7eoretical Value min 9.30 — max 10.90

Skin Model Shapes min 9.30 — max 10.90

Second considered Positioning Scheme

Gap Value

7eoretical Value min 9.30 — max 11.10

Skin Model Shapes min 9.30 — max 11.10

(a) Results without Consideration of Form Tolerances

First considered Positioning Scheme

Gap Value

Skin Model Shapes min 9.23 — max 10.88

Second considered Positioning Scheme

Gap Value

Skin Model Shapes min 9.21 — max 10.99

(b) Results with Consideration of Form Tolerances

Table 7.5: Truncated Input Probability Distributions for the different Tolerance Specifications

Tolerance Type Mean µ St. Dev. σ Min. Max.

Flatness Gaussian 0.0500 0.0167 0.0000 0.1000

Perpendicularity Gaussian 0.1000 0.0333 0.0000 0.2000

Position (Support) Gaussian 0.5000 0.1667 0.0000 1.0000

Position (Top Part) Gaussian 0.2000 0.0667 0.0000 0.4000

11.925 11.950 11.975 12.000 12.025
11.975

12.000

12.025

12.050

12.075

d

D

Assembly Failed

Assembly Successful

(a) Without Consideration of Form Deviations

11.925 11.950 11.975 12.000 12.025
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12.000
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12.050

12.075

d

D

Assembly Failed

Assembly Successful

(b) With Consideration of Form Deviations

Figure 7.24: Results of the Assemblability Evaluationwithout andwith Consideration of Form
Deviations: 7e light-blue area highlights combinations of d and D, where the assembly is
theoretically feasible, whereas the assembly is theoretically non-feasible in the light-red area.
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Figure 7.25: Two-Pin-Two-Hole Assembly with Part Specifications

clearance, the plate is subject to rotations, while the key characteristics of this study case are

the point variations in z-direction of the points A, B, C, D, and E on the bo@om of the plate as

illustrated in Figure 7.26.

7e worst-case point variations in z-direction considering maximal hole clearance, i. e. as-

suming pin diameters of 11.75 and hole diameters of 12.35, without consideration of location

deviations of the pins and holes, respectively, have been calculated employing the gap hull

estimation approach based on Skin Model Shapes and can be seen in comparison to the theor-

etical values reported in [AM01] in Table 7.6 (a). 7e small differences between the theoretical

values and the values obtained from the gap hull estimation can be traced back to discretiza-

tion errors of the surface meshes, which lead to slightly varying part rotations for this specific

study case. Beside these small differences, good agreement between the theoretical values and

the results of the Skin Model Shape approach can be concluded.

Moreover, the point variations considering location tolerances can be seen from Figure 7.27

and the worst-case point variations are given in Table 7.6 (b), with cylindricity tolerances of

0.02 having been added to both pins and holes to investigate the effects of form deviations of

the mating features in the Skin Model Shape approach. It can be seen, that the consideration

of location errors of the pins and holes leads to increased point variations and this effect is

even amplified by form deviations regarding the point variations of the points B, C, and D.
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Figure 7.26: Two-Pin-Two-Hole Assembly: Point Variations due to Hole Clearance and
Pin/Hole Positioning Errors

Table 7.6: Worst-Case Point Variations: 7eoretical Values according to [AM01] and Results
obtained by the Tolerance Analysis Approach based on Skin Model Shapes with and without
Consideration of Form Deviations

A B C D E

7eoretical Values ± 0.60 ± 0.30 ± 0.30 ± 0.30 ± 0.60

Skin Model Shapes ± 0.59 ± 0.31 ± 0.29 ± 0.30 ± 0.58

(a) Point Variations for Maximal Hole Clearance without Consideration of Location Tolerances

A B C D E

Skin Model Shapes ± 0.75 ± 0.57 ± 0.40 ± 0.57 ± 0.75

Skin Model Shapes (*) ± 0.75 ± 0.63 ± 0.41 ± 0.66 ± 0.75

(b) With Consideration of Location Tolerances: (*) highlights the Consideration of Form Deviations

7.3 Further Applications and Additional Functionalities

Beside the analysis of typical tolerance stacks and the assemblability evaluation, some fur-

ther application examples of the tolerance analysis approach based on Skin Model Shapes are

provided in the following. In this regard, firstly an example study consisting of five parts with

geometrical tolerances is studied, which is followed by two irregular tolerance stack examples.

7.3.1 Five-Piece Assembly

In order to apply the tolerance analysis approach based on Skin Model Shapes to a larger

assembly, a study case as highlighted in [Dij05] is considered. It is build of five parts, which are

subsequently stacked employing three-point moves in negative z-direction, two-point moves

in negative x-directions, and one-point moves in positive y-direction as can be seen from

Figure 7.28. 7e key characteristic is the position deviation of the hole feature of part 4 (red),
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Figure 7.27: Two-Pin-Two-Hole Assembly: Resulting Point Variations

Table 7.7: Five-Piece Assembly: Truncated Input Probability Distributions

Tolerance Type Mean µ St. Dev. σ Min. Max.

Form Gaussian 0.0250 0.0083 0.0000 0.0500

Orientation Gaussian 0.0750 0.0083 0.0500 0.1000

Location Gaussian 0.1500 0.0167 0.1000 0.2000

Position (Hole) Gaussian 0.3000 0.0333 0.2000 0.4000

which is to be ensured by a total number of 96 geometrical tolerance specifications, with the

part tolerancing schemes having been obtained by CLIC [Ans06].

For this study case, worst-case as well as statistical tolerance analyses have been performed,

where the assumed probability distributions for the statistical evaluations relate to a six-sigma

assumption considering the well-known relationship between form, orientation, and location

tolerances and are given in Table 7.7. 7e resulting probability distributions for the key char-

acteristic for these worst-case and statistical tolerance analyses are highlighted in Figure 7.29.

It can be seen, that the consideration of form deviations leads to an increased variation of the

key characteristic due to irregular contact points between the parts under both worst-case

and statistical conditions. Moreover, slightly tightened distributions of pos are obtained in the

statistical case as expected.

In order to study these effects more in detail, the observed feature defects of the hole feature

in part 4 are highlighted in Figure 7.30. In this regard, it can be found, that the consideration

of form deviations leads to increased rotational and translational feature defects under both

worst-case and statistical conditions. Moreover, it can be seen, that the translational feature

defects t in y-direction are more distinct than in x- and z-direction, while the rotational feature

defects r around the y-axis are considerably smaller than around the x- and z-direction.

With the aim to investigate the main contributors among the deviations of the part features,

that are labelled in Figure 7.28, to these defects of the hole feature in part 4, a density-based

sensitivity analysis as described in [PBS13] has been performed, to which the results are sum-

marized in Figure 7.31. 7e bar plots in Figure 7.31 highlight the moment-independent sens-

itivity measures δ of the feature deviations of the different parts for each respective feature

defect (translational t or rotational r). In this regard, for example the main contributor to the

translational feature defect of the hole feature in x-direction (tx , top leq part of Figure 7.31
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Figure 7.28: Five-Piece Assembly and Tolerancing Schemes
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Figure 7.29: Five-Piece Assembly: Resulting Probability Distributions for the Key Character-
istic, with (*) indicating the Consideration of Form Deviations
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Figure 7.30: Five-Piece Assembly: Observed Defects of the Hole Feature in Part 4

(a)) is 3bb(tx ), which marks the translational feature deviation in x-direction (tx ) of feature

bb of part 3. 7is translational feature deviation is controlled by the position tolerance on

this feature (see Figure 7.28). 7e other contributors to tx in Figure 7.31 (a) are 1bb(tx ) and

2bb(tx ), which are the translational feature deviations of feature bb on part 1 and 2, which

are both controlled by position tolerances, as well as 1aa(ry), which designates the rotational

feature deviation around the y-axis of feature aa of part 1, which is controlled by a parallel-

ism tolerance. 7is shows, that not only the translational deviations tx of the bb features of

the parts 1, 2, and 3 have an effect on the translational feature defect of the hole feature of

part 4, but also the rotational deviation of feature aa of part 1, since it leads to a tilting of the

whole assembly group. Similar effects can also be observed for the translational defects of the

hole feature in z-direction (tz), which are influenced by the translational feature deviations in

z-direction of the aa features of parts 1, 2, and 3, but also by the rotational feature deviations

around the y-axis (ry) of the aa features of parts 1 and 2.
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Figure 7.31: Five-Piece Assembly: Results of the Sensitivity Analysis based on Statistical Tol-
erance Analyses
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However, when comparing Figures 7.31 (a) and (b), it can be found, that the consideration

of form deviations has distinct effects on the results of the sensitivity analysis, since feature

deviations, that are identified as contributors without consideration of form deviations, dis-

solve when form deviations are considered. Moreover, feature deviations, that have no effect

when neglecting form deviations, influence the assembly behaviour when taking into account

form defects.

7.3.2 Two Discs in a Box
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Figure 7.32: Two Discs in a Box as presented
in [MP09, MP11b, MP11a, Pol11, Pol12]

7e following study case has been employed

in [MP09, MP11b, MP11a, Pol11, Pol12]

to compare different tolerance analysis ap-

proaches, such as the vector loop approach,

the variational model, the matrix approach,

the Jacobianmodel, and the Torsor approach.

It consists of two discs, which are positioned

inside a box (see Figure 7.32). 7e discs and

the box are specified with dimensional and

geometrical tolerances and the key charac-

teristic of the assembly is the vertical gap

between the second disc and the top of the

box. 7e solutions for this case study ob-

tained by different tolerance analysis ap-

proaches considering these dimensional as

well as geometrical tolerances have been provided in [Pol11] and can be seen from Table 7.8

compared to the results of the SkinModel Shape approach. In this regard, the two-dimensional

variations of the proposed algorithms for the scaling and assembly simulation of Skin Model

Shapes have been applied for the tolerance analysis based on Skin Model Shapes and Gaussian

input probability distributions with centred mean and six sigma variation have been assumed

for the statistical evaluations.

From the results, it can be seen, that the tolerance analysis approach based on Skin Model

Shapes leads to comparable levels regarding the gap variation as the other tolerance analysis

Table 7.8: Two Discs in a Box: Results for different Tolerance Analysis Approaches according
to [Pol11] and for the Skin Model Shape Approach without (SMS) and with (SMS∗) Consider-
ation of Form Deviations

Approach Worst-Case Statistical

Vector Loop ± 1.03 ± 0.54

Variational ± 0.78 ± 0.50

Matrix ± 0.69 —

Jacobian ± 0.78 ± 0.53

Torsor ± 0.78 —

SMS ± 0.80 ± 0.62

SMS∗ ± 0.85 ± 0.55
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Figure 7.33:7ree-Dimensional Extension of the Two Discs in a Box Study: Main Extensions
compared to the initial Tolerancing Scheme in Figure 7.32 and Detail of the Surface Meshes

Table 7.9: Two Discs in a Box: Results for the7ree-Dimensional Extension of the Study Case
employing the Skin Model Shape Approach without (SMS) and with (SMS∗) Consideration of
Form Deviations

Approach Worst Case Statistical

SMS ± 0.81 ± 0.58

SMS∗ ± 1.00 ± 0.66

methods. However, it can also be seen, that the form deviations have partly contrary effects,

since they lead to increased worst-case limits, but to decreased statistical limits for the gap

value. 7is is because the form deviations may lead to more extreme part positions in worst-

case consideration, but decrease the effects of dimensional variations in statistical evaluations.

Moreover, a three-dimensional extension of this study case as illustrated in Figure 7.33 has

been analysed employing the Skin Model Shape approach. 7e results for worst-case and

statistical evaluations (same distributional assumptions as before) can be seen from Table 7.9,

where it can be found, that the three-dimensional tolerance analysis leads to comparable res-

ults as the two-dimensional tolerance simulation model for this study case. However, the

consideration of form deviations results in slightly increased sca@er for the gap values.

7.3.3 Irregular Tolerance Stack

7e final study case is an irregular tolerance stack as originally proposed by Chase [Cha99],

which has also been analysed in [BYWC13]. It consists of three parts (see Figure 7.34), namely

a block (blue), which is placed on a frame (gray) and which is to position a cylinder (red). 7e

key characteristic of the assembly is the gap G between the cylinder and the top of the frame.

In order to analyse the effects of form deviations on such an irregular tolerance stack-up, the

tolerancing scheme as proposed in [Cha99, BYWC13] is revised and geometrical tolerances are

added as part specifications. Indeed, it should be noted, that for the sake of comprehensibility,

the analysed tolerancing scheme as illustrated in Figure 7.34 is not fully complete and rigor-

ous. Moreover, in contrast to the works in [Cha99, BYWC13], a three-dimensional tolerance

analysis is performed.
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Figure 7.34: Irregular Tolerance Stack as adapted from [Cha99, BYWC13]

7e results of the three-dimensional tolerance analysis based on Skin Model Shapes for the

study case considering worst-case and statistical evaluations are given in Table 7.10 (b), where

the distribution parameters from Table 7.10 (a) have been assumed for the statistical evalu-

ations. It can be seen, that the consideration of form deviations leads to distinctly increased

variations of the gap between the cylinder and the frame, which even amplifies under statist-

ical assumptions.

Table 7.10: Irregular Tolerance Stack: Probability Distribution Parameters and Results for
the Study Case employing the Skin Model Shape Approach without (SMS) and with (SMS∗)
Consideration of Form Deviations

Tolerance Mean St. Dev. Min. Max.

Dimension 0.2000 0.0667 0.0000 0.4000

Form 0.0500 0.0167 0.0000 0.1000

Orientation 0.1500 0.0167 0.1000 0.2000

Location 0.3500 0.0500 0.2000 0.5000
(a) Parameter Values of the Gaussian Probability Distribu-
tions for the Statistical Evaluations

Approach Worst-Case Statistical

SMS ± 0.45 ± 0.37

SMS∗ ± 0.62 ± 0.58
(b) Results of the Tolerance Analyses

https://doi.org/10.51202/9783186438010 - Generiert durch IP 216.73.216.36, am 21.01.2026, 00:13:50. © Urheberrechtlich geschützter Inhalt. Ohne gesonderte
Erlaubnis ist jede urheberrechtliche Nutzung untersagt, insbesondere die Nutzung des Inhalts im Zusammenhang mit, für oder in KI-Systemen, KI-Modellen oder Generativen Sprachmodellen.

https://doi.org/10.51202/9783186438010


190 7 Application and Benchmark

7.4 Discussion of the obtained Results

7e computer-aided tolerance analysis is a key tool for modern companies, since it helps to

identify vast potentials for time and cost savings by enabling the virtual prediction of the ef-

fects of geometrical part deviations on assembly key characteristics as well as the evaluation of

consequences of design decisions on the product quality. However, the benefits of tolerance

analysis tools strongly depend on the assumptions, that are implicitly and explicitly made

by these tools, as these assumptions distinctly influence the accuracy and validity of the ob-

tained results. With the aim to assess the capabilities and limitations of the tolerance analysis

approach based on Skin Model Shapes, various study cases have been analysed in the preced-

ing sections and the obtained results have been compared to theoretical values reported in

scientific literature as well as to the results of other tolerance analysis approaches and of com-

mercial tolerance analysis soqware. In this context, the results for the highlighted tolerance

analysis study cases reveal important insights, which are summarized in the following.

Impact of the Point and Mesh Density on the Tolerance Analysis Results 7e toler-

ance analysis based on the concept of Skin Model Shapes employs discrete geometry repres-

entation schemes, such as point clouds and surface meshes, for the modelling of parts con-

sidering geometrical deviations as well as for their scaling, the assembly simulation, the gap

hull estimation, and the contact and mobility simulation. As it has been highlighted in chapter

4, the application of such discrete geometry representation schemes implies discretization er-

rors, since point clouds and surface meshes only approximate the part surface. In this regard,

it can for example be seen from the results of the tooth contact analysis for gears in section

5.5.2.3, that the accuracy of the obtained analysis results depends on the density of the em-

ployed surfacemeshes with densemeshes leading tomore accurate results than coarsemeshes.

Moreover, the results of the assemblability evaluation for the pin-hole assembly (section 7.2.1)

are influenced by the surfacemesh density, which also applies to the gap hull estimation for the

two-pin-two-hole problem (section 7.2.2). In contrast to that, the analysis results for the toler-

ance stack examples reveal no significant differences between coarse and dense surfacemeshes

when considering 3-2-1 positioning schemes of polyhedral parts. 7us, it can be concluded,

that the surface mesh density has an effect on the tolerance analysis results when considering

curved and cylindrical part features. In such applications, careful a@ention should be paid to

the surface mesh generation, while keeping in mind, that the discretization errors can be ad-

justed by the level of surface approximation. However, for many other applications, such as

the analysis of tolerance stack-ups of polyhedral parts, coarse surface meshes not necessarily

manifest in worsened tolerance analysis results.

Comparison with other Tolerance Analysis Approaches 7e obtained results of the

tolerance analysis based on Skin Model Shapes have been elaborately compared to the res-

ults of other tolerance analysis approaches as well as of commercial soqware tools for various

study cases. Based on these comparisons, it can be found, that the tolerance analysis em-

ploying Skin Model Shapes generally leads to comparable result levels for different analysis

problems. However, distinct differences between the results of various tolerance analysis ap-

proaches have been identified, particularly when considering form deviations. 7is applies
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to the analysis of tolerance stack-ups, such as the stack-up of two plates and a cube (section

7.1.2) and the tolerance stack-up of four parts (sections 7.1.3 and 7.1.5), as well as the study of

irregular stack-ups, such as the two discs in a box example (section 7.3.2). 7ese differences

can be observed for worst-case as well as for statistical tolerance analyses. Beside this, addi-

tional functionalities of the tolerance analysis approach based on SkinModel Shapes have been

demonstrated, such as the assemblability evaluation, the two-dimensional tolerance analysis,

as well as the gap hull estimation. 7ese features offer further benefits in specific application

examples.

Conformance to Tolerancing Standards In order to assess the conformance of the tol-

erance analysis approach based on Skin Model Shapes to international tolerancing standards,

particularly to the standards for the geometrical product specification, the results obtained for

several study cases have been compared to theoretical values provided in scientific literature.

7ese study cases comprise the tolerance stack-up of parts with multiply toleranced features

in section 7.1.2, the stack-up considering different part positioning schemes in section 7.1.4,

and the assemblability evaluation for pin-hole assemblies in section 7.2.1 and for two-pin-two-

hole problems in 7.2.2. From these comparisons, it can be found, that the tolerance analysis

approach based on Skin Model Shapes is capable of adequately representing the theoretical

effects of multiply toleranced features, of datum precedence, of material modifiers, as well

as of form deviations. 7ough further comparisons could be performed for other relevant is-

sues regarding the conformance to tolerancing standards, it can be argued, that the tolerance

analysis based on Skin Model Shapes is conform to international tolerancing standards.

Effects of Form Deviations on Assembly Key Characteristics During the last decades,

various tolerance analysis approaches have been proposed, which are predominantly based

on the implicit or explicit assumption, that, due to their supposedly minor effects, form de-

viations can be neglected. However, motivated by the increasing relative importance of form

deviations, which can be a@ributed to the advancements in manufacturing technology, the

concept of Skin Model Shapes has been proposed, which enables the consideration of form

deviations in the tolerance analysis and variation simulation. As it can be found based on the

results of the analysed case studies, these form deviations of the mating parts have distinct

effects on the key characteristics of mechanical assemblies and considerably influence the be-

haviour of physical products during use. However, it can also be seen, that the effects of form

deviations are oqen contradictory and in spite of expert knowledge, they are seldom assess-

able based on mere reasoning. 7us, appropriate computer-aided tools are required, that allow

the virtual prediction of these effects in order to optimize product and process development

decisions. 7e proposed tolerance analysis approach based on Skin Model Shapes offers such

as tool and is thus an important contribution to the computer-aided engineering environment

in modern companies.

In conclusion, it can be found, that the concept of Skin Model Shapes as a new paradigm

for the computer-aided tolerance analysis offers a sound theoretical framework and a toler-

ance analysis theory, which overcomes severe shortcomings of established tolerance analysis

approaches.
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8 Conclusion and Perspectives for future Research

7e geometrical characteristics of mechanical products hugely influence their quality and

functional compliance. 7us, quality-aware companies are strongly required to manage geo-

metrical part variations, which can be observed on every manufactured artefact, and their

manifold effects on various product quality a@ributes throughout the whole product life-cycle.

Inmodern value added chains, whichwidely rely on specialisation, the concept of interchange-

able parts, and external procurement, this comprises many different tasks and activities, that

are performed by various actors. In this context, special a@ention should be paid to the toler-

ancing activities during design, since the decisions made in these early product development

stages have far-reaching impacts on the product quality as well as on the product costs. In

order to support these early tolerancing activities, tolerance simulation and tolerance analysis

tools are increasingly applied in various industries, since they allow the virtual prediction of

the effects on geometrical part deviations on geometrical product key characteristics without

the need for time- and cost-expensive physical mock-ups. However, these tools and their un-

derlying mathematical approaches for the tolerance representation and propagation have dis-

tinct weaknesses, such as the insufficient consideration of form deviations, which gain ascend-

ing importance for the function of high-precision mechanism, and the lacking conformance to

international tolerancing standards, which evolved during the last century as the established

means of communication between the various actors in geometrical variations management.

In order to overcome these important shortcomings, the concept of Skin Model Shapes as

a novel paradigm for the modelling of geometrical deviations in mechanical engineering has

been introduced (see Figure 8.1). It stems from basic concepts of the standards for the geomet-

rical product specification and conveys the concept of the “Digital Twin” [Gri14] to geomet-

rical variations management. 7e current work explored the fundamentals of the concept of

SkinModel Shapes by providing amodel conceptualisation, by investigating approaches for its

representation and visualisation, by elaborating a framework for the generation of Skin Model

Shapes, and by carving out possible applications and perspectives for this concept in mechan-

ical engineering. Beside this, the work provided a comprehensive framework for the tolerance

analysis based on Skin Model Shapes and proposed various computational algorithms for the

scaling, the assembly simulation, the gap hull estimation, the contact and mobility simulation,

and the key characteristics measurement for discrete geometry Skin Model Shapes. Moreover,

the implementation of these algorithms in a soqware prototype has been illustrated and the

tolerance analysis approach based on Skin Model Shapes has been applied to various study

cases. Based on the obtained results, it can be found, that form deviations have significant

effects on various key characteristics and must not be neglected in tolerance analyses of high-

precision mechanical products.

However, perspectives for further research efforts are the consideration of novel manufac-

turing processes, such as additive manufacturing, as well as of various physical phenomena,

such as thermal effects, in the generation and processing of Skin Model Shapes. In this regard,

also the potentials of the concept of Skin Model Shapes for process-oriented tolerancing, that

have already been sketched in [SW13b], need to be further investigated and exploited, which
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Figure 8.1: Main Contributions of the current Work: 7e Concept of Skin Model Shapes as a
novel Paradigm for the Modelling of Geometrical Deviations and a Framework for the Toler-
ance Analysis based on Skin Model Shapes

is the objective of ongoing research projects. Moreover, the consideration of form deviations

in tolerance analyses requires improved approaches for the worst-case and statistical evalu-

ation of tolerance simulation models as well as for the sensitivity analysis in order to be@er

support product development teams and manufacturing engineers in deriving adequate tol-

erancing decisions. A generic concept for the sensitivity analysis in geometrical variations

management based on Skin Model Shapes has already been proposed in [SW15c], but further

research is required to increase the explanatory power of these approaches and to reduce the

required computational efforts. 7e accomplishment of these future research challenges has

partly begun and will contribute to the establishment of the concept of Skin Model Shapes as

a paradigm in computer-aided tolerancing and geometrical variations modelling.

In conclusion, it has been shown, that the concept of Skin Model Shapes offers a versatile

and potent approach for the modelling and representation of geometrical variations in mech-

anical engineering and that the tolerance analysis based on Skin Model Shapes employing

point-based geometry representation schemes allows the realistic prediction of the effects of

geometrical part deviations on product key characteristics considering form deviations and in

conformance to international standards for the geometrical product specification.

https://doi.org/10.51202/9783186438010 - Generiert durch IP 216.73.216.36, am 21.01.2026, 00:13:50. © Urheberrechtlich geschützter Inhalt. Ohne gesonderte
Erlaubnis ist jede urheberrechtliche Nutzung untersagt, insbesondere die Nutzung des Inhalts im Zusammenhang mit, für oder in KI-Systemen, KI-Modellen oder Generativen Sprachmodellen.

https://doi.org/10.51202/9783186438010


194 Appendix

Appendix

In the following, further details about the employed assembly simulation models and the used

surface meshes for the various study cases from section 7 are given.

Tolerance Stack-Up of two Cubes (Section 7.1.1)

Type of Moves: 3-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Coarse Mesh: 8.7mm2 / 48.9mm2 / 22.3mm2

Dense Mesh: 0.2mm2 / 1.3mm2 / 0.6mm2

Tolerance Stack-Up of two Plates and a Cube (Section 7.1.2)

First Assembly Step

Type of Move: 3-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Feature: 0.9mm2 / 5.7mm2 / 3.0mm2

Moving Feature: 0.6mm2 / 3.9mm2 / 2.0mm2

Second Assembly Step

Type of Move: 3-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Feature: 0.6mm2 / 4.3mm2 / 2.1mm2

Moving Feature: 0.7mm2 / 5.7mm2 / 3.0mm2

Tolerance Stack-Up of four Parts (Section 7.1.3)

First Assembly Step

Type of Move: 3-2-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 1.9mm2 / 17.8mm2 / 7.9mm2

Moving Features: 0.4mm2 / 3.6mm2 / 1.6mm2

Second Assembly Step

Type of Move: 3-2-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 1.9mm2 / 17.8mm2 / 7.9mm2

Moving Features: 0.5mm2 / 4.1mm2 / 2.0mm2
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2ird Assembly Step

Type of Move: 3-2-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 1.9mm2 / 17.8mm2 / 7.9mm2

Moving Features: 0.3mm2 / 2.6mm2 / 1.3mm2

Tolerance Stack-Up considering different Positioning Schemes (Section 7.1.4)

Type of Move: 3-2-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 0.1mm2 / 1.1mm2 / 0.5mm2

Moving Features: 0.1mm2 / 0.6mm2 / 0.3mm2

Tolerance Stack-Upof four Parts considering 3-2-1 Positioning Schemes (Section 7.1.5)

First Assembly Step

Type of Move: 3-2-1-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: Coarse: 47.2mm2/ 223.2mm2/

103.7mm2

Normal: 2.0mm2 / 19.1mm2 / 7.7mm2

Fine: 0.9mm2 / 7.8mm2 / 3.6mm2

Moving Features: Coarse: 8.7mm2 / 39.6mm2 / 21.2mm2

Normal: 0.4mm2 / 3.6mm2 / 1.6mm2

Fine: 0.2mm2 / 1.3mm2 / 0.6mm2

Second Assembly Step

Type of Move: 3-2-1-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: Coarse: 47.2mm2/ 223.2mm2/

103.7mm2

Normal: 2.0mm2 / 19.1mm2 / 7.7mm2

Fine: 0.9mm2 / 7.8mm2 / 3.6mm2

Moving Features: Coarse: 10.6mm2 / 61.7mm2 /

25.4mm2

Normal: 0.5mm2 / 4.1mm2 / 2.0mm2

Fine: 0.2mm2 / 1.7mm2 / 0.8mm2
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2ird Assembly Step

Type of Move: 3-2-1-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: Coarse: 47.2mm2/ 223.2mm2/

103.7mm2

Normal: 2.0mm2 / 19.1mm2 / 7.7mm2

Fine: 0.9mm2 / 7.8mm2 / 3.6mm2

Moving Features: Coarse: 6.7mm2 / 30.8mm2 / 15.3mm2

Normal: 0.3mm2 / 2.6mm2 / 1.3mm2

Fine: 0.1mm2 / 1.0mm2 / 0.5mm2

Pin-Hole Assembly (Section 7.2.1)

Optimization Feature

Type of Move: Best-Fit

Assembly Model: Constrained Registration

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 0.3mm2 / 7.0mm2 / 2.3mm2

Moving Features: 0.1mm2 / 2.5mm2 / 0.7mm2

Constraint Feature

Type of Move: Best-Fit

Assembly Model: Constrained Registration

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 0.2mm2 / 1.1mm2 / 0.4mm2

Moving Features: 0.1mm2 / 0.6mm2 / 0.2mm2

Two-Pin-Two-Hole Assembly (Section 7.2.2)

Optimization Feature

Type of Move: Best-Fit

Assembly Model: Constrained Registration

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 0.4mm2 / 4.5mm2 / 1.8mm2

Moving Features: 0.3mm2 / 3.3mm2 / 1.6mm2

Constraint Feature

Type of Move: Best-Fit

Assembly Model: Constrained Registration

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 0.3mm2 / 1.6mm2 / 0.8mm2

Moving Features: 0.3mm2 / 1.2mm2 / 0.6mm2
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Five-Piece Assembly (Section 7.3.1)

First Assembly Step

Type of Move: 3-2-1-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 0.3mm2 / 2.3mm2 / 1.0mm2

Moving Features: 0.7mm2 / 4.9mm2 / 2.0mm2

Second Assembly Step

Type of Move: 3-2-1-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 0.6mm2 / 5.1mm2 / 1.9mm2

Moving Features: 0.8mm2 / 5.8mm2 / 2.4mm2

2ird Assembly Step

Type of Move: 3-2-1-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 0.7mm2 / 5.0mm2 / 2.3mm2

Moving Features: 0.8mm2 / 7.3mm2 / 3.3mm2

Fourth Assembly Step

Type of Move: 3-2-1-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 1.0mm2 / 5.5mm2 / 2.6mm2

Moving Features: 0.4mm2 / 2.9mm2 / 1.2mm2

Two Discs in a Box (Section 7.3.2)

First Assembly Step

Type of Move: 2-2-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 1.8mm2 / 14.1mm2 / 6.2mm2

Moving Features: 2.2mm2 / 14.0mm2 / 5.1mm2
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Second Assembly Step

Type of Move: 2-2-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

All Features: 2.2mm2 / 14.0mm2 / 5.1mm2

Irregular Tolerance Stack (Section 7.3.3)

First Assembly Step

Type of Move: 3-2-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 0.7mm2 / 5.9mm2 / 2.6mm2

Moving Features: 1.4mm2 / 10.1mm2 / 4.3mm2

Second Assembly Step

Type of Move: 2-2-Point-Assembly

Assembly Model: Difference Surface

Mesh Statistics: Triangle Sizes (min. / max. / mean)

Mating Features: 0.8mm2 / 3.7mm2 / 1.8mm2

Moving Features: 0.3mm2 / 2.0mm2 / 0.9mm2

https://doi.org/10.51202/9783186438010 - Generiert durch IP 216.73.216.36, am 21.01.2026, 00:13:50. © Urheberrechtlich geschützter Inhalt. Ohne gesonderte
Erlaubnis ist jede urheberrechtliche Nutzung untersagt, insbesondere die Nutzung des Inhalts im Zusammenhang mit, für oder in KI-Systemen, KI-Modellen oder Generativen Sprachmodellen.

https://doi.org/10.51202/9783186438010


Bibliography 199

Bibliography

[ABC+99] Alvarez, A.; Barbero, J. I.; Carrillo, A. R.; Gutiérrez, T.; and Aizpitarte, M. TASys: A

Computer Aided Tolerance System based on a Variational Geometry formulation. In Houten,

F. and Kals, H., editors, Global Consistency of Tolerances, pages 207–214. Springer Netherlands,

Dordrecht, 1999.

[Abe15] Abel, O. Toleranzanalyse in der Relaistechnik. In Wartzack, S., editor, Summer School Toleran-
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[AS14] Andrews, J. and Séqin, C. H. Type-Constrained Direct Fi@ing of `adric Surfaces. Computer-

Aided Design and Applications, 11(1):107–119, 2014.

[Asa09] Asante, J. N. A small displacement torsor model for tolerance analysis in a workpiece-fixture

assembly. Proceedings of the Institution of Mechanical Engineers, Part B: Journal of Engineering

Manufacture, 223(8):1005–1020, 2009.

[ASF10] Adragna, P.-A.; Samper, S.; and Favreliere, H. How Form Errors Impact on 2D Precision As-

sembly with Clearance? In Ratchev, S., editor, Precision Assembly Technologies and Systems,

volume 315 of IFIP Advances in Information and Communication Technology, pages 50–59. Springer

Berlin Heidelberg, 2010.

[ASG11] Ameta, G.; Samper, S.; and Giordano, M. Comparison of Spatial Math Models for Tolerance

Analysis: Tolerance-Maps, Deviation Domain, and TTRS. Journal of Computing and Information

Science in Engineering, 11(2):021004, 2011.

[ASM00] ASME. ASME B89.4.10:2000: Methods for Performance Evaluation of Coordinate Measuring Sys-

tem Soqware. Standard, 2000.

[ASM09] ASME. ASME Y14.5-2009: Dimensioning and Tolerancing. Standard, 2009.

[ASMW14] Anwer, N.; Schleich, B.; Mathieu, L.; and Wartzack, S. From solid modelling to skin model

shapes: Shiqing paradigms in computer-aided tolerancing. CIRP Annals - Manufacturing Techno-

logy, 63(1):137 – 140, 2014.

[ASP10] Adragna, P.-A.; Samper, S.; and Pillet, M. A proposition of 3D inertial tolerancing to consider the

statistical combination of the location and orientation deviations. International Journal of Product

Development, 10(1-2):26–45, 2010.

[AT07] Adler, R. J. and Taylor, J. E. Random Fields and Geometry. Number 1 in Springer Monographs in

Mathematics. Springer New York Inc., 1 edition, 2007.
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[FH10] Flöry, S. and Hofer, M. Surface fi@ing and registration of point clouds using approximations of

the unsigned distance function. Computer Aided Geometric Design, 27(1):60 – 77, 2010.

[FKM11] Fu, S.; Kauppila, O.; and Mottonen, M. Measurement system escape and overkill rate analysis.

Ye International Journal of Advanced Manufacturing Technology, 57(9):1079–1086, 2011.
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[WS04] Wickman, C. and Söderberg, R. Comparison of Non-Nominal Geometry Models Represented in

Physical Versus Virtual Environments. Journal of Computing and Information Science in Engineer-

ing, 4(3):171–177, 2004.

[WS06] Wittmann, S. and Stockinger, A. Volumenvisualisierung von abweichungsbehaqeter Geometrie.

In Meerkamm, H., editor, Proceedings of the 17th Symposium on Design for X, Neukirchen/Erlangen,

2006.
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thesis, École normale supérieure de Cachan - ENS Cachan, 2010.

[Zha11] Zhang, M. Discrete shape modeling for geometrical product specification : contributions and applic-
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zur 1. Summer School September 2013, Pages 63–67. TuTech Verlag, Hamburg, 2013.

• Wartzack, S.; Schleich, B.; Walter, M.; and Ziegler, P.: Toleranzmanagement amKTm9. InWartzack,

S., editor, Summer School Toleranzmanagement – Beiträge zur 1. Summer School September 2013, Pages 2–5.
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